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HARDNESS AMPLIFICATION

OLD SCHOOL :

f hard in worst case →

f
' hard on average

NEW SCHOOL : HARDNESS ESCALATION

f a
little bit hard →

fl hard for a more powerful
model
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How to buildf
'

?
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Function

Composition

already in early work :

Andreev
'

87

Karch Mer - Raz . W 191



COMPOSED FUNCTIONS
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COMPOSED FUNCTIONS

f f :{ 0,13^-7112

. . .

g : X×Y→{ 0,1 }

Z
, Zz Zn

F=f

ga
r

inner
f outer function

,

function ( gadget )

g g g

×
,

Y, Xz Yz 5 Y ]

LIFTING THEOREM

÷ =) ~~ decision . tree
complexity

(f)
or some variant same variant indectree model



( SOME ) LIFTING THEOREMS

Measure on fog " Measure on f
Raz . McKenzie Deterministic CC

iqg
Decision tree

Razbonas Quantum cc approx . degree
sherstov discrepancy , sign rank

, threshold degree' 07 unbded error

900 's - P Randomized ( ( ( critical )
'

14 Block Sensitivity
GLMWZ Nondeterministic cc

, approx .

'

15 Partition Junta degree
Lee . Ragharandm Semi definite Rank SOS degreeSteurer

' 15

Rfsboesrsljapnicook Razborv Rank algebraic gap
' 16 degree

Kothari . meka -

Nonnegative Rank Junta degreeRaghavandra
" 6
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1. DETERMINISTIC Cc

LIFTING



Lifting Theorem for Deterministic CC

{Raz . McKenzie
, Goos . Rwatson )

f : n . bit boolean function ( or search problem)

gcx ,y)=y× ,

where 1yl=n* "
pointer function

goa.El#
. . .

#
Yi ... Yn

1 f T I
. .I x. . .%

w w w w

Theorem

→ gn) = DTC f) . Oclogn )



Applications

.

Monotone circuit depth
Proof complexity

2 .

Communication Complexity
Partition vs deterministic cc

Log Rank conjecture LBS

clique lcocliqul ( good



APPLICATIONS TO CIRCUIT DEPTH & PROOF COMPLEXITY

UNSAT FORMULA ( FSEITIN OR PEBBLING )

{
✓

CANONICAL SEARCH (SEARCH ( Tsg ) )
PROBLEM

{ DECISION TREE LOWER BOUND

v

High DecisionTREE COMPLEXITY

{ LIFTING TAM

v

High CC FOR

LCFHTED
SEARCH PROBLEM

, n
HIGH
MTNOTONEHIGHJPROOF

circuit DEPTH COMPLEXITY ( RANK
,

LENGTH . SPACE )



CANONICAL SEARCH PROBLEM

UNSAT
KCNFC = C

,
^E^ . . - ^Cm Over Z

, , . . .

, Zn

Search ( @) : given de 2915
,

find a violated

clause ( C ;
such that Cik )=o )



LIFTEYD CANONICAL SEARCH PROBLEM

KCNFC = C
,

^E^ . . - ^Cm Over Z
, , . . .

, Zn

Search (e) : given de 2915
,

find a violated

clause ( C ;
such that Cik )=o )

Search ( Cog
" )

, g :Xxy→{o
,

, } ;

Alice gets XEX
"

Bob gets ye Y
"

Output C
,

such that

Cicglxiili ,
) ,glXi,YiD,glX↳y↳D=o



Tseitin Contradictions

A system of unsatisfiable mod 2 equations,

each variable occurs twice

G=w ,
E) n node

,
bounded . degree graph ,

n odd

Tsg : variables Xe
,

eeE

constraints
: For each node v

,
sum of

edges incident to v is odd

•.
.

••
X

,
txztx }

= 1 ( mod 2)

| z
3 9

×
, txyt Xs = I

8•• XytX8tXq= I••yIe 10 xztXstX6= I
5

,• XatxytxjlAg
6

Xqtx ,o=1



Tseitin Contradictions

A system of unsatisfiable mod 2 equations,

each variable occurs twice

G=w ,
E) n node

,
bounded . degree graph ,

n odd

Tsg : variables Xe
,

ee E

constraints
: For each node v

,
sum of

edges incident to v is odd

Search CTSG ) : given an assignment d to

variables ,
output a violated constraint

LEMMA For expanding g ,

DT ( Search C Tsa ))=r( n )



