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Abstract

We study the complexity of Fredholm problems of the second kind u — [, k(-, yu(y)dy = f.
Previous work on the complexity of this problem has assumed that Q was the unit cube 7¢. In this
paper, we allow €2 to be part of the data specifying an instance of the problem, along with k and f. More
precisely, we assume that 2 is the diffeomorphic image of the unit 4-cube under a C’t mapping p: 1¢ —
1'. In addition, we assume that k € C"2(1%) and f € WP (I') with r3 > I/p. Our information about
the problem data is contaminated by §-bounded noise. Error is measured in the L ,-sense. We find that
the nth minimal error is bounded from below by ® (n 7#1 + §) and from above by ® (n~#2 + §), where

ri—v r2 r3—(—=d)/p
d 2d’ d ’

,u:min{r—1 12 w} and Mz:min{

d’2d’ d
with J
— ifr1>2,rp>2,andd < p,

p

1 otherwise.

In particular, the nth minimal error is proportional to ® (n~#1 + §) when p = oo. The upper bound
is attained by a noisy modified Galerkin method, which can be efficiently implemented using multigrid
techniques. We thus find bounds on the e-complexity of the problem, these bounds depending on the cost
c(8) of calculating a 5-noisy function value. As an example, if c(§) = § *, we find that the e-complexity
is between (1/e)P*Y/11 and (1/e)b+1/ 12,

1 Introduction
We are interested in the worst case complexity of solving Fredholm problems of the second kind

u(s) — / k(s, Hv(t)dt = f(s) Vs € Q. (1.2)
Q

*This research was supported in part by the National Science Foundation under Grant CCR-99-87858, as well as by a Fordham
Univeristy Faculty Fellowship.



Previous work on the complexity of this problem has dealt with the case where the domain €2 of the integral
equation has been the unit cube 7¢. Moreover, most of this work has either assumed that we have had
complete information about &, or that £ and f have had the same smoothness (see, e.g., [8], [9], [11], [13],
[18], [19, Sec. 6.3], and the references contained therein). Furthermore, most of the work (with the exception
of [11] and a few papers referenced therein) has assumed that the information was exact.

In [20], we studied the complexity of this problem under the assumption that we had noisy standard
information about the kernel k and the right-hand side f, with k and f having different smoothness. This
lifted many of the restrictions in the previous studies of this problem. However, [20] still assumed that the
problem was being solved over the unit cube.

Clearly, the assumption = I¢ is exceptionally restrictive. We need to be able to solve Fredholm
problems over whatever domains they naturally arise. Examples include the following:

e The solution of Poisson’s equation can be written in terms of integral equations involving single layer
potentials, see (e.g.) [6, pg. 390] and [10, Chap. 8].

e The solution of the exterior Helmholtz problem (which arises in scattering theory) can expressed in
terms of the solution of a Fredholm problem, see [2].

Note that the integral equations arising in these examples need to be solved over whatever domain the partic-
ular problem is defined, and not merely (say) a cube. For problems defined over boundaries of regions (such
as the examples given above), the domain in question is a -dimensional subset of R4*1, This motivates our
interest in solving Fredholm problems over general d-dimensional subsets of R/, where d < |.

In this paper, we study the worst case complexity of Fredholm problems, assuming that we have noisy
standard information about all the elements that prescribe our problem. Roughly speaking, this means the
following:

1. Error is measured in the L ,-sense, for some p € [1, oc].

2. The domain  is the image p(I/¢) of the unit cube under an injection p € C"*(1¢; I'). Hence Q is a
subregion of I’ when d = [, whereas Q is a d-dimensional surface in I’ if d < 1.

3. The kernel k belongs to a ball of C"2(1%). Moreover, the operator appearing on the left-hand side
of (1.1) is invertible, with all such operators satisfying a “uniform invertibility” condition.

4. The right-hand side f belongs to the unit ball of W37 (1%), with the Sobolev embedding condition
r3 > 1/ p holding.

5. Only §-noisy standard information (i.e., noisy function values) is available about the functions deter-
mining a particular problem instance.

See Section 2 for the full details.

We are able to determine bounds on the nth minimal radius r(n, §) of §-noisy information, i.e., the
minimal error when we use n evaluations with a noise level of §. In Section 3, we establish the following
lower bounds:?!

1. Letd <landry = 1. Then
r(n,d8) < 1.

in this paper, we use <, =, and < to denote O-, Q-, and ©-relations. Here, al proportionality factors are independent of n
and §.



2. Letd =1lorry > 2. Then
1 M1
r(n’v 8) > (_) +87
n

where

ror r3—(l—d)/p} 1.2)

“1_m'n{d’2d’ d
Note that the problem is unsolvable if d < [ and r; = 1, i.e., we cannot make the error arbitrarily small
using finitely many noisy evaluations, no matter how small the noise level nor how large the number of
evaluations. Hence, we the problem is solvable only if d = or if r; = 1.

Next, we seek upper bounds on the nth minimal noisy error. These bounds are given by a noisy Galerkin
method, described in Section 4. This method uses two meshsizes / and 4, for approximating the Fredholm
kernel k and the right-hand side f (respectively). In Section 5, we analyze the error of this method in terms
of h, h, and 8. Then in Section 6, we show how to choose % and & minimizing, for a given number n of
8-noisy function evaluations, the upper bound on the error of the noisy Galerkin method. We find that if

d=1orry > 1,then
1)\ #2
r(n,d) < <—> + 34,
n

where (-
. ri—YVY rp rz3— — p
= min , —, , 1.3
" { et } (13)
with J
— ifri>2,rp,>2andd < p,
v=1"7 (1.4)

1 otherwise.

When do we have tight bounds on the minimal error? Since the problem is unsolvable if d < [ and
r1 = 1, we can restrict our attention to the case where d = [ or r; > 2. Our lower and upper bounds match,
yielding

1 23
r(n,§) =< (—) + 4, (1.5)
n
in the following cases:

o If

miin E’Fs—(l—d)/l? < rL—v
2d d d
then (1.5) holds with
. fr2 r3—(U—-d)/p
=min{ =, ——— 1.
K iZd d }
o Ifry >2,r,>2,and p = oo, then v = 0, and so (1.5) holds with
ry ra2 rs

w=p=min{= 2 2.



However, our upper and lower bounds are not always tight. For an especially appalling case, suppose
that d = [ and r1 = 1. Then the upper bound on the minimal error does not converge to zero as n — oo,
whereas the lower bound does converge to zero as n — oo, and so we don’t even know whether the problem
is convergent when d = [ and r; = 1. The task of determining tight bounds on the minimal error in the
remaining cases is currently an open problem.

Let us discuss the cost of the noisy Galerkin method. Let c(8) denote the cost of evaluating a function
with a noise level §. Then the information cost of this algorithm is c(8) n. However, since this algorithm
involves the solution of a full linear system of equations, the combinatory cost is much worse than ® (n).
As in [20], we overcome this difficulty by using a two-grid implementation of the noisy Galerkin method.
This algorithm has the same order of error as the original noisy Galerkin , and its combinatory cost is ® (n).
Hence, we can calculate the two-grid approximation using ® (n) arithmetic operations, which is optimal.
The details are given in Section 7.

We use these results in Section 8 to determine bounds on the e-complexity of the Fredholm problem.
First, suppose that d < [ and r; = 1. Since the nth minimal radius is bounded away from zero, there
exists g > 0 such that comp(e) = oo for 0 < & < gq. So, we consider the case where d =1 orry > 2. We
find that there exist positive constants G, C», and Cs, independent of ¢, such that the problem complexity

is bounded from below by
) 1 /p1
Comp(s) = O<(ISrlfCls C(a) (Cls - 5)

1 /2
comp(e) < Co 0<(isrlfCag {c(a) |7<C38 — 6) —H .

These upper bounds are attained by two-grid implementations of the noisy modified Galerkin method, with
& chosen to minimize the right-hand sides of the upper bound.
In particular, suppose that c(8) = " for some » > 0. We find that

1 b+1/p1 1 b+1/p2
() < ()
& &

Note that when wy, = uo = u, we have tight bounds

1\ /e
comp(e) < (—)
£

on the e-complexity. This holds (for example) when r; > 2, r, > 2, and p = oco.
We close this Introduction by mentioning future extensions of this work.

and from above by

1. One glaring problem is that the lower and upper bounds are not always tight; we hope to remedy this
problem in the near future.

