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GIVEN A COMPUTATIONAL MODEL µ
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GIVEN A COMPUTATIONAL MODEL µ
,
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TODAY : unified approach to many lower bounds via
COMMUNICATION COMPLEXITY

• Monotone formula Lower Bounds

• Monotone circuit lower Bounds

• monotone span program Lower Bounds

• Linear Program Extension Complexity
• SDP Extension complexity

theme complexity closely connected to proof complexity
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COMMUNICATION FOR SEARCH PROBLEMS
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output iecn] such that ✗i=y,



COMMUNICATION FOR SEARCH PROBLEMS
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QUERY TO COMMUNICATION LIFTING

f :{ 0,13
"

→ 0 naps F=fogn f

•
• • * •

on

g g g . . . g

8D go do 8D

*
i Y, Xz Yz ×

, Y, Xn Yn

LIFTING THEOREM

communication complicity = Query complexity off
of F



EXAMPLE : SET DISJOINTNESS

p.f : ④ use F-- fog
"

f
410

☐ ⑤

1¥ ?4.10
0 :

☒ ☒ • • • ☒ g

410 FF FF 1¥
0 1 X
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DT (f) = ① (n) Cccfogn) -- ⑤ (n)



SOME LIFTING THEOREMS

QUERY MODEL COMMUNICATION MODEL REFERENCE

Decision Tree Deterministic CC CRM'99
,
4km119]

Nondet DT Nondetermisticcc [gLM
'

16]

Randomized DT Randomized cc [gpw.tt , CFKMP 'z1]

Polynomial Degree Rank [Sherstov 'll,sZo9, 12510]

Decision List Rectangle List Cgkpwyz]

-

Resolution/ Dag - like DT DAG-LIKE communication [ggks'l8]

ÉMIGRÉ
Sherali Adams degree NON -Negative Rank

,

[CLRSYG]

SOS degree PSD Rank [arsis]



APPLICATIONS OF LIFTING

1
. Monotone formula/circuit Lower Bounds

2. Proof complexity

3
. Cryptography ( Lower

Bounds for secret sharing schemes)

4. game Theory
Wash Equilibrium)

5. graph Theory (
Alon- Saks- Seymour conjecture)

6. Linear /SDP Extended Formulations

7
.

Communication complexity separations

8
.

Quantum complexity

9. Data structures
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COMPLEXITY COMPLEXITY

FIC
, g)

Search /Cogn )

IT LIFTING THEOREM

PROOF _q→QYCOMPLEXITY COMPLEXITY

UNSAT C=Gn . .cm Search (c)



LOWER BOUND PROGRAM
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INSTAN-t-NI.mn#--ormula Size Lower Bounds

KW EQUIVALENCE
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d- Comm- complexity of
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↳? LIFTING THEOREM

PROOF _q→QYCOMPLEXITY COMPLEXITY
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INSTAN-t-NI.mn#--ormula Size Lower Bounds

KW EQUIVALENCE

cccmkwili-j-loglmtormula.si?-eKF1#g
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Ark communication
d- Comm- complexity of
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Search (C)
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ATHM←D COMMUNICATION
COMPLEXITY COMPLEXITY

HARD-TO-REFUTECN-ts-HARDFNTONSFCC.gl search (Cogn )
1:

E-- C
, rczn .
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A)THM←D COMMUNICATION

HARD-T0-REFUTECN_RDFUNctN COMPLEXITY complexity

FIC
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INSTANTIATION I : m FORMULA -SIZE LOWER BOUNDS

KW EQUIVALENCE [Karchmer- Wigderson]

ccfmkwli-H-logfmtormula.si?-eCF#gmF@MZE0FqmgcAt- cc of MKWCFK
, g))

f- (Gg) Search(Cogn)

§g TERMINISTK LIFTING [Rat, McKenzie 'qq]cc=É
Tree-Resolution 9-8 DE-REÉMEycomplexity of e

search (e)
Folklore



INSTANTIATION -1T : MCIRCUIT - SIZE LOWER BOUNDS

KW EQUIVALENCE FOR CIRCUITS [Razborov]

dag-cc[kwceD=mGrcuitsiz
V

mtZEF←gE- dag.li/ceCCofmKW(FC9g))FK
,g) Search (Cog

")

☐A£""°"^°↳"%%""th""""I dag -cclfog
") # dag -DT(f)

Tree-Resolution 9-8 DE-REÉMEycomplexity of e
search (e)

Folklore



DAg-t-KEPRTOP-miruit.si-2e [Razborov],[Sokolov]
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LOWER BOUND PROGRAM

ALg0R1THMSC0MMUN1GATl0NQUERyPR0# REFT

mtormulas P
"

P
"

tree - Resolution RM'99gpwI8
PLSDT{É ResolutionrBPPÉBTRandomResgpw, |NullsatzmspÉAppATgy- PR"l7PÑl8

LPExtensi-nmpeitank-cl.RS ' / 6

,SDP-siRaksos- LRSYJ

Algorithm -Size (FK,g))= Proof-size (c)
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,
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Resolution ^

