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K-SAT

Input: KN formule &
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k-SAT is NP-MPLETE



The graph of a proof

Axioms/inputs
are sources

Inference rule
associated with
each node

Sink labelled by tautology
(or A for refutation)
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Exomple. : Graph of o« RESoLUTION Proot
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Axioms/inputs
are sources

Inference rule
associated with
each node

Sink labelled by tautology
(or A for refutation)
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COOk.'S PROgRAM FoR Pﬂowﬂﬁ NP x oNP

UMSAT = § £ [ £ 's an UNSAT CNF formuln §

Det'n (Cook-Reckhow (975 )
An obstcact Pmof syStem s a Pol,mm(a/»t{mc.
funchon A fom §010° onto the set of all UNSAT CNFs
(For praof system ?) define 7‘\(01\/) = UMSAT cNF that w rdu{es)

Theorem
There exists an abstudt proot system. in which
all UNSAT wfs have ?o\Tnorm(a/-s\ze proofs "f NP = «oNP



MOTIVATION ; Cook's PROgRAM FoR P/lovwﬁ NP x oNP

UMSAT = § £ [ £ 's an UNSAT CNF formuln §

Det'n  (Cook-Reckhow (475 )
An obstcact proof system Is a PoL/ovom(a/»tfmc
Sundion A fam. §9,18° onto the set of oll UNSAT cNFs
(For proof sysiem P define AW) = USAT cNF that W rea(u(es)

Theorem
There exisks an abstrudt proot system in which
all UNSAT wfs have ?dTnorm(a/-s\ze proofs "f NP = «oNP

Su\perPoL’nomiul Lower bounds for Q\/QI:] proot Ssystert S PaNP |
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morwaTioN I . Particular proot systems closely (onnected
to o WNatwral {am'nl(( of SAT algor'f{hms

Y The transcriph of o run of a (complete) SAT algontim
on an UNSAT formula. s a P’”"f of s UNSATISFIAB;L)'(\{

Even. runs of (some) SAT aljoh%hms on satis€able

formulas \/'lc(& proofs o€ UNSATISFIABILITY  ON
related €ormulas



Proot (omplexity, and Satisfiabilil, Alqonthms
piexiby J

o Reslution lower Bsunds proves that an Resoluhan —basedl
SAT alﬂo/td-km mzui(es exPo/\eMr\étl +ime  (Worst case)
- cpcL

- Cutbing Planes lower bounds rules out subupmenﬂul +tme

CP-based SAT algorthms
- broncdnh aﬂj cut

o SOS lower bounds rules out LOfaQ ‘(\qm'l‘\j 0‘(
SdexPO{\ef\é\d( +Hme SAT qud' and qPme(man. O\jOf;#\VVLS

- Lorﬂe, class ok sOf Q(ﬂs
- Exfension 0 mplex‘re{ [axsended Sormuloting



MAIN QUESTIONS |IN PRooF comPLExrry

ﬂ»\lc/\ a parbuular proot system. [

e Choracterze. which formulas haw polysize refutabions
uncondihanal superpelynomiad - lower bounds
even condgial lower bounds gpen

o (lutorna.h%ab\ll'&{: how hard s '+ to find P-refutatins

o Relate P to a watural class of algohmm; A(P)

use Llower bounds to prowe Limiahans ory exuct + apfmn}nale
A®@) alqgordhms for wotura( problems

e Com()are. PVOOQ ﬁmﬂa‘l‘l‘\ of ? to other P@O‘ les-lern S



HARD FORMULAS ?

STh s awkully diffeutt to come wp wwth even
cand date hard taufologies-- there is Mo such -H«m:l as

tons of NP-cwwmpleie poblens at our disposal &

Neark) a(| stolemenis that con be expressed Pmpos.h&mll\/ are et ;

() Not 4ma (wNot a +outdlagy)
@) Not known to be true or false

3) ?rov«la\-’ true  (and with short F/eJQ Pmm‘)



RANOOM K- ks

'?“gl'(A)ﬂ,ﬁ): Pick m=dn clauses of wid# KK
for 4>0 subf lage f~F(8n,k) UNSAT w-h.p.