2. The other major issue to raise is that not all domains of interest are images of cubes. For example, a
smooth region (such as a ball or sphere) is not the diffeomorphic image of a cube. One way of getting
around this difficulty is to consider domains that are images of balls. This approach was studied (for
the surface approximation and integration problems) in [21, Sect. 5]; it appears that the results of this
paper also apply to the case where the domain is the image of a ball, the main difference being a
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slight extra complication appearing in the definitions of certain integrals that will appear in the noisy
Galerkin method.

Another idea is to use oriented cellulated regions (OCRs) [7, pp. 369-370], which essentially means
that the domains are finite unions of images of cubes. Clearly, OCRs can represent a wide variety of
domains. We hope to analyze the complexity of Fredholm problems over ocRs in a future paper.

2 Problem description

In this section, we precisely describe the class of Fredholm problems whose solutions we wish to approxi-
mate.

For an ordered ring 2", we shall let 2" and 2"t respectively denote the non-negative and positive el-
ements of .2". Hence (for example), Z* denotes the set of natural numbers (non-negative integers), whereas
7t denotes the set of strictly positive integers. For a normed linear space %/, we let 4% denote the unit
ball of %". We assume that the reader is familiar with the standard concepts and notations involving Sobolev
norms and spaces, as found in, e.g., [4].

As in [21], we shall deal only with nondegenerate domains that are bijective images of 7¢ (see Figure 1),
the nondegeneracy meaning that the Jacobian associated with the domain never vanishes.

p

_—

Figure 1: An admissible domain

More precisely, let p: 19 — I' be a continuously differentiable injection, so that d < I must necessarily
hold. The gradient of p at x € 1% is

0p;
(Vp)(x) = [%(x)

:| c Rle,
0 J 1<i<l,1<j<d

where pq, ..., p; are the components of p. Then the Jacobian of p(1¢) at x € 1 is defined to be

J(x; p) = /det A(x; p),

where
Ax; p) = (V)OI [(Vp) (x)] € R,

The region p(I%) is nondegenerate if J(x; p) # 0 for all x € 1¢. For a nondegenerate region, we have the
change of variables formula

[ v(t)dtz/ v(p(x))J (x; p)dt, (2.1)
Q, &
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and so J,(x; p) dx is the volume element (if d = I) or surface area element (if d < 1) of Q, at x € I?. See
[7, p. 334 ff.] for further discussion.

Given such p, let , = p(I¢), and suppose that u is the solution of the Fredholm problem (1.1) over
the domain ©2,,, i.e.,

u(s) —/ k(s,Hu(t)dt = f(s) Vs e Q.
Q

p

Writing s = p(x) and using the change of variables formula (2.1), this may be rewritten
(o) = [ ko0 p)ulp)I0i p1dy = 5 (o) Vx et 22)
1

as a problem over 79,
It will be convenient to write (2.2) as an operator equation. Define

ko(x, ) = k(p(0), p(»))  Vx,y el

Moreover, forv: 7Y — Rand g: 1% — R, let us write

Tpov = /1 gC, v J(y; p)dy
1{
Up = Vo )0
Then we may rewrite (2.2) in the form
I =Tox,)up = fp- (2.3)

We are now ready to describe the admissible problem elements [p, k, f]. We begin with the class %
of functions p: 1Y — I' determining the domains 2, = p(I?). Let positive numbers ¢, and ¢, be given,
along with r; > 1. Then Z consists of the functions p € C"1(1¢; I?) that satisfy the condition

lollcra,my < ca,

where
Pllcricrd- iy = MaX (| pillcricrdy,
lolle 1(14;17) 1=icd loillc 1(14)

as well as the “uniform nondegeneracy condition”

min J,(x) > ca.
xeld

For simplicity, we shall assume that ¢c; < 1 < c5 in this paper.
Remark. The mapping id: 7¢ — I, defined as

idix) = (x,0,...,0)  Vxel
N— —
| — d zeros
belongs to Z. O

Remark. Why do we require p(1¢)  I'? Under this condition, any k: 72 — R will be defined on ©, x Q,,
and any f: I' — R will be defined on €,. Thus any such k& and f will be allowable in our integral
equation (1.1). Had we not imposed this condition on p, we would have needed to impose more complicated
conditions on our k£ and f than those stated below. O



Remark. The conditions defining &% imply that we have an a priori bound on the volume or surface area
element of 2, which is independent of p, namely

1 ifd =1,

JCp) <Ky = ) Vo €EXA. 2.4
GO SKU=N S g <, P @4)

Indeed, the bound for the case d = I follows from the fact that the codomain of p is the unit cube, whereas
a very rough calculation shows the bound for the case d < . Hence for any p € %, the volume (or surface
area) of €2,,, which is merely || J(-; p)|l 1, sa), IS at most k4 ;. O

Next, we describe our class 7" of kernels k. Let ¢z > 0 and ¢4 > 1 be given, along with r, > 0 and
p € [1, oo]. Then % consists of the functions k € C2(1%) satisfying

&l crarzy < c3,
for which the “uniform invertibility condition”
(7 — Tp,kp)_1||Lin[Lp(I‘1)] < Voex

holds. Here, | - [|Linjz is the usual operator norm.

Remark. Suppose that
1

1—C3.

c3<1 and c4 >

If k € C"2(1%) with
3
Ikllcraqrzy < —,
Kd,l

where 4 is given by (2.4), then k € %" This follows from the easily-proven fact that 7, ;, € L,(I%), with

1Tk, |||_inL,,(1d) < lkpllcrany |l G, P)”LP,(M), (2.5)
where
p/ — L
p—1
is the exponent conjugate to p, along with the Neumann series for (I — Tp,kp)*l. O

Our class of right-hand sides will be ZW"37(I'), where we will require r3 > [/p, so that the Sobolev
embedding theorem will hold. Hence our class of problem elements will be

F =R x K x BW?3PU.
Now we can define our solution operator S: % — Lp(Id) as
STo. bk, f)) = = Tou)" f,  VIp.k fle 7.

Hence u, = S([p, k, f]) is the solution of the operator equation (2.3).

We wish to calculate approximate solutions to this problem, using noisy standard information. To be
specific, we will be using uniformly sup-norm-bounded noise. Our notation and terminology is essentially
that of [14], although we sometimes use modifications found in [15].



Let § € [0, 1] be a noise level. For [p, k, f] € %, we calculate §-noisy information

= [ZL cees Zn(z)]
about [p, k, f]. Here, for each index i € {1, ..., n(z)}, either
lzi — p(xP)| < & for some x € I4,

or
|20 = k(p(xD), p(3™))| < & for some (x©, y©) € 1%, (2.6)

or
|lzi — £ (p(x™))| < & for some x e I, (2.7)

The choice of whether to evaluate p, k, or f, at the ith sample point, as well as the choice of the ith sample
point itself, may be determined either nonadaptively or adaptively. Moreover, the information is allowed to
be of varying cardinality.

Remark. The reader may have expected that instead of using the “noisy composite information” (2.6)—(2.7),
that we would use the simpler noisy information

lzi — k(s;, 1;)] < 8 for some s;, ¢, € I'

about the kernel and
lz: — f(s;)| < 8 forsomes; € I'

about the right-hand side. The main reason for using noisy composite information is that the algorithm that
gives us our upper bounds uses this information. However, there is essentially no loss of generality in using
noisy composite information instead of the the simpler noisy information, since

1. any lower bound on the error of algorithms using noisy composite information is a lower on algorithms
using the simpler noisy information, and

2. if k and f satisfy a Lipschitz condition, then the simpler noisy information is also noisy composite
information (albeit with a different value of § involving the Lipschitz constant).