Tseitin Contradictions

A system of unsatisfiable mod 2 equations,

each variable occurs twice

G=w ,
E) n node

,
bounded . degree graph ,

n odd

Tsg : variables Xe
,

ee E

constraints
: For each node v

,
sum of

edges incident to v is odd

Search CTSG ) : given an assignment d to

variables ,
output a violated constraint

( O§0LLARY OF DETERMINISTIC LIFTING THEOREM

( ( ( Search ( Tsao gm ) ) = h( nlogn )



APPLICATIONS TO CIRCUIT DEPTH & PROOF COMPLEXITY

UNSAT FORMULA ( FSELTIN OR PEBBLING )

{
✓

CANONICAL SEARCH (SEARCH ( Tsg ) )
PROBLEM

{ DECISION TREE LOWER BOUND

v

High DecisionTREE COMPLEXITY

{ LIFTING TAM

v

@ High CC FOR

LCFATED
SEARCH PROBLEM

, n
HIGH
MTNOTONEHIGHJPROOF

circuit DEPTH COMPLEXITY ( RANK
,

LENGTH . SPACE )

r(n4 Cutting Planes



AQNOTONE

CIRCUIT DEPTH ( RM
,

GPW
,

Oliveira )
Monotone K . SAT 1k - CSP

✓
,

.

.
Bx constraints

Vz••]ggvn. V
. Vzv ,••

•÷oy WE variables
Vy • as O 1 1Vgoe

. 1 ° O

v

••
1 1 0 vanatsks of

6

W monotone KSAT

Input Ts a KSAT of

Output 1 iff D ts satisfiable

Lemont unnnsaa,yq$CC§arch(
dog

"

) )

]=mDepth(
monotone kcsp )

\
lifted search lifted K . Csp

problem



NMQNOTONE

CIRCUIT DEPTH ( RM
,

GPW
,

Oliveira )
Monotone K . SAT 1k - CSP

✓
,

.

.
Bx constraints

Vz••]ggu" .

✓
, • • -1¥, Chi variables

✓¢ • •
o

Coa O I 1Vgoe
q I ° O

v

•
I 1 0 vanatsks of

6

W monotone KSAT

Input Ts a KSAT of

Output 1 iff D ts satisfiable

Lemma max $CC(Search ( dog
"

) )] =

mDepth(
monotone K . CSP )

#
unsatd

Alice X : w www. . w
X describes a maxterm

/ f ) \
,

=)
( UNSAT lifted version of if )

Bob Y : www. : W

y describes a mmterm

( SAT y - all constraints
output violated clause

ifonsistehtwith y
)



PROOF COMPLEXITY

Basic idea from Lovasz - Naor . Newman -

• Height r refutation
,

each line has low cc

⇒ low cc protocol for search problem

• Small size
,

small space refutation ,
each line low cc

=D low cc protocol for search problem



APPLICATIONS TO CIRCUIT DEPTH & PROOF COMPLEXITY

UNSAT FORMULA ( FSEITIN OR PEBBLING )

{
✓

CANONICAL SEARCH (SEARCH ( Tsg ) )
PROBLEM

{ DECISION TREE LOWER BOUND

v

High DecisionTREE COMPLEXITY

{ LIFTING TAM

r

High CC FOR

LCFHTED
SEARCH PROBLEM

, n
HIGH
MTNOTONEHIGHJPROOF@circuit

,

DEPTH @ COMPLEXITY ( RANK
,

LENGTH . space )

rd Cutting Planes



DETERMINISTIC LIFTING : CC APPLICATIONS

• Partition vs Deterministic cc

• Log Rank Conjecture

• Clique vs co - Clique



PARTITION Vs. DETERMINISTIC CC

DETERMINISTIC CC PARTITION

CCCF )= detcc of F Partition number XCF ) :

least # of monochrome
.

rectangles to cover matrix



PARTITION Vs. DETERMINISTIC CC

DETERMINISTIC CC PARTITION

CCCF )= detcc of F Partition number XCF ) :

least # of monochrome
.

rectangles to cover matrix

XCF ) =XoCDtX
,

(F)
I

min # rectangles to partition 0 's



PARTITION Vs. DETERMINISTIC CC

DETERMINISTIC CC PARTITION

Theorem ( goos . p . Watson )
to < cats

N oaog '×cH )

FF C C (F) 3si( log"5X( F) ) ← [Ahodllman, Yann .