I T—==~~"7>( Thresholel AT
?(‘oba‘onhkr \ Below d:Mo.'stt cQ:::iu(I sa(-',;{'.o{:lqw
SATISFIABLE \ Above aimost  cerramly UNSatistia
\
I
|
\
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0 — oo g



Resolubin - Based Algofﬂkms {or randos KCNF

o\

Worst -case runtme

'qus\nj transion Pc;m-é
A’,: qoes abso(dﬁeL(
o hiced "

of Standant, Resolhm

\\ based SAT clgoninms.
\ 2' (n/A‘)
\
1
\
\
\\

0~ # —= e
A;’qflé? A - ee



OTHER RANDOM CNF FAMILIES

. Random kxR, randam K csP

’1'/;4

2. L’.l\iue,g(g) ) % ~ il(n, P) PNY\
P- b Cll'c{ue. of st lojn.

3 HGMQ(S) £ ~ all boolean §unchins &L n Variables

$q15 { to«‘()d"?t’ '?1 a S72e s cireut



MOTIVATION

1. S Pm'oeﬂfe.s velafe. 0 oup
uy\AQIS{'d/\cﬂ(Vl\cl

2. Natwmed distnloutionss o benchmar K
for SAT aﬁﬁonfbum

3. LQWQ( baumc!s —for Fa({:\'cu(af‘ Pmdf 9\/S+0m9

(RE-S‘ S0s) %ive uncondihanal
\v\op()mxm«b«\\H {or lorqe fam\l{ of a(aor'n‘hms



WHY IS IT SO HARD TO CERTIFYy UNSAT oF RAMDOM {7

@ ® Counting orquments dont cwount anymore, ! - Razborov
Cireint coM?l%\(s( .
( . " .
&Pd‘i " arauts  of P°‘1 sz << Booleun funchions

Proof comp(uélkl
# of Pmoﬁ of sire S = H UNssgT formulas



FEIqE's A\PoTHESIS

Defn  (Refutatin algorcthm)

A\goﬂkhm A s a rebutatim a(ﬁori{hm for
cardone KSAT ) £ ~ (A 0K):

A oukpu(s NES with Proba(mu'(t( >k

A oufpu&s No tf (.Q ts satisfalde

F’Q’lﬁe}s l«\fooH\e'su‘: For 4>0 suf¢ tae/‘vkl’ (arﬁq/ £~ 3(4' ﬂ,k);
T 4here « NO Pcl.rhMQ ref wtatgn d(jonﬁm of £
L wNo Pmo(-" SYs%em can efﬂcném%\, rfute £



The inaedble usefulngse do Fei?e,‘s (o jecture

ma,t.] problems are hard  yndan FQC@Q,\L Cﬁ){)&“*ﬁ’
o (\ppmx‘,ma‘h}'ﬁ Vertex over
. Ay cae McsP

o PAC (eamm’vtj ON F



UPPER BOUNDS FOR RANDOM SAT

Pok, -see. UB

Resoluf s m> nz/logn
[(Beama, Karg) p Sats]

( " (logn )

T
Ff‘(ﬂ&. m ~ y\!q

[Feiqe, koim Okek |
[ Miller, Tz«:merekj




LowsR BOUNDS FOR RANDOM SAT

/ Cutb'vg’lcmes %
-

1Ps ZFC
Extended Frege
F rege B

\<’-"—
-
C F-fe:F_ _ 505

Akogn) -CNF

Ac- Free

)
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-

Exp wenbial
Lower Bounds
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TNu(l skellensadz

\\_/

TruHn Tab(es




LOWER BOUNDS FOR [ANDOM SAT

Pok! -siee UB Eﬁm{\h‘al e
Resolubh m> I’IL/{USV\ men'” ) [Z"]'Wiall SRM]
P Su (B one, (¢ Su
CBeand, Larf B Suks] ( I;QASasW,P Wil]deml
Nul(sat 2 M = O(r)
[Sat Cnepniav]
Po M =0tr)
Coleulus LBuss, grsoney, Jnywglated, P
50¢% ms=oln)
[Gresonev  Sdentlreck ]
— )
UHMj k= @ (.‘Ony\}
Aane S -
M= poly )
[ Fleming Pankserton P Roleve [ Heubes, Rydlol]
T m ~n ?
Freqe [Feiqe, in, 0&&.] :
[ Miller, TzamereL]