PPADS ZLzSpan* Programs
sA* PPAD

9

FP Formulas

tree - Resolution



REST OF TALK • • •

• Lifting via Sunflowers

and a web of interconnections

• New Applications/Directions

and Some Open Problems



LEIRIA :¥÷qB%µ☒•§% [Lovett, Meka, Mertz, P, Zhang '21]

f : n- bit boolean function / search problem

g : index gadget INDIX
, y) = Y× 141 -

- poly(n)
,
1×1 = log lyf

DETERMINISTIC LIFTING THEOREM [RM
'

99
, gpw

'

/7]

DT (f) • -011 ogn) = CC ( fog
" )

• Uses Sunflower Lemma as black box

• Also holds for Dag - like Lifting
• Improved gadget size ly/ = nite



SUNFLOWER LEMMA /✗ / large ⇒%qf•⑥ c- ✗

§.BA:*.
§gµ€gg

Let ☒ be a n- uniform set system

0•%%g§D☒B
If 1×1 > F

"

then ✗ contains a sunflower

with p petals

A- 4
, 12=11



SUNFLOWER LEMMA /✗ / large ⇒¥q%•• c- ✗

*:*.⑨*
•§gµBÉ→ Let ☒ be a n- uniform set system
*e• •

*µD☒☒B If 1×1 > rn then ✗ contains a sunflower

with p petals
17=4

, p=
11

Old : True for r
~ pn

Conjecture : True
for r - p

NEWEY : True for r ~ ploglpn) [Alweiss, Lovett,Wu , Zhang 'm]



ROBUST ÷¥qB%¥É%É_ LEMMA [Rossman ' 14
,
ALWZ

'

19
,
Rao

'

19
,
FKNP

'

19]

Let X be an n-uniform
,
block - respecting set system over Us {×, , . . . > Xmn }

U =& m=7
,
n=3

-



ROBUST ¥¥§•%I☒É* LEMMA
Let X be an n-uniform

,
block - respecting set system over Us {×, , . . - , Xmn }

U =É m=7
,
n=3

m >

-



ROBUST ¥¥0qo%¥☒¥EÉ→ LEMMA
Let X be an n-uniform

,
block - respecting set system over Us {×, , . . - , Xmn }

a-→
m >

☒ is r- dense if : HI a- [n] H•=r . III, , HIX)=nf¥, 109 ✗=D)

✗
DNF

& ✗3×13×16 ✗
I
✗ 10 ✗ 17 ✗3×8×18 v* ✗7×13×20

theorem-CALWSJLellber-dense.ir#log(E).Then.fPr [✗
☐ni
:(f) +1] ← E

Pm {0,13mn
✓ - n - r I

Pnaramnetenrs : m : ¥
,
is .91ogm , e : 2-

n"



Invariant : ✗xye cm]N ✗ {0,13mW
Simulation (Protocol IT → Decision tree-1) ✗ is

• 910am - dense

Y large i.ly/=2mN-iN2
-

• Initially Cat root of IT)
,
✗ = 1mV

,
Y :{0,13mW

• When Bob sends a bit , go to larger side

• When Allie sends a bit , go to larger side
If X NO longer • 910gm dense :

- Find maximal subset I
a- IN] and value ✗ Ecm]I

that
-

is too likely .

- Query variables
Z
,

= {✗i.ie I} in T . Say z, =p
- This induces a refinement of ✗ ✗Y :

✗
"
= { ✗ c-✗ I ✗* =L} ←

Need to show :

Y's :{yc-YIINDH.ie) =D} ① ×
'

is dense

② Fft {0,1311=1 ☒1% is large



Invariant : ✗ ✗Ye cm]N ✗ {0,13mW
Simulation (Protocol IT → Decision tree-1) ✗ is

• 910am - dense

Y large i.ly/=2mN-iN2
-

• Initially Cat root of IT)
,
✗ = 1mV

,
Y :{0,13mW

• When Bob sends a bit , go to larger side

• When Allie sends a bit , go to larger side
If X NO longer • 910gm dense :

- Find maximal subset I
a- IN] and value ✗ elm]I

that
-

is too likely .

- Query variables
Z
,

= {✗i.ie I} in T . Say z, =p
- This induces a refinement of ✗ ✗y :

✗
•
= { ✗ c-✗ I ✗⇐ =L} ←

Need to show :

Y's :{yc-YIINDH.ie) =D} ① ×
'

is dense

→ ② tB£{ 0,1311=1 ☒1% is large
Proof via Robust :¥ÉFq%*☒☒É% Lemma



FULL RANGE LEMMA (via ¥§§•☒ )

µ Let ✗
•

c- Im]
"
be .9kym - dense

YÉ {0,15N be Large*¥
Then I ex tf c- 90,13N Fifty

'

IND
"
(x*,Y* ) =p



FULL RANGE LEMMA (via ¥§§•⑧ )

µ Let ✗
"

c- Im]
"
be • 910gm - dense

YÉ {0,13mn be Large*¥
r Then 7-i e# Ff c- 90,13N Fife Y

'

IND
"
(x, y l =p

Proofsketch_
If false tax c-X

'

Fps* c- {0,13N tyely
' INDNCX y*j=B×

Can assume wlog that B×= IN tix .