Since the definition of .% is already fairly complicated, we prefer using noisy composite information to
imposing additional conditions on .7. O

For [p, k, f]1 € #, we let Ns([p, k, f]) denote the set of all such §-noisy information z about [p, &, f],

and we let
M= |J Ns(lo.k £D
[p.k, fleF

denote the set of all possible noisy information values. Then an algorithm using the noisy information N is
amapping ¢: 2 (Ns) — L,(I%).
Remark. Note that the permissible information consists of noisy function values of k, and f,. One could
allow the evaluation of derivatives as well. We restrict ourselves to function values alone, since this simpli-
fies the exposition. There is no loss of generality in doing this, since the results of this paper also hold if
derivative evaluations are allowed. O



We want to solve the Fredholm problem in the worst case setting. This means that the cardinality of
information Nj is given as
cardNs = sup n(z)
zeZ(Ny)

and the error of an algorithm ¢ using Nj is given as

e(p,N;) = sup sup IS(Le, k, fD — ¢(Z)||Lp(1d)-
[p.k, fleF zeNs((p.k, f])
Remark. Rather than measuring the error in approximating the composite function «, = S([p, k, f]) In
L ,(I9), one might maintain that it is more natural to directly approximate u itself in L ,(£2,). It turns out that
these tasks are essentially equivalent. More precisely, let ¢ be an algorithm using N;s. For z € Ns([p, k, f1]),
let ¥ (z) = ¢(z) o p~ 1. Then

1 1
5y — d@ 1,0 < lu = Y@Ly < 1" lup — d@ L, 9)-

(This follows easily from the conditions defining &#.) Although the direct approximation of « may be
more natural than approximating the composite function « ,, the technical details for handling the latter are
simpler. O

As usual, we will need to know the minimal error achievable by algorithms using specific information,
as well as by algorithms using information of specified cardinality. Letn € Z" and § € [0, 1]. If Ns is
8-noisy information of cardinality at most », then

r(Nj) =, inf _e(¢, Ns).

using N

is the radius of information, i.e., the minimal error among all algorithms using given information Ns. An
algorithm ¢* using N is said to be an optimal error algorithm? if

e(@*, Ns) < r(Ny),
the proportionality constant being independent of » and 8. The nth minimal radius
r(n,8) =inf{r(Ng) :cardNs < n},

is the minimal error among all algorithms using §-noisy information of cardinality at most n. Noisy infor-
mation N,, 5 of cardinality »n such that
F(Nn.ﬁ) = r(nv 8)’

the proportionality factor being independent of both » and §, is said to be nth optimal information. An
optimal error algorithm using nth optimal information is said to be an nth minimal error algorithm.

Next, we describe our model of computation. We will use the model found in [14, Section 2.9]. (How-
ever, note that in the present paper, the accuracy § is the same for all noisy observations, whereas § may
differ from one observation to another in [14].) Here are the most important features of this model:

1. The cost of calculating a §-noisy function evaluation is c(§).

2. Real arithmetic operations and comparisons are done exactly, with unit cost.

2|n this paper, we ignore constant multiplicative factors in our defi nitions of optimality. The more fastidious may use the term
“guasi-optimal” if they desire.



Here, the cost function c: R™ — R** U {oo} is nonincreasing.
For any noisy information Ns and any algorithm ¢ using Ng, we shall let cost(¢, Ns) denote the worst
case cost of computing ¢ (z)(x) for z € 2°(Ny) and x € I¢. We can decompose this as follows. Let

cost™(Ns) = sup {cost of computing z}
7€ Z (Ns)

denote the worst case information cost. Note that if Ny is information of cardinality #, then
cost'™(Ny) > c(8) n.

Here, equality holds for nonadaptive information, but strict inequality can hold for adaptive information,
since we must be concerned with the cost of choosing each new adaptive sample point. We also let

cost®®™ (4, Ns) = sup sup {cost of computing ¢ (z)(x), given z € 2 (Ns)}
2€Z(Ns) xeld

denote the worst case combinatory cost. Then

cost(¢, Nj) < cost™(Nj) + cost®™ (¢, Ny).

Now that we have defined the error and cost of an algorithm, we can finally define the complexity of our
problem. We shall say that

comp(e) = inf{cost(¢, Ns) : Ng and ¢ such that e(¢, Ng) < ¢}
is the e-complexity of our problem. An algorithm ¢ using noisy information N for which
e(p,Ns) < e and cost(¢, Ns) = comp(e),

the proportionality factor being independent of both & and &, is said to be an optimal algorithm.

3 Lower bounds

In this section, we prove a lower bound on the nth minimal radius of §-noisy information. One tool for doing
this is to show that some other problem is a special case of our Fredholm problem, whence the minimal radius
of this other problem is a lower bound on that of our problem. Hence, we will sometimes need to discuss the
nth minimal radius of §-noisy information for a problem given by another solution operator. This means that
it will sometimes be necessary to explicitly show how the minimal radius depends on the solution operator.

Theorem 3.1.

1. Ifd <l and ri = 1, then
r(n,d8) < 1.

2. Ifd =1orry > 2, let uq be defined as in (1.2). There is a constant My, independent of n and §, such
that
r(n,8) > Mo(n "t +9)

foralln € Z* and § € [0, 1].
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Proof. We first consider the case d <l and n, = 1. Let

p*(x) =0, x2, ..., xq,x1, 0,...,0)  Vx=(x1,...,x9) €1

| —d — 1zeros

and define k&' = % and f* = 1. Since J(., p*) = 1, it follows that [p*, k*, f*] € .#. Moreover, u}. =
S([p*, k*, f*]) satisfies
u*(p*(x)) = %/d u*(p* (M) J (v, pH)dy +1
I

and so
1

T Lamnro
1— 5area(2,)
Let N be noise-free information of cardinality at most n. Without loss of generality, assume that the p-

evaluation points in N([p*, k*, f*]) are x©, ..., x"). As on [22, pg. 461], we can construct a function
z: I — R such that

uw*(p*(x)) =

M) = =z(x") =0
and
”Z”C’l(ld;ﬂ) =1
Let
0 (x) = ﬁ,xz,...,xd,xl, 0,...,0 Vx=(xg,...,x5) €1
2/d —_——
| —d — 1zeros

We find

14 0z)\2
J = |14+ — — 1
(x, p*) +4d;(axj) (x) > 1,

from which it follows that p** € %. Hence [p**, k*, f*] € 7. Moreover, u}}. satisfies

u**(,o**(x)) — %/ u**(,o**(y))J(y, p**)) dy 4 1’
14

and so
1

T .
1 — s area($2

u**(p**(x)) =
Using [17, pp. 45, 49], we see that

1 1
1-larea(Q,w) 1-— 3area(Q,)
| area($2,-) — area(2,+)|

11— Zarea(Q,)|

1 1
r(N) > sllupt —upllp, a0 = 3

Al

Now
area($2, ) = / J(x; p™)dx < 2,
[d

11



and so
1 3
1—sarea(2,=) > 3.

Hence

F(N) > 2|area(Q,.) — area(Q,.)| = 2 /

14 1 d BZ 2
Jl-l-ﬂ]Z(a—xl) (x)+1
d 32 2
> 1/ <—) (x) dx .
3 Idj; axj

Following the proof of [22, Thm. 4.3], we now see that
r(N) =1,

from which we see that
r(n,8) >r(,0) = 1.

To see the matching upper bound, let N be noisy information of cardinality at most z, and let ¢° be the zero
algorithm
°(2)=0  Vze Z([Ny).

It is easy to see that the error of ¢° is bounded, independent of » and 8, and so
r(n,8) < e(@®,N;) < 1.

Thus
r(n,8) <1,

as claimed.
We now treat the case where d = [ or r; > 2. First, we claim that

R —y (3.1)
Indeed, let p € Z and define f* € ZW'3P(I') as
frs)=s Vsell

§ince T,0 = 0, we see that S([p,0, f*]) = p1, the first component of p. Define a solution operator
S: % — L,(I) as )
S(p) =S8([p.0, f*D=p1 VpeZ.

Since the problem given by this solution operator is a special case of our Fredholm problem, we see that the
nth minimal noise-free radius of S is bounded from below by that for S, i.e.,

r(n,0;8) >rn,0;S).
Following the proof of [21, Lemma 3.4], we have

r(n, 0; S‘) = n Ve

12



and so (3.1) holds, as claimed.
We next claim that
r(n,d) = 9. (3.2)

Define a solution operator S: ZW"?(1') — R as
$(f)=S(id, 0, /D = fia  VfeBWrU.
Since Sisa special case of S, we have
r(n,8;8) > rn,s; S).
Replicating the proof of [20, inequality (6)], we find that
r(n,8; 8) =,

and hence (3.2) holds,
We next claim that
r(n,0) = n"2/% (3.3)

holds. Our argument based on that found in the proof of the analogous bound in the second part of [20,
Thm. 3.1]. Let

. 1
01€(c;t, 1)  and ko= min {91C3, 1-— —} .
916‘4
Define f: I' - Rand k*: I? — Ras
ff=1 and Kk =k
Clearly id € Z and f* € ZW"P(I'). We have

||k*||c’2(121) = ko < c1.

From (2.5), we have
I Tk, Linz, 24y < ko,

so that

I = T k) ltingz a0y < T =< baca < 2.

Thus k* € 7.
Let N be noiseless information of cardinality at most n. Then we may write

N([id, &, f*]) = [z1, .-, 2w]

for some n” < n, where each z; is an evaluation of either id, &5 or f%. Suppose that there are n” evaluations
of k5. Without loss of generality, we may assume that that these evaluations have the form

zi = k*(id(x?),id(y")) @ =<i<na").

