'é“s" ADVANCES AND NEW DIRECTIONS
all e IN COMMUNICATION COMPLEXITY

Toniann. Pitass)



GVEN A COMPUTATIONAL MODEL M, How HARD )
1S IT TO OMPUTE A PARTICULAR FUNCTION F:7o13 ={g)7?

M = Boolean formulas ﬁfg Best tb:4.5n [crd
X, ? x,

v X
T K
3

R
'2/1'{ ~ Boolean circuits @ﬁ?%@ﬁ Rest LB: 1’13.”lD [chs“l%l

% X

M = AC,O& civewnks Best L3 ,(f\.(f\") [Has *R6)



GVEN A COMPUTATIONAL MODEL cM How HARD
1S IT TO OMPUTE A PARTICULAR Fuuc’noN F: ioug =037

nondtone. An
M= Boolean formulas KQCQ% Best tb: Q) )
SR
% x

CPR' 1)
()
_ onokone ) Q) o)
M 7 Boolean arcuits X R Best LB: Q

Wy [CKR'20]



’FODA\[: LLY{\,(:(QCL apa’)IUach, 40 man (OUUG(‘ béunxs Vice
COMMUNICATION cOMPLEX ITY

® Monotone formula Lower Bsunds
e Monotone uruit  lower Bourd.s
®  Mamotone spar prgant Lower Bouncls

° Lnear ?,o,j,um. €xCension (mekﬁd?

® sDP Extension Lomple\é«&{

Theme, Complﬁ%\’c\i d0$<’-|\f wnnected to Fm@ wm,:lex]ﬁ\/

/-\M



COMMUNICATION <oMPLEXITY (Yao '39)

F: 0,3 x f0,]" »©



COMMUNICATION <oMPLEXITY (Yao '39)

I dodt thik,,




COMMUNICATION <oMPLEXITY (Yao '39)

T oAt ‘W\ML

F. 10,3 «x fo,i]ﬂ - 0

cc(F) = min  Cc(m)
L



COMMUNICATION FOR SEARCH PROBLEM<

Example . (KW Seardh) +: ‘(O.I}“ - 19,13

KW(‘): Alce : Xe{"(') Bob: \,6{-'(0)
Output le(n) such that x Xy



COMMUNICATION FOR SEARCH PROBLEM<

Erample. (KW Searcht) £:%011" 5503 £ monotone

mKW(E): Ace: Xef'¢)  Bob: \161("(")
Output LelA] such that x>y



QUuERY To coOMMUNIcATION LIFT Vg

f - 50,@'\ >0 ~—>» F=1C°j"

/‘\'\

/ \3

o R
%, Y, ’(t Y'l- xz Y; x“ YV\

L\FTING THEOREM

Communication (omplexty ~  Cuery (omplexiby of §
of F P J "




EXAMPLE : SET DISTOINTNESS

@ A»> F:{:oa"

S8, //\

Vé%o AN A

o 1 R R A Yn ‘/.u

| i

DT($) =06 w) CC(foq™)=0(n)



SOME L\FT/NG THEQREMS

QWuery mobEL COMMUNICATION MODEL, | REFEHENCE
Decision Tree Deterministic cc Ulﬂ“ﬂ; ckem' (9]
Nondet DT Nondefermsh ¢ Cc CoeM '1g]

Randomized DT

Ranaloffl\z ed ccC

Lo 17 Pk 'y |

Po I\! vomao| Degree

Rank

[Shestov'1) S209. €5'10]

Decision Lict

Red-angla List

[qkPw' (7]

Reﬂolu+16r\(/ Daj hke DT

DA§-LIKE Cowmmitathon

LIS

Nullstellensctz oleJ/ee

A lﬂobwic T)(fﬂj

P

Shersli Adams. deqree

Non - N&Scx‘l we Rank, ‘

[Recr'e PRI Prie]

[cers ]

SOS decjree_

PSD Ranl

[trshs ]




APPLICATIONS OF LIFTING

(. Monotone formule/circuit Lower Bounds

2. Proot Camfleﬁ‘ll:\/
_ c_(\n;foara.ohx( ( Lower Bounds for Secret Shorir\j Schemes)

3

Yy, 8ame. ’rheorj (Nash eclmlubrium)

S Cyaph Theory ( Alon- Salks- Seymoul (on;)cdure.)
6. lnear /SDP extended Formulations

9. Communistion LomP)ex':Q .Separabbn,s

b
q

Quartum- complexlé\/
Da‘tﬂs SAructures



LOWE R BOUNDP PROGRAM

ALGOR(THM > (COMMUNICAT ION
COMPLEX (TY COMPLE XTY

F(e > SQGfW(Co%")
: 1 L\FTING THEOREM

_ QUERY
P omeLi B NP

UNSAT € =Ga.AC, Seorth ()