' 83 ]

at ace ) >.a( 10514=1 ) -

etiasnhntakakisisg



Log . RANK CONJECTURE Lovasz - Saks ' 88)

VF ccce ) Elog
" "

rank CF )

EOREM ( Kushilevitz . Nisan - )

Ff C CCF ) =R( log
' ' "

rank CF ) )

COROLLARY
,

OF GPW

FF cccf )=r( log
?

rankcf ) )

7
since X ,( E) > rank (F)
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Randomized CC Lifting °YIN

%
Proof easy + gadget constant

;siz%%
Works in Number - on . forehead

Cc model !
\



2
.

Randomized CC Lifting

* proof easy a gadget constant . size

* works in Number - on - Forehead cc mode !

got
• complexity measure for f a

( stronger ) variant of dec trees

• Works for total search problems



SEARCH PROBLEMS & CRITICAL BLOCK SENSITIVITY

( Huynh - Nordstrom )

Let SE { QBNXQ be a search problem .

Cbs ( S ) I min

{
fes Tax bsfs , )

P [ ¥104 sensitivity
critical f is a a a

block function critical
sensitivity solving S assignment

* when 5 a function
,

Cbs ( S ) =bs( S )



LIFTING THEOREM FOR RANDOMIZED C C
( Of Search )

: N Sog
"

r x

×
,

' hxzkxsysxyyy
G :X ×Y→{o

,
, }

Lifting Theorem

€
hang

,
Huynh . Nordstrom

, Goos . P ]

Randomized .CC ( Sog
" )=r(cbs( s ) )

,

g=
.



Lifting Search Problems

: N Sog
"

r x

×
,

' hxzkxsy ,
x.

,
ye,

G :X ×Y→{ o
,

, }

Lifting Theorem 1 gods,
P)

=  0

Randomized . CC ( Sog
" ) = oh ( Cbs (SD

,
9

=

%0 1

• proof : a reduction to DISJ !
•  works in NOF model !

. constant - sized gadget @



Tseitin Contradictions

A system of unsatisfiable mod 2 equations,

each variable occurs twice

G=w ,
E) n node

,
bounded . degree graph ,

n odd

Tsg : variables Xe
,

ee E

constraints
: For each node v

,
sum of

edges incident to v is odd

Search CTSG ) : given an assignment d to

variables ,
output a violated constraint

THEOREM ( goos . P )

For expanding G
,

Cbs ( Search C Tsg ) )=rf%gn)



Tseitin Contradictions

A system of unsatisfiable mod 2 equations,

each variable occurs twice

G=w ,
E) n node

,
bounded . degree graph ,

n odd

Tsg : variables Xe
,

ee E

constraints
: For each node v

,
sum of

edges incident to v is odd

Search CTSG ) : given an assignment d to

variables ,
output a violated constraint

COROLLARY OF RANDOMIZED LIFTING
Cc ( Search ( Tsao gm ) ) = rl Yogn)

* g constant sized
,

and also holds for NOF cc



Putting Everything Together

UNSAT FORMULA ( FSEITIN OR PEBBLING )

{
✓

CANONICAL SEARCH (SEARCH ( Tsg ) )
PROBLEM

{ Previous THM

v

High C Rltlgsl
BLOCK SENSITIVITY

LIFTING THM

v

High CC FOR LIFTED PROBLEM

, n
HIGH
MTNOTONEHIGHJPROOF

circuit DEPTH COMPLEXITY ( RANK
,

LENGTH - SPACE )
r(%gn) Rat ' 505

,
Lst

,
CP

,

SA

Best Previous oh



3. Rank Lifting
Razborov rank

Now .

neg rank



LIFTING RANK ( sherstov )
n

E
y
o

E
"

c- my € Re
's "

X .

- ( gnlxml)

Want to relate a rank measure for M€9 to

a degree measure for f

Sherstof Rank ( MI ) = Degree Cf)



Razborov 's Rank Measure

:{ 0,13
"

→ { on } monotone

f
"

( o )

fi
'

c , ) ← A
matrix over a

field ;ie
. IR



Razborov 's Rank Measure

:{ 0,13
"

->{ on } monotone

f.
'

( o ) Rs
r

R B.

fi
'

( , )
2 ← A

By
R

,

Kwsubrectangles : R
, ={ ( × ,y)£f" a )xf' to) /Xi=l , Yi ' }

RANK MEASURE

Ma ( f ) =

ran#
max rank ( Ai )
ie [ n ]



Razborov 's Rank Measure

:{ 0,13
"

→ { on } monotone

f
"

( o )

fi
'

c , ) ← A

Theorem Ffields IF
,

t Boolean f
,

FA over IF

µA ( f ) E MSPAN
, ,=

( f ) E ML ( f ) s MNC
'

( f )

Malf ) = MCC ( f)



Razborov 's Rank Measure

Best previous Lower bound : nr "05 " )
for a

monotone function in NP

NEW ( Robere ,P ,
Rossman

,
Cook ' 16 )

* f in mp
,

and real matrix A s .t
.