13



From [3] (see also [12, pg. 34]), we can find a function w € ZC2(1%) such that

0<w(x,y) <ko Vx,yel
wx®, y) =0 A=i=n",
||w||cr2(12!) =1,

02

/12[1 w(x, y)dxdy > W,

where 6, is a positive constant that is independent of the points (x @, y®) and of n”. Let
03 = min{(1 — O1)cs, 1 — c; " — ko},

and define
k™ = kg + Gaw o idil,

where id~1: 1! — I is the right inverse of id given by
id™1(s) = (51, ..., 50) Vs =(s1,...,5) €l
As in the proof of [20, Thm. 3.1], we find
1"l cr2g2y < O1c3 463 < c3
and thus

1
I — T o)1l < —— < ca
II( ke k) lILingL, (rdy) < 1— (ko+63) — “

Hence, k** € % .
Thus we have found [id, k**, f*], [id, k*, f*] € .% such that

From the proof of [20, Thm. 3.1], we have
r(N) = 3IIS(lid, &, 1) — S({id, &*, f*Dllz, 0 = (") 722,

Since n” < n and N is arbitrary information of cardinality at most n, the desired bound (3.3) holds.
We next claim that
r(n, 0) = nlra=(=d/pld, (3.4)

Define the solution operator S : ZW'3?(I') — L,(I%) as
S(f)=S(id,0, fD = fia VS eBWU.

That is, S is the solution operator corresponding to the L ,(I?) approximation problem for the unit ball
of WP (1"). Since S is a special case of S, we have

r(n,0; 8) > r(n,0;S),

and thus it suffices to show that
r(n,0;8) = plrs=U=a)/pl/d (3.5)
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Let N be noiseless information of cardinality at most n for S. By the results in [17, Sect. 4.5.2], we
can assume that N is nonadaptive without loss of generality. Hence, there exists n” < n and points
x®, ., x® e 14 such that

N =D fx™)] Ve BW=PU).

Suppose that n” of these points lie in id(/%); without loss of generality, assume that these points are
x@ o x™ ] 1tis well-known (see, e.g., [12]) that we can construct w € W3 (id(I¢)) such that

wx®) = =wx") =0,

||w||Wrg—(l—d)/lhp(id(ld)) = 1»

03
”w”Lb(Id)(id(Id)) = (n")lra=(=d)/pl/d

’

where 63 > 0 is independent of w and »n”. Using the Sobolev trace theorem / — d times, the function w can
be extended to all of 7, with

lwllwrsr ity < Oallwllwrs—a-arpp gy

where 64 > 0 is independent of w, see (e.g.) [1, 8 7.56]. Now let

N 1
W= —w

04

Then
N(w) =0,
lwllwrsrqn <1,
3
||wid||Lp(Id) = ”w”Lp(id(Id)) = W-

Using [17, Lemma 5.2.1], we see that

N) > s
riN) = g a7

Since n” < n and N is arbitrary information of cardinality at most #, this establishes (3.5), and hence (3.4).
Combining (3.1)—(3.4), we get
1 MH1
r(n,d) = <—> + 34,
n

as required. O

4 The noisy modified Galerkin method

Having established a lower bound on the nth minimal radius for our problem, we now seek an upper bound.
Of course, since our problem is unsolvable when d < I and r; = 1, we shall assume thatd =1 orry > 2
in the sequel. Our upper bound will be provided by a modified Galerkin method using noisy standard
information. In this section, we describe the method; we analyze its error in the next section.

We first present a weak formulation of our problem. For [p, k] € # x %, define a bilinear form
B(-, 5 p.ky)on L,(I19) x Ly (I%) as

B, w; p,k,) = (I — Tpp)v,w)  VveL,I), weLyUI.
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For f € ZW"r(I'), we see that u, = S([p, k, f]) € Lp(Id) satisfies
B(u,, w; p,ky) = (fp,w)  YweLy(UI9.

Here, (-, -) denotes the standard duality pairing
(v, w) =/ v(x)w(x)dx Yu EL,,(Id),w eLp/(Id).
14

Next, we describe a class of useful spline spaces; for further details, see [22]. Let m € Z** (to be
determined later) and 2 > 0. Then ., denotes a d-fold tensor product of one-dimensional C*-splines of
degree m, over a uniform grid of mesh-size .

Let n, = dim.#},, noting that n,, < h~?. Associated with .}, is a quasi-interpolation operator

(Qnw)(x) =D hju(wsin@x)  Yxel' wecd?, (4.1)
j=1

where each s; , is a d-fold tensor product of one-dimensional splines and we can write
Ajn(w) = ({wxin)}i) Ywe CUIY)

where each A ;(w) can be computed with cost independent of 7, once the values w(x1 ), ... w(x,, ») have
been computed. Associated with .7, (for any ¢ € [1, oc]) is a projection operator £2,,: L,(I?) — %,
defined by

(P, w) = (v,w)  VYveL,I),weLyI%.

Not only is this projection operator well-defined, but we have the stronger result that

7y = SUp | ZnllLiniz, ey (4.2)
O<h<1

is finite, see [19, pp. 177-178] and the references cited therein. .
We will also have need of a 2d-variate spline space .7; ®.7; involving a (possibly) different mesh-size 4.
The quasi-interpolation operator Qj¢; of .75 ® .7 takes the form

nj
(Qﬁ@ﬁw)()ﬁ y) = Z )\i,j,ﬁ({w(xi',ﬁ» xjf,ﬁ)}i’,j’)sj,ﬁ(}’)siﬁ(x) Vx,y € Ida w e C(IZd)- (4.3)
i j=1

Remark. Note since the maximum continuous differentiability of a degree-m spline is m — 2, we must have
m > 3 to guarantee that .#, and .7}, ® .}, are globally C. We also note that .#}, and .7}, ® .}, are subspaces
of W22 (14), since .7}, is piecewise polynomial and globally C?; this follows from the L, version of [4,
Thm. 2.1.1]. O

Now that we have a bilinear form and a family of spline spaces, we can define a “pure” Galerkin method.
Let [p, k, f] € % and let h > 0. Then the pure Galerkin method consists of finding u, € .#, such that

B(uhaw;pvkp):<fp7w> Vwey/’l
Alternatively, we seek u;, € .¥), satisfying

(I = Ph Ty un = P fps
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where &7 is the projection operator mentioned above. Note that u,, is an approximation of «,, and not of u.

If we write
np
wi(x) =Y vsia(x)  Vxel
j=1
then u = [v, ..., v,,] satisfies the linear system
(A —B)u=Hf,
where

f=[{fors1n) - (forSupn)]’
and, for1 < i, j < ny,, we have

ai.j = (Sjn»Si.n) and bij = (Tpk,SjnsSin) = /Zd k(p(x), p(0)s;n (NI (y; p)sin(x) dy dx .
i

Since the pure Galerkin method requires the calculation of weighted integrals involving p, k, and f,,
and we are only using (noisy) standard information, the pure Galerkin method is not admissible for us.
Instead, we shall replace p, k,, and f, by their noisy quasi-interpolants (defined below); this will give us an
algorithm using permissible information.

Let i, h,8 > 0, and let [p.k, fle Z#.Forje({l,...,n,}, calculate p;.; s satisfying

[0jns —p(xjn)| <6

and f; s satisfying )
| fins = foGjm)| < 6.

Fori, j € {1,...,n;}, calculate k; ; s satisfying
ki s — k(p(x; ), px; )| <8

Define noisy quasi-interpolants of p, f,, and k, by using the quasi-interpolants (4.1) and (4.3), but using
noisy function values instead of exact function values. Thus

(Qns0)x) =Y hjn(1Bins}i)sjn(x),

j=1

(Qnsfo)x) = Z Ak ({fi,h,a}i)sj.h(x),

j=1

(O iskp)(x,y) = Z )w,,/,ﬁ ({]’éi’,j’,hjzﬁ}i’,j’)sj.ﬁ(y)si,fz<x)'

i,j=1
For [p, k] € # x ¢, we define a new bilinear form B, ; s, -; p, k,) on L,(I9) x L, (I?) as
By s wi p, k) = B, w; Qnsp, Qpiisky)  YveL,(I),we Ly
and define a new linear functional f (-, p) on L,,/(I") as

fus(w, p) = (Onsfo,w)  YweLyUI.
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It would be reasonable to seek u,, ; 5 € .7}, satisfying

Bh.ﬁ.a(uh,}}_g, w; p, kp) = frs(w, p) Yw e Y.