By Robust ¥•§,•⑥ Lemma, at most 2-
N
"

fraction of all 41610,13mn
are bad which contradicts y

'

largeness .



At Lower Lower

'

switching

Data structure

capsets ,
Additive Multiplication

Properties Complexity



I. BEYOND MONOTONE LOWER BOUNDS ? )?J1g}
→ monotone Lower bounds for slice functions

→ Act circuits

→ KRW conjecture



I. BEYOND MONOTONE LOWER BOUNDS : AT

• Truly exponential size A LBS → Formula size LBS

• KW for Acid : cc of d-round protocols for Kwf
equals log CALL - size (F ))n=l0ll€@ T_0oH0C#

°

0 ☐

0
°

• Topdown via Lifting /sunflower Lemma ?

✓ D= 3 [Hustad, Jvkna, Pvdlak
'95]



I. BEYOND MONOTONE LOWER BOUNDS : KRW

f

f : { 0,15 → {0,1}
IOB fogn :

•
• • * •

on

g :{ 0,13m -790,1 } g g g . . . ☒
" ÷ ?

KRW
Impliesconjecture

: tf,g Depth (fog
" ) = Depth (f) + Depth (g) qpsgwcig.mg

Prove : cc(Kwfogn ) = CCCKWF ) + CCCKWG)



I. BEYOND MONOTONE LOWER BOUNDS : KRW

cc(Kwfogn ) É cc ( Kwf ) + CCC Kwg )

Long line of work resolving special cases :
[KRW' 95 , C- 112501 , HW

'

93
,
ltas98

,
DM

'

18
,
KM

'

18]

Theorem [ deRezende, Meir, Nordstrom,
P
,
Rober ' 20]

① monotone KRW : tmonotone f)9 CC(mkwfogn) > cc(Kwf) + cc (Klug)
solved for all lifted g

②
"

semi - monotone
"

KRW



I. ALGEBRAIC CIRCUIT LOWER BOUNDS

• LOWER BOUNDS VIA CC/LIFTING ?

• [Hrubés] : monotone algebraic circuit 43s for E-approx poly ⇒ Nonmonotone 43s

Prove : Fn + e Hn hard for monotone circuits E. < In

←
easy poll

Theorem [ehaltopadyay, Datta, Mukhopadyay
'

21]

Lower bounds for E-approximate monotone for qz 2-
fn

=-D Hard polynomials are lifted (SINKO ✗OR)

AG Proof is a reduction to discrepancy/corruption



III. LOGRANK CONJECTURE

Hf CC (f) ? poly ( log rank (Mg)) Coast
,

Saks ' 88]

UPPER BOUND : CC (f) = ⑤ ( fÑÑ) ) [Lovett ' 16]

LOWER BOUND : CC (f) = If /og
'

rank (Mg )) [goos,P, Watson ' 17]



III. LOGRANK CONJECTURE

Uf CC (f) ? poly ( log rank (Mg))

UPPER BOUND : CC (f) = ⑤ ( tram) ) [Lovett ' 16]

LOWER BOUND : CC (f) = SL ( tog
'

rank (Mg )) [giios,P, Watson 'H]

LOGRANK CONJECTURE FOR LIFTED FUNCTIONS ?

Theorem [ Knop, Lovett,Mcguire,Yuan
'
21]

Hf A-DT( f) = poly 'Giogrank(Mfoµ)) - logn

i. cc (for) = poly ( dog rank/Mfonn)) . logn



II. SUPERCRITICAL SIZE- DEPTH TRADEOFFS

Theorem [ Fleming,P, Rober
'
21] Let P = Resolution or Cutting Planes

There exist UNSAT FORMULAS Fn over n variables

that have size I
,
depth n P- refutations

but any P - refutation of size < 2ns requires depth N(ZÑ )

Proof Uses Composition to shrink the number

of variables while preserving depth/size [Razborov]
4 ;

% over N vars na Fn = fnotos µ •☒BBDB$=→pRooy n←N¥:⇒→⇒•.



More Open Questions

• Lifting with constant gadget size ?
• Dag - Lifting : randomized

other gadgets ( inner product)
• Supercritical tradeoffs for monotone circuits ?

• AC° Lower Bounds via Lifting
•
Other models : pseudodeterministic

NOF

Information complexity
• Other Applications : Algebraic circuits

Data Structure Lower Bounds

Combinatorics
. . .



Thanks !



LIFTING THEOREMS

Éy_mmiatmRetee
P deterministic DT deterministic RM '9q gpw'18

NP Nondet DT Nondet GLMT-216

BPPEi-zed-radmi-edgpw-FK-MPlzlpp.nl?-#idegreeranksszqPLS Resolution day - liked 991<518 , LMMPZ'4

Nullstellensatz Algebraic Tiling PR'A PR'i8

Sherali -Adams SA LP Extension comp . CLRS 'l6

Sum-of squares Sos SDP Extension comp . LRS '15