LOWER BOUNDS FOR RANDOM SAT

Pok! -s\ee. UB Eﬁm{\h‘al (2]
RQSO[\A{’\M m> nL/{USY\ m<« nI.S LC"\Ldﬂ( S?enw-!cm
(Beama, Karf) R Suks) (Beame, K3y 7, Saﬂ%
( BenSasson, w.;]Jem\
Nul(sat 2 m=on)
[(Grepniav]
Po m =0ln)
Caleulus LBuss, ﬁﬁc’o!\-lxll Iwyustm%zq P
50¢% ms=oln)
[Gresonev  Sdentlreck ]
C b ;
UH W\j K= 9 (,fony\}
Aane ¢ i
M= poly ()
[Fleml?\j) Par\km'('oxl{ P} Pob@./&/ Hrube R,&[a](_:l
Freqe [Feye, koim, bk | -
[ Miiller, Tzamer&]




TREE RESOLVUTION = DECISION TREE FOX SEARH

S(qrd/\(f\ : gave}t QSS('SAMM‘L' A€ ?od{\] output some Ct.e£ Lalsied b:lo(

Y
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r
/ (s vx,) /
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First ‘\'f’dl

ToP-DowN VIEW OF (DAq-LIKE) RESOLUTION?

Teee-lke Resolution ~ Decson Hree
poof of £ - for Search (€)

?
Dag- Iite ResoluhdL < Branching prograsm
poof of £ for Secb"\ch (I)u




{So(whm pr(go{ _# Branchmj P(U(Zr)u

for Seanch

Clam §  For every UNSAT £ Seardh (§) has o
Linear - site braf\c.hl'nj ijrarn_

Example :
f= O (R Yo YR, )




ToP-DowA) VIEW OF RESOLUTION [Raz95]

Sewond tr:‘ :

——————

Each dag node v is labeled with a
conjunction C,: {0,1}" — {0,1}

m rootr: C, =1 (constant1)

m node v with children u, u':

C;l(1) € ¢'(1uc,t(1)

m leaf v: Labeled with solution

1o Seavch (£)



RESOLUTION LoWER BOUNDS

\ For f~‘dlank) any Resoluhan daq requires  Linear width

2. Bu\—SassoY\)W‘ﬁclerﬁr\'. .
Small size. = small wd

S \nlogs



RESOLUTION LOoWER BOUNDS

| 2 e, For {N%(A,ﬂ,k) arj Resoluh en c',dj miufrﬁ Linear widh

Prook cltul
o Wit higt P’Dbab"}'*]) te dause -varalle jm(lr\ hag P\"jh.
(hauno(w\d) exponsion
, ek T be @ R ecohpr rcfatediae of £
Gid Cladse & dered fom riwen L and 7—34 it | clauses

Ba boun daf Y Cxpansion, C' oomsl wntdin OA vifiall &S



Resolubin - Based Al3on4kms for randoms KCNF

'PQSS\ "9 +ranshon Pc;m-é

X (el
A& goes alpsd ely

Woheed "

o\

Worst -case runtime S (Spae Ol
|4 - - of Standant Resolvhen

\\ based SAT clgonthnms.
| 2"0-( n/A‘)
\
1
i
\
\\
— g,

A;’q.lé? A - ee



Long-running DPLL Executions and
Proof Complexity

Residual formula at
each node is a mix of
2- and 3-clauses

Resdua| formulen ot )
IS UMSAT but reguires
exponential sze. Resolvhan proots

(ks Beae i,




LOWER EBOOUNDS FOR RANDOM SAT

Pok! -siee. UB Eﬁm{\h‘al (2]
Resolubion [ m>n*/1ogn men'® Ccinbel, Gpemueds)
(Beana, kanf P, Saks) (Beare Kayp, A Sals ]
( BenSarsan, Wijdeml
Nul(sat 2 m=0oCn)
(Grgonev)
Po m =0ln)
Caleulus LBuss, ﬁ(uc’ol\ixll Iwyus(m%zol P:]
50¢% ms=oln)
[Gresonev  Sdentlreck ]
TR )
UHMj k=@ (.foi\y\}
Aane s _
= poly ()
[Flemﬂj) £ ar\kwf"o\l{ P} Roleve / H(.Ahgg) R}&]a](,]
T m ~n 2
Freqe [Feye, koim, bk | -
[ Miiller, Tzamer&]




CUTT nJg PLANES

o Lines \n pwof are Linear wnequalihies iq k.2 b

= ,\ "
e Wegpnts W,Qdﬂ have leagiv  O(n*) weges
. CP* . We_.'jll\és have (enJHA. poLllu n

o For today we will focus on CP™ lower bourds



Cutting Planes rules

e addltlon: a X+ ... +a.x, >A
bx,+... +bXx,>B

(a;+by)x +...+(a,+b, )X, > A+B

* multiplication by positive integer:

a;xq+ ... +a.x,>A

ca;x, + ... + ca X, > CcA

 Division by positive integer:
ca;x+..+cax,>B

a;x,+ ... +ax, > Blc]