However when d < [, this formulation leads to a linear system whose coefficient matrix contains entries
that may not be computable. To see why, let us once again write

np

up(x) = Zvjsj,h(x) Vxell,
j=1

so that u = [vs, ..., vy, ] satisfies the linear system
(A —B)u=H,
where

f=1[fusCrn ). fus(Snyns "
and, for1 <1i, j < ny, we have

ai.j = (Sjn»Si,n) and bi,j =Ty k,:n.i.65)h> Sish)s

where
Ty kpininsV = /Id(Qh,h.ak,o)('a VoI (y; Qnsp)dy.

Hence

np

bi ;= Z ki s |: /1!1 8j ()80 (x) dx:| |:/1d S i Dsin (I (y; Onsp) dy:|.
i",j/=1

Ifd < [, the integrands s;. ; (y)si,» (y)J (y: Qn,sp) involve the square roots of piecewise polynomials. Hence
these integrands may not have closed form antiderivatives. Thus the entries of B may not be computable, as
claimed.

To deal with this problem, we use an approach found in [22, pg. 458] (and given in more detail in [21]),
namely, replacing the square root appearing above by its Taylor expansion. For n € R** and any integer ¢,
let R, (-, n) denote the Taylor series of degree g — 1 for the square root at the point 7, i.e.,

qg-1
RyE )=+ ) B mE—n) VYEem—1n+1), (4.4)
i=1
where ‘ .
1/dY\ 1 i3
Bi(n) = a <£) VE| = —n(zt’—l)/2< ; 2).
§=n
Then
|\/§—Rq(é,n)|5lﬁqllé—nlq VEe(n—1,n+1). (4.5)

We now define a modificationfp_kp;hm of our operator 7, ;. ., is- First of all, if d = [, we simply take
T, nis = Tpi, s NOW suppose that d < 1. Let 2, denote the set of A~ cubes of side 4 into which 74
is partitioned when constructing .#,. Then for v € L,,(Id), we let

Ty kyin iV

= 1Ly kpih 8KV VK € 2, (4.6)
K
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where

Tp,kp;h,,;,a;,{v:/(Qh,/;,akp)(-,y)v(y) R, (A(; Qnsp), AG™); Qusp))dy YK e, (A7)
K

with y®) a fixed evaluation point in K (such as the center or a specific corner) for each K € 4.
We are now ready to define our noisy modified Galerkin method. For [p, k] € #Z x %, we define a new
bilinear form By, ; 5(-, s p. k,) on L,(I14) x L,y (I9) as

By s wip.ky) = (U =T, idv.w)  YveL,(I%),weLyI%.
Then the noisy modified Galerkin method consists of finding u, ; 5 € ., satisfying

Bh.ﬁ.a(uh,}}_g, w; P, kp) = fus(w, p) Yw e Y.

If we write
np
wi(x) =Y vjsia(x)  Vxel
j=1
then u = [vy, ..., v,,] satisfies the linear system
(A —B)u=H,
where

.
f=[frs(1n 0) .- frsnyns P)]
and, for1 <1i, j < ny, we have
ai.j = (Sj.n» Sih) and bijj =Ty x,.nisSjhsSish)-

Note that the integrand appearing in each b; ; is piecewise polynomial. Hence the entries of B are com-
putable, as required.

Let
Nyis(os k. fD = Nus(), Nus(f), Ny s k)],
where y .
Njs(p) = [,01,5, cee Pnh,a],
Nh.ﬁ(fp) = [fl,Sa ceey ﬁl},,ﬁ]a
and
= —(1) —=(nj)
Nis(kp) = [Ni ko). ... Ni3 (k)]
with

(i) ~ ~ .
N;;,a(kp) = [ki 15, - - ki,n,;ﬁ] 1 =<i<njp).

If u,, ; s is well-defined, we can write

wp s = bnis(NisLo. k. 1),

_ 1 2d 1 2
cardN,;ﬁ:n%Jrzhnx(%) +(ﬂ) ‘

where

h

19



5 Error analysis of the noisy modified Galerkin method

In this section, we establish an error bound for the noisy modified Galerkin method. As mentioned above,
since the problem is unsolvable when d < [ and r; = 1, we only need to consider the case of d = [ or
r1 > 2. To derive our error bound, we first establish the uniform weak coercivity of the bilinear forms
B(-, s p,kp) for [p, k] € Z# x 2. Once we know that the bilinear forms are uniformly weakly coercive,
we can obtain an abstract error estimate, as a variant of the First Strang Lemma (see, e.g., [4, pg. 186]). The
remaining task is then to estimate the various terms appearing in this abstract error estimate.

So, the first task is to establish uniform weak coercivity. Before doing so, we lay some groundwork.

The first thing we need to do is to recall approximation properties of the quasi-interpolation operators
introduced in the previous section:

Lemma5.1. Let ., and .%; ® .} be the spline spaces of degree m described in the previous section.
For any p € [1,00] and ¢ € Z*™, there exists M; > 0 (independent of 4 and &) such that for any
r €10,...,min{m, g, 2}}, the following hold:

1. Letw € W2P(I%). Then
lw — Qnwllwreay < MuA™ ™ 07 |y ay.
2. Letw € W%P(I%?). Then
lw — Qhgiwllwrsgzy, < Mah ™™™l ||y 2a.

Proof. See, e.g., [16]. O

Next, we need to establish an auxiliary lemma, which shows that the inverses of certain operators are
uniformly bounded. By [21, Lemma 3.1], there exists C, > 0 such that

||kp||cmin{r1,r2)(12d) E Co V[p, k] € ;@ X %

1 1/ min{m+1,rq,r2}
ho = ——n .
0 (2M1COC4>

Let

Recall that the adjoint of a linear transformation A L,,(Id) — Lp(Id) of normed linear spaces is the linear
operator A*: L, (I?) — L,/(I?) satisfying

(A*v,w) = (v, Aw)  VveL,I),welL,I%.
In particular, for any p € # and any g € C(I%), we have
Ty ,w=J(, p)/ glx,ywx)dx  VYweLyU).
: p

Lemmab.2. Leth € (0, hg]Jandk € ¢ . ThenI — T*

. . o
p. Onanky 1S invertible on L, (1), with

-1
7 — T;Q,@hkp) ILinz, ) = 2cy.
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Proof. Let p € #. Then

1T Miinz oy < I Gy P llcanllglleqzy < kaillgllea VgeCU™),

where k,; is defined in (2.4). For [p, k] € # x 2# and h € (0, hp], we may use Lemma 5.1 to find that
1T 10y ok Iintz ) < Kl = Qrgidkipll a2y < ks Mah™™ " H 2y ||yt ) 21,

min. 1,rq, 1
< kg, M1h bl e < 2o
4

Now follow the proof of [20, Lemma 8], replacing “k” by “k,”, “c2” by “ca,” and “M1” by “k4,M1.” O
We now establish uniform weak coercivity.

Lemma 5.3. There exist #; > 0 and y > 0 such that the following holds: for any [p, k] € Z x ¢, any
h € (0, hq], and any v € %}, there exists nonzero w € .%, such that

B(w,w; p,k,) > V”U”L,,(Id)”w”Lp/(I‘l)-

Proof. Let[p,k] € #Z x # and h € (0, hg]. Let v € .¥,. If v = 0, then this inequality holds for any
nonzero w € .%. S0, we may restrict our attention to the case v # 0.
By [20, Lemma 10], there exists nonzero g € L, (1%) such that

1
(v, 8) = §||U||L,,(1d)||g||Lp,(1d)-

Choose

w=(— Téﬁ@ﬁkp)_lﬁhg.
Since TQ*E@fk DS — S, we may use (4.2) and Lemma 5.2 to see that w is a well-defined element of .7,
and that

lwlly, ey < 27 pcallglle,, a)-

Hence

1
(I = Tp, 0405k, V> W) = §||v||Lp(1d)||g”Lp/(1d) = e ||U||L,,(1d)||w||Lp,(1d),

p'C4

from which we see that w # 0.
Using the Minkowski inequality (as in the proof of [20, Lemma 11]), we find

|(Tp,(17Q,;®,;)kpU, w)| < [[(I — Qﬁg,/;)kp||L30(12d)||U||Lp(1d)||w||Lp,(1d)

min{m—+21,r1,r2}
< M1C.hg T ”v”Lp(Id)”w”Lp/(Id)'