LOWER BOUND PRIOGRAM

ALgo RITHMS

mFormulas P
mCircurts PLS <<
m Foimulas W Ervors BPP S
mSpan. Programs PPA <<

LP Extension (omplefc\(\/ Rank’
SOP Exkension (OMfk'N% SDP Rank

A |3 orHhm- Size. ( F(Q'ﬂ)) ~

Query  FRoors

P ree. - Resoldtion
PLS™ Resolution
s Random Resoldon
PPA™ Nullsatz

SA

sos

Prof-size (C)

REFs

RM'99 qpwik
qqKks'1€
qPW 17
PR'0 g
CLrs'o
LRS IS



LOWER BOuNp PRUGRAM

ALGOR ITHMS QUERY PROOFS REFs
mFormulas P PDT free - Resolukioy RM'99q g?w\g
mCircuiks PLS S pLS™ Resolotan qqks'1g

m Formulas wf Envors BPP=C {444 Random. Kesoldion 3Pvd‘\1
mSpan. Programs PPA S PPAT Nullsatz PR'? g
LP Extension (omplexty  Rank” SA <Lrs\6
SOP Extension Complexdy  SDP Rank sOs LRS IS

Algorrthm- Size(FC9)) ~ Prosf-size (c)



TNSTANTIATION T ¢ morotone Formula Size Lower Bounds

KW EQUIVALENCE
CC[m KW(F)J = |03 ( mFormula -Site (F))

_ 4— Comm. Cnme‘eilki of
mFormula. <R} goR (T M <> (COMMUNICAT ION mKW (F )
Size of F COMPLER ITY COMPLE XITY

L\FT (N6 THEOREM

- QUERY
S o b \_OMPLE X




TNSTANTIATION T ¢ morotone Formula Size Lower Bounds

KW EQUIVALENCE
CC (mKW(E) = log ( mformula-Sie(F))

mFormule ALGOR (THM 4— Comm. Cnm()leﬁl,' of
<« (COMMULNI
Size of F COMPLER n'\( COCQPLE\‘STAYTloN MKW(P)

Search (Qo %'\)
L\FT (N6 THEOREM

- QUERY
@?L&X |D ) et @LE X FD
m

C.‘-C\p\.- Al Sele‘dﬂ (C,)



ALGOR(THM &>
HARD-TQ-REFUTE (NFs —=» HARD FUNCT IONS CoMPLE YTy

F(Q) 3) Search((:,ﬂ")
i _ ~ - QUER
UNSAT € =Ga..aC, Seorth (¢)

Search(C ) < §010 % ]

wen assignment ¥ to %, ..%Z,
output o €alsfied clause



HARD-TO-REFUTE (NFs —»HARD FUNCT IONS 1 oa«mm

F—(e‘ j) Search((:,ﬂ )
_ ~ _ QoER
Coq" 1 CSP over K., Y.y, Where Z==g(x.Y;] UNSAT C=GA~~ACM S“""‘ ()

@Cc) @ — @“5& eyl

"
\Ven assi r\mentX ’ro%‘ E Alice: x . - Ky Bob Yo" Ya

ou{Pu't A GalS\f\Qd Clause, 3\\12«\ dss'?" mont o to %--x, B to Yn A
output « falsified constrint “of Cog" g

Examgle _
= (2,v2,) (2."23\ ~> Con :<X'\/|V Yo )({‘-\7" v X3Y3>



ALgoR(THM &> (COMMUNICAT 10
HARD-TO-LEFUTE CNFs —% HARD FUNCTIONS

F{c)j) Seardnt(ta.j")
E QUERY
?Root
CONPLEX | -“»
UNSAT € =Ga.AC, Seorth (¢)

€=C aC,a-~Cp { UNSAT CNF OVER % ..%,

t’_oﬂ" D csP over KX, Y-y, Whee 2==9q(x.Y,)

@ﬂ“)s X Y x O] ~* Fieg): 1o 7 ﬁ@

M- For any UNnsat C) +here exists monotone

mkW_: Alice s KeF (1) Bob: y e F (o)

F’F(C‘ﬁ\ such 'l‘ha'(: Search(cng") = m—KW(F) FIND L Svck THAT X >V,



INSTANT(ATION I : mFORMULA-SIZE LOWER BOUNDS
KW EQUIVALENCE [Kahmer- Wigdersan]
CClmKW(F)] = log ( mformula-Size (7))