21



Cutling Planes lower Bounds via Tnterpoladion

Theorevn [_Bonetﬂ’-Rw’t, Rozleorov  Pud lak K'?:J'CQ{QJ

Exporential (ower Bounds {or  Clquelyz) A Colo(‘(y'z)

X -VoAS colrﬁspﬂ\d to  K-cliques
N - Vows corrtspo'r\’} to (k~n)(dor|fl\c]$

PE uses fessible tnlugeletran. prperty of CP 1 any site s CP refutation
of Cl\clue_/\ Coloy =) sre S miclonk cvedt for cliqina /cocn‘c,ue,



CU’FTIt\/ﬁ PLANES AND RANDOM FORMULAS

e (annot cll('QCij use  feasble wer dlation
( random  formulas not  of correct (cvm.)

o Il we can we deas indirecdl, -- s randort
fomulas  have 4he sam2 ombinatoral poperties
when we ook under the hood-



cu*mwﬁ PLANES AND RANDOM FORMULAS

Theorem [F\em(rj) P Pontatoy, Rolere 5 trube s, Pud(akj

~

Rondoe O UoyA) cNFs  abwve +shill vequie g0 o

Qu{Ju'vj Planes vRfutafigns



PROOF oOvVERVIEW

Led £ ~ G*(A)an) t) K=0(losn) , A suff Lurﬂe,

Ramloml..l partddn the 2n vanables of £ o & QeLan -siged
Parﬁs X and T/’

we‘l( assume all clauses 6b £ are roujmr balanced. .

£ 2 Goiong vy ) Fomrto i) (o e don) - -



PRoOF oOvVERVIEW

Let £ ~TFAamk)  Kk=ollogn) 4 suff lume

we‘l( assume all clauses & £ are r‘oujﬁl( balanced..

£ = Gf \'T"s"xsv CILVYJV\[g ) (i'vx1v$§v Y."?;"Y;) (‘l,_v)(._‘v’}zq/ ?c\'—Yf'-Y:() v

Seardh (” :

/= 1100101 | >

assament § - S B=V10001iD

o X vors o
Nyﬂf) asSenm

output . clause, of 10 v vanaloles

£ falsified




PROOF OVERVIEW

va\b

Tty ) (Rmteriog) (e

£ = Guiry

B=0oll (00

Smrd’\“);

@ ¢° cefutation of § =P Aal-like. commumadir protaco( for Seamh (f)



PROOF OVERWVIEW

£ 2 G Tovey ) Rt o) (o Ky o) - - -

Smrd’\(-F); o =1\od 0 @
AV )

@ ¢° cefutation of § =P Aal-like. commumadir protaco( for Seamh (f)

ﬁZOOH (Oo

@) Dog-like Cc ot -Seavd\(ﬁ'*Da&- ke cc of mKkwW (P )
= t el lexi
marotore Cint W%H o Cs%

N

@ Sl monotate Grecud (amP/g,q}_( of (,S)} s QJL(W)



() CP relutahidL => Dag-LIKE cC [Raz95]
Protocol for Search(f)

Each dag node v is labeled with a
Rectomle R, = i91{ x §o I

m rootr: Ry = to]" x Qi

m node v with children u, u':

R, €R, VvV R,

m leaf v: Rv 15 monochmomadic

(3 douge ¢ e such
Hot all (£ 8)€R, {GISJY C‘.)



@ CP refutoti => DAq-LIKE cC
Protocol for Sear dn(£)

Theotem
sk S (semantic) (P = sike ?o\,t(s) €~ DAG {or SQQIJ\(-()
0’|
Pt stan )
Fae o ¢ prefutation M. & O &
Alice end Bob on inputs « 4 take o walk down TT /L \»
fom root to o (eaf /\
Trvoriant (4 €) falsifies every Uine in pofh / b “

(\55 Sowdness ¢ L, L= then
(4@) falsdy L = “p) {al.s\‘()\( ether Lor L,

Playus can evaluate eack Line bd low cc potocof



@DAj‘hLQ cc for .SQQ/C}\G) = DAgLke CC for mKW(CSP{)
= monotorie crcud  for CSP{;

CNF seanch probem Search (£): £ a WE over $oX, LYY,
INPUT: o efo (T B¢ io,l]“
OUTAVT . o dause C. of £ falsified by & £)

mKW (F) Sear Pobem: T :%on" =01l a mmlone funchon
INPUT : Xé€ F"(t)) %e £ ©)
OUTAUT . o ordinate. Le [n] suwch That X( Y.