Combining the last two inequalities and setting

. 1
h1 = min { ho} and y =

87‘[[)/C4M1CO’ - 87TPIC4’
the lemma follows. O

Since the bilinear forms B(-, -; p, k) are uniformly weakly coercive for k € #", we have the following
variant of the First Strang Lemma found in [4, pg. 186]:
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Lemma 5.4. Suppose there exist o € (0,1] and 22 € (0, k4] such that the following holds: for any
8 €[0,680],any h, h € (0, ho], any [p, k] € Z x ¢, and any v, w € .%},, we have

. R . 1
|B(v, w; p, kﬂ) - Bh,fz,é(va w; P, kp)| =3V ||U||Lp(1d)||w||Lp/(1d)

where y is as in Lemma 5.3. Then there exists M2 > 0 such that the following hold for any § € [0, 5o] and
any h, h € (0, hy]:

1. The noisy modified Galerkin method is well-defined. That is, there exists a unique u,, ; s € -, such
that

By hs(Upis wip,ky) = frsw; p)  VYwe F

2. Letu, = S([f. k]). Then

<|B<v, w; 0, kp) — By js(v, w0, k)l

lup —up sl oy < Mz inf | lu, — vl e+ SUP
e ved i’ ||w||Lp,(1d)

we.S,

e w>—fh,5<w;p>|>]

lwllz,, ae

Proof. See, e.g., [19, pp. 310-312] for the proof of a version having slightly more restrictive conditions. [

We now estimate the quantities appearing in the second part of Lemma 5.4. First, we estimate the
difference between the bilinear forms B(-, -; p, k,) and B, ; 5(-, -; p, k,).

Lemma5.5. Suppose thatd =1/ orry > 2. Letm > max{ry, r2} —1landletg > r; — v in (4.6) and (4.7),
where v is given by (1.4). There exists M3 > 0 such that for any positive &, &, and §, for any [p, k] € 7,
and for any v, w € ., we have

|B(v, w; p, k) — By jis(v, w3 p,kp)| < Ma(h™*™ + 1" + Oolle,aallwllz, e

Proof. Given h, h, 8, p, k, v, and w as in the statement of the lemma, define

Al = ((Tp,kp — Tp.kp;ﬁ)v’ w),

A2 = ((Tp’kp;ﬁ - Tp,kp;h’/;)vﬂ w>7

AS = ((Tp_kp;hﬁ - Tp,kp;h,};,ﬁ)v7 w)v

As =T, 1,iniis = Tokpinis)V> W),

where
TykpiV = /Id(Q/;@/;kp)(-, v J(y; p)dy
and
Ty kyin iV = I‘I(kap)(', VoI (y; Qnp) dy.
Then

|B(v, w; p, kp) — By j s(v, w3 p, kp)| < [A1] + |A2| + [As| + |A4l. (5.1)
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We first estimate |A|. From (2.4), we see that

G o Lyaey < Kai-

Using Lemma 5.1, we obtain

ALl = 1(Tpk, = Ty a, VL, anllwlle , qey < kaall = QreidkpllL oz 1V, aollwlie , qe) 5.2)

< hr2||v||Lp(1d)”w”Lp/(I‘l)'

Next, we estimate |A,|. We have
14 1d

:/,d /Idw(x,y)[detA(y; p) — det A(y; Qnp)]dy dx,

where
(Qiigikp)(x, y)

J(yip)+J(y: Qup)
Let T, denote the set of all permutations of {1, ..., d}. Define

w(x,y) =

brij(x,y) = (X, Y)az 1(y) ... Gr;_yi 1) q,i42(Y) -+ - Ary.a(¥) (0 0)(Y)

and
brij(x,y) = @, V1Y) -+ ry gi-1(0N ;1,41 « + - Ay (30) 0, 6,) (),

where 0; = (3/dy;) and a; ; and a; ; respectively denote the (i, j)th components of A(-, p) and A(:, Q).
As on [22, pp. 455-456], we find

d d
A=Y (D™D 005, (5.3)

melly i=1 j=1

where || denote the sign of = € I, and we define

i = [ | [ om0 010 = 510 | wiy s

+/ [/ bri; (x, YV (0; () — (1)) dy] w(x) dx
Ia’ Id

forme Il andi, j €{1,...,d}.
Suppose we only have r; > 1 or r, > 1. Then

_ -1
Ori,j | < NDmijllLozlloj — ,Oj||W1100(1t1)||U||L,,(1d)||w||Lp,(1d) < h™ ||U||L,,(1d)||w||Lp,(1d),

and hence
-1 .
|Az| < h™ ”U”Lp(ld)”w”Lp/(Id) ifre>1orrp>1. (5.4)

Now suppose that r, > 2 and r, > 2. Fixw € Tl and i, j € {1,...,d)}. Let Ij"l denote the (d — 1)-
dimensional cube in the variables y1, ..., yj_1, yj41, ..., ya and let dyji‘1 =dy;...dyj_1dyj1 ... dyq.
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Since pj, p; € W2>®(I%), we have by, ;(x, "), bri(x,-) € W% for all x € I¢. Hence we can
integrate by parts, obtaining

Orij = Orij;1 — Omiji2 + Omij:3 — Oni jia (5.5)
where
)’ni:]-
Oriji1 = /d { /d ) |:b1r.i,j(x7 v (p;(y) — :5/'()’))] dyff,.‘l}w(X)dx
1 17r,-7 yn,-=0

O iz = / { / an,.[bﬂ,i,,(x,y)v(y)](pj(y)—ﬁj<y))dy}w<x)dx
Id Id

B yi=1
97r,i,j;3 =/ {/ [bw,i,j(x»y)v(y)(,oj(y) —/3j(y)):|
1d =t

) dylfll}w(x) dx
bmisia= [ [ 05mis 00100 = 5:00) s fuwr .

yi=0
I

Let us estimate 6, ; ;.1. We clearly have

|0 jial < Iullwlly 4y,

where
Yrj =1

|:b7r,i,j(x7 v (p;(y) — :5/'()7))] dyi™

Ym; =0

w={].

< Womillcaz [ 101y + 100 ys3) | 105 = B llacrar

P 1/p
dx}

/z;z :

i

with It = {y € 1971 1 y; = a}. Using Lemma 5.1, along with the conditions defining ., we find that

R [ N e

Using the inverse theorem [4, Thm. 3.2.6], we have

—d
”v”Ll(Iztri;}) < ”U”Loo(ld) < h /p”U”Lp(Id) fora=0anda = 1.
Hence
—d
1O jial < BN L g llwllL o (5.6)
Similarly, we find
—d
|Orij:3l <A™ /p||U||Lp(1d)||w||Lp,(1d)- (5.7)

Let us estimate 6 ; ;.». Using the product rule of differential calculus, we find

|Or.i,j;2] < (I2+ 13)||w||Lp/(Id),

where
P 1/p
dx}

P 1/p
dx} .

w={].
w={].

[ [y 009 = 01 dy

and

/1 iy ) — ]y
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Using Lemma 5.1, along with the conditions defining .%, we find

|I>] < ”bﬂ',i,j||W1v°°(12d)||v||L,,(1d)”pj - ,5j||Loo(1d) < hrl”””L,,(Id)

and
[13] < |bri,jll 1122y [V wroo(ray <A™ V] wieo(gay.

Our estimate of |I,] is satisfactory, but we need to do some work on the estimate of |73]. Once again using

the inverse theorem [4, Thm. 3.2.6], we have

hdA=1/p)  p— — pd/r'=

1 1
[Vlwioe ey < lvllz, ey Ivllz, ey,

and so
|I3] < hd/p 71||U||Lp(1‘f)-

Sinced/p+d/p' =d >1,wehaved/p —1> —d/p, and thus h*/?"~1 < h=4/?_ Thus we find

|13] < hrlfd/pHU”Lp(ld)-
Using our estimates of |I,| and |I3|, we have

—d
160, js2) < PN L gy Wl a)-
Similarly, we find
—d
1O jzal < BN g llwllL o

Combining (5.3)—(5.9), we obtain
|As] < h”_min{l’d/‘”}||U||Lp(1d)||w||Lp,(1d) forry > 2and r; > 2.

We next estimate |As|. Let
Vl,fl .
(00, y) = D Tho (o X 7) — kijsls; s ()8, (%),
ij=1
Then
|4zl = €1l Loz IVl L, aa Wl a)-
For x € 14, define
supp; x = {i € {1,...,n;} : x isin the support of s, ; }.