SFORMVLA-SIZE oF

Tree- Resolution 4—p Beusiow TREE lOMpPLEx
Complzity of & Search () )
Folklore.,

DETERMINISTIC umuj { R, Mckenzie G
cc (foq) = DT ()




INSTANTATION IL : mCIRLUIT - SIZE LOWER BAUNDS

KW EQUIVALENCE FOR CIRW TS [Rarpory]

dag-CC{KWCF)] = mGruaitSizelF)

MCRWIT-SIZE oF 'pNj-\-lKE « of = dag-like CC of mKl/J(F(C,j))
- ;

z DACJ-CC LIFTING _[garg, Gobs, Kameith Sokolov’ \i?]

dai-C.C (foli") ~ Jaﬂ~DT (€ )
Trree- Resolution 4—p Peusion TREE loMPLex N

Comalktxily, of & Search (€)
frty Folklore,




DAg-LIKE PROTOCOLS (PLS®") = mCircuit-Srze [Raz borov)  [Sokolev )

mKW (F ) . xef (V)

_I\’:(cj-(v)e)) Voe V', ivavU/i, ,Q:V-}O)I

\{gbi‘&gj YveV: R, < o))" x §0.1¢

Rectongics Rv, = o x 0,1

CMSIS}U\(T I‘F v hqs ‘L\"JM V‘) V“ % 2\/ < KV‘ v KV"

Crrecess | Eadn leak vertex v has label f(v)e G st Vixy)eg, (xy,))e T




DAg- LIRE PROTOCOLS (PLS®") = mCircuit-Srze

m KW (F \ : *e € () \‘ \‘G.F‘|(

_I\’:(cj-(v)e)) Voe V', ivavU/i, ,Q-'V‘N?):

\{gbi\ﬁgj YveV: R, < o))" x §0.1¢

Redanqlcs Ry, = o x §o,11"

CMSIS}U\CY I‘F \') hqs ‘L“'JM V‘) V“ % 2\/ s KV‘ v KV"

Crrecess | Eadn leak vertex v has label f(v)e G st Vixy)eg, (xy,))e T

Theorem PLs“( KWF) = QRCVIT-SIZE (F)




DAg- LIRE PROTOCOLS (PLS®") = mCircuit-Srze

)
Sstal «{o I3 x v/ "' Y EY
AN g -4

_I\’:(cj-(v)e)) Voe V', ivavU/i, ,Q-'V‘N?):

Vukee | YveV: R € to)) x §o3

Rectongics Ry, = o x §o,11"

CMSIS}U\(T I‘F \') hqs ‘L\"JM V‘) V“ % 2\/ s KV‘ v KV"

Crrecess | Eadn leak vertex v has label f(v)e G st Vixy)eg, (xy,))e T

Theorem PLS“(W\KWF) = MCQRCVIT-SIZE (F)




LOWER BOUND PRIOGRAM

ALgo RITHMS

mFormulas P
mCircurts PLS <<
m Foimulas W Ervors BPP S
mSpan. Programs PPA <<

LP Extension (omplefc\(\/ Rank’
SOP Exkension (OMfk'N% SDP Rank

nlgorn—(hm-.ﬁze, (F(Qﬂ» ~

Query  FRoors

P ree. - Resoldtion
PLS™ Resolution
s Random Resoldon
PPA™ Nullsatz

SA

sos

Proof-size, (C)

REFs

RM'99 qpwik
qqKks'1€
qPW 17
PR'0 g
CLrs'o
LRS IS



TFNP

F, Span Prosrarns
PPP PPA

F, Nullsatz
CiReuits  PLS

Resolvhon

an’ R
'PPADS ASP e roqoms PPAD

/

FP Formulus
tree - Resolution,



REST OF TALK . ..

® L\‘an\j viae Sunflowers
and a wel of rherconnections

e New Applications/Directons

and Some Open P oems



LIFTING VIA S@  [Llovett Meka Mecte, F, Zhanq al]

~—— .