MACF ) ± zne

Fg in MNL ,
and real matrix B st

.

MB (g) 3 nraogn)

PROOF is A NEW LIFTING THEOREM

-

µa( fog
" ) =

"

algebraic gap
"

degree of f



Applications

Monotone Span Programs
monotone formula size & branching programs

Monotone Comparator Circuits



Ef@BBBBqBtB.B'Ve
SPAN Programs

fkaruhmer- )*÷
,

1 0 0 0 0 0 0 0

Xz 0 1 O 0 0 0 0 0 M
,

Xi 0 1 0 0 0 0 0 0

13 0 1 0 1 0 1 01

I ,
0 0 1 1 1 1 1 1

XS O 0 1 1 1 1 1 1



ferromagnet
SPAN PROGRAMS ( k . )

*÷
,

I 0 0 0 0 0 0 0

Xz 0 I 0 0 0 0 0 0 M
,

Xi 0 I O 0 0 0 0 0

13 0 I 0 I 0 1 01

I ,
0 0 I I I I I 1

XS 0 0 I I I  11 1

given de { 913
"

,

M accepts a iff

M
,

spans I



ferromagnet
SPAN PROGRAMS ( k . )

*÷
,

I 0 0 0 0 0 0 0

Xz 0 I 0 0 0 0 0 0 M
,

Xi 0 I O 0 0 0 0 0

13 0 I 0 I 0 1 01

I ,
0 0 I I I I I I

XS O 0 I I I I  11

Example D= 10011



dreadnoughts
SPAN PROGRAMS ( k . )

*÷
,

1 0 0 0 0 0 0 0

Xz 0 I 0 0 0 0 0 0 M
,

Xi 0 I 0 0 O 0 0 0 L
13 0 I 0 1 0 1 01

I ,
0 0 I I I I I I

XS 0 0 I I I I  11

Example D= 10011

is accepted !



SPAN PROGRAMS ( k . )

X
,

1 0 0 0 0 0 0 0

Xz 0 1 0 0 0 0 0 0 M
Xi 0 1 O 0 0 0 0 0

'

Xz 0 1 0 1 0 1 0 1

I ,
0 0 1 1 1 1 1 1

XS O 0 1 1 1  11 1

M is monotone if rows labelled with

only positive literals

• monotone span programs equivalent to linear secret

Sharing schemes



SPAN PROGRAMS

ANDtHE&e4#zf⇒
NC

'
IMLEMNLEMNCEmp:

SPAN
.



SPAN PROGRAMS

AND-HEtl.bz#J&
NC

' GML9-MNL€MNC§mp
*

" HT/
msPANe§amP

paean ,
Rat

, megkgnzie
Karchmeoe

' 88 Babaigal ,
' 10

1

qq



SPAN PROGRAMS

AND-HEL.fm#zwfi&
Nc

' ofmlfmm£⇐§MP%MSPAN,¥gmP¥µ
,

Rat
, ?egkgenzie

Karchmer - ' 88 Babai
, gal ,

' 10
'

qq

Robere - R Rossman . Cook

Lifting Theorem for Razborov 's Rank gives
all of these separations plus more t.eeRO.be/.#



Lifting Theorem for Non .

Ney Rank

b = 10 logy
n

gk ,
B) .

= Pg
,

air .

mod 2

degyf ) := mind such that f  = E he.

,

he.
Now - Negative I - junta

[ Kothari - Meka .

Raghavandru
' I 6)

nnr ( MY ) eexp ( r ( b . de% ( ft ' of )) )

[ go os - Lovett - Mella - Watson - Zuckerman ' is ]

approx . nnr ( M ! ) = exp ( h ( logn . approx . degtlf ) ) )



Lifting Theorem for NON .

Ney Rank

Corollary.

Beating the trivial algorithms
for MAX -3 SAT

,
MAX - 3×oR requires

exp ( he ) sized extended formulations

Natural family 4 LPS must(auexponentialsize )

^
.
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• Karchmer - : Non monotone case



What 's Left ?

• Karchmer - : Non monotone case

• Extended Formulations :

models where poly tope can

depend on instance



What 's Left ?

• Karch Mer - : Non monotone case

• Extended Formulations :

models where poly tope can

depend on instance

• 60 more years !



Thanks !