Then there exist positive constants o, and o5, independent of x, j, and /, such that

| supp;, x| < o1 and Is;illLocdy < 02,
and hence
I 2
LG Y Tk xj ) — kijsl Is; 5O 5,5 (0] < 01036,
iesupp;, x
JESUpp; y
so that

|Asz| < 5||U||Lp(1d)||w||Lp,(1d)-
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We now estimate | A4|. Of course, A4 = 0 when d = [, so we only need to consider the case d < [. For
acube K € 2, let

Ok = /I { /K (Qninsko) s M[T (5 Qnsp) — Ry(A(y; Onsp), A5 Onsp))Jv(y) dy}w(x)dx.

Recalling the definition (4.7), along with the error estimate (4.5), we find that

0x] < h/ [/ |v<y>|dy}|w<x>|dx.
14 K

A= Y ox < [ [ [ |v<y)|dy]|w<x>|dx = ol o Tl
1 1

Ke2,

Hence

(5.12)
< hrrv||U||L,,(1d)||w||Lp,(1d)-

Finally, substituting (5.2), (5.4), (5.10), (5.11), and (5.12) into (5.1), we get the estimate in the statement
of our lemma. O

Next, we need to estimate the difference between the linear forms (f,, -) and f; s(-, p). Before doing
this, we will need to do prove a result concerning the Sobolev smoothness of composite functions.

Lemmab.6. Let p € Z and v € WP (1"). There exists M, > 0, independent of p and v, such that
||Up||Wmin(r1,r37(17d)/p (Id) = M4||U||Wr3 p([a’)

Proof. Let p and v be as given. Let o be a multi-index with d entries. The multivariate Faa di Bruno formula
[5, Theorem 2.1] states that

(D)) = D (D )(p(x))Cup(x)

1=<|BI=]e|

with

||
[D% p(x)]"
Lop) =D ) '1_[ k(e kT
i=1 pi@.p) =1

The set p; («, B) mentioned in the inner sum consists of all (k1, ..., ki, £1,...,4;) € ((Z**)’)i X ((Z**)d)i,
such that £, < --- < ¢; (lexicographically) and

dki=pe@™  and ) kil =a e @ZTH

j=1 j=1
Hence

1/p
1DVl 1y < a'lrlr;?gla||za,ﬁ||wd>[ /I ) |(Dﬁv)(p<x>)|”dx} :

If || < ry, the conditions defining % guarantee that max < g)<|o lI¢a.pll . 7¢) IS bounded, independently
of p. Moreover

1 1
/Id |(DPv)(p())|" dx < o /Id |(DPv)(p())|" I (x; p)dx = o [(DPv)(5)|7 ds.

§2p
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Hence
1Dyl 1dy < 1Dz, 0,

provided the right-hand side is bounded. For any r < r1, we thus have
lvpllwreay < lvllwrreig,)-
Suppose that d = [. Setting r = min{ry, r3} = min{ry, ({ — d)/p}, we have
lvpllwreay < Nvllwre,) < Ivllwrar s (5.13)

and we are done.
Otherwise, let Q[ = @, and choose QL+ to be a (d + 1)-dimensional C®i-manifold in 1! such that
QU c QI+, Let F: 1911 — Ql4+1 pe a bijection. Then for any r < r1, we have

v lwrr ity < 110p llwrp o+ (since Q[ c gQldtl)
4 ”Up o F||Wr,p(3]d+l) as |n [4, Thm 432]
< vy o Fllwr+ypgasy using the trace theorem [1, § 7.56]
4 ”Up”Wr,p(Q[d+l]) as |n [4, Thm 432].
If I = d + 1, we stop. Otherwise we repeat this process, getting a sequence Q4. ..., QU such that
lvpllwrre,) = Vpllwre @y = Vo llwrver @larny < - Vg lwrra-arpp @iy < Vo llwr+a-ape gty

for any r < r1. Taking r = min{ry, r3 = (I — d)/p}, the desired result follows from the previous inequality
and the first inequality in (5.13). O

Using this lemma, we are now able to estimate the difference between the linear forms (f,, -) and

Jns(s p).
Lemmab.7. Letm > r3 — 1. There exists Ms > 0 such that
o, w) — frs(w; p)| < Ms(p™nrLre=(=d)/p 5)||f||wr3»1’(11)||w||Lp,(1d)
forall p e Z, f e W3P(I"),h > 0,8 >0,and w € .%,.
Proof. Choose p € %, f € W3P(I'),h > 0,8 > 0,and w € .%,. Then
[{fp, w) — fas(w; p)| = |A1] + |Azl, (5.14)

where
A1 =(fp — Onfp, w)
and

Az = (On fps w) — fns(w; p).
Using Lemmas 5.1 and 5.6, we have

i J3—(—d )
1ALl < 1fo — Onfoll,atlwlly,gay < Myh™™rare= DI i v a-avpm gay I Ly
) P %) P

S M1M4hmin{r1,r3*(l*d)/17||f||Wr3,p(11) ||u)||Lp,(1d).
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Recalling the definitions of 1 and o, in Lemma 5.5, we have

np np
Aol < | Y Lo i) = Frnslsin lwily, oy < 8| D Isjl lwllz, 4,
=1 L% =1 Ly(14)
np
<8( > Il lwllz,, g4y < 01028lwllL(ra)-
=1 Loo(I9)
Our lemma follows from these last two inequalities, along with (5.14). O

Our final preparatory step is to establish a *“shift theorem” relating the smoothness of (I — Tp,kp)‘lf to
the smoothnesses of p, k, and f.

Lemmab.8. Let[p,k] € Z x ¢ and f € WP (1").. Then
(L = Tpoi,) ™ o llymintnrars-a-avonray < Mell f llwran iy
where Mg > 0 is independent of p, k, and f.
Proof. Given such p, k, and f, we have
1 fo llwmintry.ra ra—aarir.p oy < Mall fllwrsr )
by Lemma 5.6. Following the proof of [20, Lemma 16], we find that
I = Tpo,) ™ foll it rars—a-avmn gay <N follygmintrsrars—a-aimnn gay.-

The desired result follows from these two bounds. O

We are now ready to show that the noisy modified Galerkin method is well-defined, as well as to give an
upper bound on its error.

Theorem 5.1. Suppose thatd =1 orry > 2. Letm > max{ry,r,} —landletg > r; — v in (4.6) and (4.7),
and let v be given by (1.4). Choose &, > 0 and 8o > 0 such that

M3(h ™" 4+ hiy + 80) < 3,

where ki, and y are as in Lemma 5.3. There exists M; > 0 such that for any 4 € (0, h1], h € (0, k5], and
S [O, 50]:

1. The noisy modified Galerkin method is well-defined.
2. We have the error bound
@i Ny y) < My(nmnrn—rr2ra=(=0ip) | jrz 4 ),
Proof. Let, h, and § be as described. Choose [p, k, f] € .%, and letu, = S([p, k, f]). Using Lemmas 5.4
and 5.5, we immediately see that u;, ; s = ¢,.;.5(N,is([o. k. f]) is well-defined. It only remains to to

prove the error bound. Let r = min{ry — v, rp,r3 — (I — d)/p}, and set v = Qju,. Using Lemmas 5.1
and 5.8, along with the conditions defining the class .%, we have

”up - U”Lp(ld) = Mlhr||14p||wrvﬁ(1d) = Mlhr”up”Wmin{'"1~r2»’3*(1*‘1)/l’)~l’(Id) = MlMGhr”f”Wrs»P(ﬂ)
< MiMgh'.

The desired result follows once we substitute this inequality, along with the results of Lemmas 5.5 and 5.7,
into the error bound of Lemma 5.4. O
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6 Minimizing the error of the noisy modified Galerkin method

Letn € Z™, and consider noisy modified Galerkin methods using at most » noisy function evaluations. How
can we choose the parameters /4 and / that will minimize the error of the noisy modified Galerkin method?
Recall that
cardN,, ;5 < n2 + ny,

m+1 m+1 d
ny = T and nj = T .

It will be useful to rewrite this bound in terms of a proportionality constant, so that we have

where

cardN, ;5 < Coad (n2 + 1) -

As in the proof of Theorem 5.1, let
. { l—d }
r=min{ri—v,ry,r3— ——1¢,
p

where v is given by (1.4). Let
_ max{ri, rp}

©omin{ry, r2}’
We define parameters « and « as follows:

1. Suppose that r, < 2r, so that r, < 2min{ry, r}. Take

n r2/(2min{ry,r2}) B )
K = a and K= |——— — K.
7% Ceard

2. Suppose that r, = 2r. Take

" and K "
K= —FF7"7— K = — .
29 2d Ccard 29 2d Ccard

3. Suppose that r, > 2r. Take

n r/r2
k=——— and K = —K
QZdCcard GZdCcard

With these definitions of « and i, define meshsizes

h= Ln/({;l; 2} and  h= 7minlz{;1‘; rz} (6.1)
Since the degree of the spline space satisfies
m = max{ry, rp} — 1,
we find that
ny, =tk and n; =tk



In the sequel, we shall assume without loss of generality that / and h have been chosen so that n;, and n;
are positive integers. With these choices of  and 4, let

Nus =Ny jis and Gn.s = Pp s

Then
card N, 5 < Cead (n2 4+ 14) < Coadd™ (k% + &) < n.