£: n-bit boolean function /search problem

3 * indey 301&3@1: J-ND()()Y\ = \Ix \\'l :PGLI(ﬂ\ ) l\‘( : I% ‘Y{

DETERMINISTIC LIFTING THEOREM TaKaq, 4Pw'Id]
DT ()~ @(loan) = (C ({oa")

o Uses Sunflower lemma. as bluck box
o Also holds for Da.gntu'ke. Ltanj

1+€

o Improved qadget size INl=n



SUNFLOWER LEMMA | [x[ lage - @7« X

Let X be a n-uniform set system

It 1Y > then X ontaims w sunflower
withe P Petals



SUNFLOWER LEMMA | [x| lage > @~ X

°o ' = Let K be a n-uniformL set system
T6 X[ > then X ontans a sunflower

d \ with p petals
n=y, p=li

old. ; True for r ~ pa

Conyedure ¢ True for ¢~ P

ﬁ%: Teue for v ~ ploglen) [A)“‘Bs’»m"&ﬂ,‘*’“."-ﬁaﬁ““]



RoBUST t LEMMA [Rossmen'td ALWZ'\4, RaD'l9, FKMP‘HJ

Lek X be an n-unform, block- respeting set sysem OVer U= fx,,.-- > ¥mn K
ﬂ' = _________________J m='?) n=323




RopusST %I LEMMA

Lek X be an n-unform, block- respeting set sysem OVer U= fx,,,--, ¥mn K
u = | __J m:ﬁ}’ n=3




ROBUST %I LEMMA

Lek X be an n-unform, block- respeting set sysem OVer U= fx,,,--, ¥mn K
U = HEENIENEE Bl IREE

Y is r-dense 2 WI<(n) H“Q(I)a r-lIl) HN(X): q'g; log (F'r’tx=a>

1}

X

DNF

KR ¥ X Ro %15 ¥ KaXg Kig VRS K Koy

Theorem (ALws) Lat Lbe r-dense | vaciog(%) Then -

Do as] =

f)*vim

. . a0 -n4
Porotmewfs. m-n) (= "I/ij, £ - by

AMV\



Irvariant @ XxY = fm]N X iol‘ﬁm”

SIMVJ Qt(ON (P{«ofocol -“_ — DeC'lSIUV\ -'-(‘QQT) X is .QIOd(m.'TQQﬂSQ.w NE
N lerge = W[z a" '-

o Takially (af ook of M), K -(ml' Y +fo3"
o When Bob sends a b, qe to Lcm\c(e.f‘ side
e When Alice sends a bit, 90 to Larﬂe(* sce

T X wo (onger .‘lloJm dense, 3
- Find mayxomal subset T =[N] and value o e(ﬂ\f
that s oo hkely .
-~ Query vanables 2, ° iy ,ery in T, Say zszg
- This mduces a rekamement of KxY:
)C - f*e*( e ‘-o(}

ced 1o show |
NSRRI ELCON =4S

N
N\ @ X, '\s
@ vBeto3™ \I; s large



Irvariant @ XxY = fm]N X iol‘im”

Simulation (Protocol T —> Decision 'fN.QT) Kois logmodense |
N large - Nz " _

o Takially (af ook of M), K -(ml' Y +fo3"
o When Bob sends a b, qe to Lcm\c(e.f‘ side
e When Alice sends a bit, 90 to Larﬂe(‘ sde

T X wo (onger .‘lloJm dense, 3
- Find mayxomal subset T =[N] and value o e(mf
that s oo hkely .
-~ Query vanables 2, ° iy ,ery in T, Say zszg
- This mduces a rekamement of KxY:
x‘ - f*e*( e ‘-o(}

el fo show |
\|\$ - ‘{\\E\‘I IND@NJ :BS

N
<N Y

@ V8 eio\\am \I; [ Lﬂfge.
Proof viee Robust * Lemma.



FULL RANGE LEMMA (vie. S#%)

%%

Let X's [m]" be .‘t!oJm—JensQ
Yz o {™ be Lime

Then A¢eX Ve joq¥ E‘I\(G‘{'
TND" (K y*) =g



FULL RANGE LEMMA (vie. S#%)

! let X'e )V e Aloym - dense,
Yz o {™ be Lime

%%

N Then dx e)( V(e?o@ Elx(e\{'
.LND (x \/ _g

Proof sketda

If false Uxex' 3g elqul’ wyeY' TNy )xby

Can assume_ wl.o:\ that @ - 1Y wx.

&( Robust » Lemma, at most 9\“ frachen of all \’eio@
are bad which cml-md(c{s \[ Lanje.ness




MOV\O}OA 0

AC.O Lower CL’;:; >
ey
Bound s Bounds

switching
Lemmac

Omana o1



L. BEYOND MONOTONE LOWER BOUNDS ¢ C—\Pf;r\/a'
P2 NC

—> morotone. Loweyr bounds for slce functions

o . “WHY, SOMETIMES I'VE BELIEVED
—> AC cwen s AS MANY AS SIX IMPOSSIBLE
THINGS BEFORE BREAKFAST."

—> KRw con")edru re



T. BEYOND MONOTONE LowER BOUNDS : AC’

. Trul\{ QxPor\cn+\£ll size. AC® LBRs —» Fomula size LBS

e KW for AC): cc 6t d-round protocels for Kw/.

B equals (o (ALo'S'E (F)
weels (o3 (A6 size(F)

@ 4
20

~

e Topdownr vie Likting /Sunklower Lemma 7

\/ d-3 El-lqsfacl’ Jdkna, Pudlek ,q;J



1. BEYOND MONOTONE LOwWER BOUNDS : KRwW

£ 1 &o} >{o13
9 - 70.'3'“*?0,@

St o 403"; / /“\

J

/1\ /l

KRW .
CONTECTURE

V4,9 Depth (fo4™) » Depth () + Depth(y)

Prove :

CC.(K\:\/“%“) x

cC(KW,)+c<( wai)




1. BEYOND MONOTONE LOWER BOUNDS : krw

¢
cc(Kwhq,) ~ cC(KW,) + (KW,

L°"fl wvie of work mso(vir\ﬂ s?ec(cx( cases :
[ KRW' a8, EIRS'OL | HW 93, Hésag, DM'18, KM lXJ

Theorem [deflezende, Mar, Nondstim, P Robert "ZQ]

@) monctone. KW ;Y monotone. F,j cc(m Kw“ﬂ"\ = cc(kw, )+ CC (K\UJ)
solved for all (Kted g

@ “Somi - monotone” KRW



Il. ALGEBRAIC CIRCUIT LOWER BOUNDS

© LowER BOUNDS VIA CC/LIFTlNﬁ?

e L\:tmbe:;] ' monotone cx(j orae circit s far €-approx pcl\, = nonmenotone, (B
Prove: F, « eH, hard for worotone arcuks < 27"

Neany pay

Theorem [Chatlopadyay, Oedla, M‘*“‘”P““"f"( ‘%)

Lower bounds for s«:epmxinu(e monotore, for £32 3

§n

=> Hard polynoitals are [ ted (SINK°K02)

= Poof s a reduction 10 disuepamy /corr‘upfl‘on



TIL LOGRANK CONTECTURE

Uf CCCF) & poly (tag rank (M) | Clowss sobs 5}

urPer BoowD: CC(£) = O (Vrank(M,) )  [lovett ie]
LoWER BOUND:  CC(§) = (L (fog* rank (My)) [y §wekson ']



T LOGRANK CONTECTURE

W CC(F) & poly ( tog rank (M)

urPer BoowD: CC(£) = O ( Vrank(M,) ) [ Lovett I4)
LowWwER BouND: CC £) = _[]_(;03Z renk (M, )) (458 P wabsan'A)

LOGRANK (ONIECTURE FOR LIFTED TUNCTIONS?

Theorem, [ Knop, Loueﬁ)M(ﬁmPe) Nt '21]
VE ApT(8)= poly(logrenk®M, )Y logn
cC(fox) = poly (logrank(M )) logn



. SUPERCRITICAL SIZE-DEPTH TRADEOFFS

Theorem [kam:l'\?)ﬂdwc'm] Let P = Resoluton or Cutting Planes

There exist UNSAT FORMULAS F”L over n variables
+hot have size 20 ’&e.oH'\ n P-refutations

but ony P-refutahon of size < AV requires depti J\-(’L“€3

Proot Uses Compostion. fo shrink the numioep
of variades while Pmse.Ninﬁ depth /size. [Razbarov ]

'%N over N vers —~—» E = -fNo@s N




More. Open. Questions

o Lifting with tonstunt cjudr‘é.f size ?

. Duoj- L\H’Maz rand omized.
other 3(1::132,(:.5 {\nner Pmdud)

P SOPchr\l:fcu‘ 'l;{adeO(‘{:S for MOnoé;onQ.. Cif‘cdlfs ?

e AC® Lower Bounds vie L.Hinj

o Other models: pseudodetermutistic
NoFF

Information Lomp}e)élfy

e Other A?Pllc'.u.hbn.s; Alﬂebm(c carcuats
Data Strudure Lowkr Bgunds

Combinatorics . . .



?

T hanks |




LIFTING THEOREMS

Class QMWj Communicodion Kefertnce s
4 detemnstic DT determistic RM'99  4PW'Ig
NP Nondet DT nond et JLMTZ \b
BPP fandomized, (57 randomi ed 4PW ' CFKMP'2
polynomi de&ree ranKk Sl S04
PLS Resolvtion cQaT[l'(CQ d fﬁKS\IX) LMMPZ 2|
PPA Nulls{ellensatz Alg ebruic Tiling PR1T PRIg
Sheruli-Adams SA LP Extensim Camyl. CLRS b
DP Eclension omd. LRSS

Surm-of Squares So