We now have

Theorem 6.1. Suppose thatd =1 orry > 2. Letm = max{ry, 2} —1andletg > r; — v in (4.6) and (4.7),
where v is given by (1.4). Then there exists no € Z** and §o > 0 such that ¢, s is well-defined for n > ng
and § € [0, 8g]. Furthermore, there exists a positive constant Mg such that

e(Pns: Nus) < Mg(n™"?+8)  Vn >no, 8 €0, 8],
where w, is defined by (1.3).
Proof. The proof is the same as that of [20, Thm. 18], with the obvious minor notational changes. O

Comparing Theorems 3.1 and 6.1, we find the following bounds on the nth minimal error of noisy
information;

Corallary 6.1.
1. Letd <landry = 1. Then
r(n,d8) < 1.
2. Letd =lorry > 2. Then
1 H“1 1 Mm2
(_) +8<r(n58)<(_) +87
n n
where w1, o, and v are defined by (1.2)—(1.4). O

Using Corollary 6.1, we see that for some values of the parameters r4, r,, 3, d, [, and p, we can obtain
the tight bounds on the minimal noisy error that are given in the Introduction. However, tight bounds for the
remaining cases remain an open problem.

7 Two-grid implementation of the noisy modified Galerkin method

We have just developed error estimates for the the noisy modified Galerkin method ¢, 5. This algorithm has
information cost ¢(8) n. Unfortunately, its combinatory cost is much worse than ® (n), since it involves the
solution of a full n,, x n, linear system, where

pr2/@mintryral) f rp < 2r,
np < A
n if ro > 2r.

Hence, if we were to use Gaussian elimination to solve this linear system, the combinatory cost would be

proportional to n“, where
3s

a = 2min{r1, 1”2}
3 if ro > 2r.

if ro <2r,
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Since a € [2, 3], the combinatory cost of the noisy modified Galerkin method overwhelms the informational
cost.

Rather than using Gaussian elimination to directly solve the linear system (A — B)u = f, we shall use
a two-grid algorithm to obtain a sufficiently accurate approximation of the solution u. Our approach is that
of [20], which (in turn) closely follows that of [10].

For given n, we shall define «, i, A, and 4 as at the beginning of Section 6. This will give us a linear
system (A — B)u = f whose solution we wish to approximate. Following an idea that can be traced back
to [8], we let n* be a second integer, satisfying n* = ©®nY%). If we were to set up the linear system
corresponding to the noisy Galerkin method using information of cardinality »*, we would get an n;« x n»
linear system (A — B)t = f. Here, h* is h of Section 6, but defined for s* rather than for n, and ny- is
defined for #* via relationship (6.1), but with & replaced by A *.

Before describing the two-grid method, we need to introduce some prolongation and restriction oper-
ators, as described in Sections 5.2 and 5.3 of [10]. Let X = L,(I9), X,, = R"™,| - le,), and X,,,, =
(R™*, || - l¢,). We define the canonical prolongation #,: X,, — X and

PhV=ZUij,h Vv=/[v1...v,,] € R™.

The canonical restriction R,: X — X, is defined as
Ryw = A (w,s14) ... (w, s, YweX.

We then define the intergrid prolongation operator p: X, - — X,, and the intergrid restriction operator
v X, = Xy~ as
p= RhPh* and T = Rh*Ph-

We will also need to use the adjoint operator p*: X, — X+, defined as
p'V-w=Vv-pw  VveX, WeX,-.

Our two-grid algorithm is defined in Figure 2.75 This is essentially the same algorithm as we used in [20,
Sect. 8], which (in turn) is the variant ZGM'’ of the two-grid method found on [10, pg. 179].
Let us write

np

iin,s = Py[TG(n, A, B.H] =D vjsjn. (7.1)
j=1

Suppose that we define two-grid information of cardinality at most n as
Iiln § = [Nn 8s Nn* 5]-

Then i, 3 depends on [p,k, f] € ,/ only through the information Nn s([o, k, f]) and so we may write
Uy = qb,, 5( as([o, k, f])) where q&n s is an algorithm using the information N,, 5. We call q&n s the two-
grid algorithm.

Our main result is then

Theorem 7.1. Suppose thatd =1 orry > 2. Letm = max{ry, 2} —1andletg > r; — v in (4.6) and (4.7),
where v is given by (1.4). There exist positive constants Mg and Mg, along with n§; € Z**, such that for
any n > ngand é € [0, 8o], we have

e(Pnsr Nys) < Mo(n™"2 +5),
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function TG(n : Z™; A, B : R f : R : R";
begin
if n* < n§ then
compute u € R" such that (A — B)u =f
else
begin
u:=0;
fori :=1to3do
begin
Solve the linear system Al = f + Bu; {Picard iteration}
d:=p*(Al —f —Bl); {compute defect}
solve the system (A — B)d = d; {coarse-grid solution}
u:=u-—pd {coarse-grid correction}
end
end;
TG:=u
end;

Figure 2: The two-grid algorithm

where iy is given by (1.2), with 5
COSt(¢n.8a Nn,S) =< MlO C((S) n.

Proof. This theorem is the same as [20, Theorem 26], with the more-or-less obvious textual substitutions.
Now the proof of [20, Theorem 26] is based on the estimates in the lemmas of [20, Sect. 6]. Hence, we need
only replicate the proof of [20, Theorem 26], replacing the estimates in the lemmas of [20, Sect. 6] by those
appearing in the corresponding lemmas of Section 5 in this paper, to get a proof of our theorem. O

8 Complexity

In this section, we determine the e-complexity of the noisy Fredholm problem. Recalling the definitions
of w1, uo, and v from (1.2)-(1.4), our main result is

Theorem 8.1. Let ¢ > 0. There exist positive numbers C,, C,, and Cs, depending only on the global
parameters of the problem but independent of ¢, such that the following hold:

1. Ifd <[ and r; = 1, then there exists gg > 0 such that

comp(e) = o0 Ve € |0, eq].
2. Suppose thatd =1 or r; > 2.

(a) The problem complexity is bounded from below by
) 1 1/
comp(e) > 0<(lsrlfcl‘E c(d) <C18 — 8) .

32




(b) The problem complexity is bounded from above by

) 1 1/u2
comp(e) < Czo (lsnfc c(é) <C3e 8) . (8.1)
<o0<Caze —

(=l

with C3 = Mg" from Theorem 7.1 and where § is chosen to minimize the right hand side of
appearing in (8.1).

Proof. The first part follows from Theorem 3.1. The proof of the second part is identical to that of [20,
Thm. 27]. O

For any particular cost function c: R — R** U {00}, we can use use the lower and upper bounds in
Theorem 8.1 to get specific complexity bounds corresponding to that cost function.
For a cost function c, an error level ¢, an exponent a, and a constant C, define g , ¢: Rt — R+ as

ea.c(8) =c(8 Vs >0,
ge.a.c() ()(Cg_g) >
and set
o= inf g, . ().
8eac 0<I5n<C£g’ "C< )
By Theorem 8.1, we see that
82 1/unc = COMP(E) < C287 1), ¢y (8.2)

This inequality allows us to determine complexity bounds for any particular cost function c. In particular,
if ¢ is differentiable, then the optimal § minimizing the left-hand or right-hand sides of (8.2) must satisfy
g;'aqc(a) =0, i.e., we must have
cl§) Ce—3§
O

(8.3)

fora=1/piand a = 1/ ..
As a specific example, consider the cost function ¢(8) = 67, where » > 0. We find that for ¢ > 0, the
optimal § satisfying (8.3) is

. Ce
= (8.4)
so that
. L @+ b)yrrt 1\
ge,a,C = ga.a,C(ae,a) - Catbgapb g '

Thus we see that the optimal §; , is proportional to ¢, and that

1 b+1/p1 1 b+1/p2
) o< ()
&

&

In particular, if ©; = up = u, then we have tight bounds

1\ bH/m
comp(e) =< (—)
&

on the e-complexity of our Fredholm problem.
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