@ DAy-ike e for Search(f) = DAgLike cC for mKW (CSP)
= monotone cwvtdd for cs?{;

Goal- Gen £(,3), wnsbrud a monotone. funct on Csﬁc
Such that Search (§)= mkw(CSF )

y
Seayth () wduces a 3 " ;&" c,
rectarafe ovey of CC matnyx | <,
’\3’ 9 Y S __"3,ﬁ_ <,
T Sy
¢t <
- ,
hie €SP by Sets: \ Al = o100
Debie P; e R 15000

A:. %_A(o() c §ol,1”‘ [ ote ‘tﬂ.l\"g ot acc%h"nj m()wts
R - éB(@)é o™ | e 100" § of g eching inputs
For «e g0 11" A(,()t_":j e deR;
fe getq) B @ 4<R,



(3 Monotone arouit Lower Bounds for CS?_F

Method ok Appoxmedions  [Futna Bore- ulbers, (lawmv\]

A”‘j monctone. cedd sgparatire A fom B subh thot
O AL, (Bl o eqprentelly (age
@D A and b are sulticunl, prcod
Wust  pe of Qk{mﬁﬂbtﬂ SEY
Spread  Set gysem A s §-spread, F VI £ [m]
[ %LQA/ a | Weijf < gm Al

B o &spead € YT SDn] [ TbeB | b0 YoeT3[ < g



fo () @y ) vl

£ balanced =, p Crause has some nwner of R vars ¢ ¥ vave

@ {/U) ({Z)/ laryge
el A 2§ AR | &cian™{
fp - T BG) [0 ¢ 011" ¢
A' > ard Aear)\{ -] S6 IA() (_ﬁ/ ~ ar\

@ Show A AL are well ~spread,
follows smce F =(¢¥ )(C) . (C;)

o Q) )

are exe ar\oatric] \



Qpen Problems

(D CP lower bounds £or random KNF k= 0Q1)

@ (’{QGQ. Lower bG\‘lY\cl.; '(QY‘ fG/\AQVYL IQQMF
condibonal  owerr bounds 7

@ Rwer&a yyta“('ftamc;l-,*Lg : Lomple’:eness fO!V\JUYYL CNF
RC°-Frege + randonLUNSAT p -simulates Freﬂe.?

Other  hard random disfributions ?

- PR& -Carmulas
- Qudt Lower bound {ermules






A felated Cojeckure abaet Randome UNSAT formulas

‘F ~N %(Q)SX . Choose o candom Bodeun funchan de?Q,lIzn
on N NPUMS

Varables of cNf dormula £
Loe, . .- Cpaysy  dusuile unoding of
& po\ysine cvelit SN 0 m(u’c.s
£ states | Cweud omputed Ira r campes

Rudich (orjectwe  There are NO PoL( sited ve{utations of
£~ (ns) n any prot e (for § = poly 1))




P No& bala flceﬂ

Need to €nd o partchon of variablag (x, V) 6wl cank
Qarrj out previous araum.nnt

For any partitiun samZ clauses wil] be Jﬂ%l/\‘.? Ml (anc e f
Solvtign  Show whp @ random pa/‘b?ﬁ}m Ssatisfies

o Most clauses are Ntan(7 ba(anced
« There 18 o (mge Collectidn of wssyenmants
Y Y\/\ C_—?q]}'\x fo ;)ﬂ +Nat sahsé\t all imbolarnad
C(lauses

o I £ resn fo
Qafeaﬁ Prcvzous a@unﬂm sHcted X)yl



@ Dag-hte ¢ for Searth(f) = DAgLike cC for mKW (CSF)

= monotone cwrcud for CSP{.

Goal: Gwen £(%,3), wnsbruct a monotone funct jon CSP{:
Such that Search (§)= mkw (CSFP )

Seayth () wduces a

s e
Mechargfe cover of (C matny L} C:
- <

-

Dehie CSP# by Sets:
A:. %_A(o() c §0|,1"‘ [ ote ‘tﬂ.l\"g ot acc%h"nj m()wts
R - éB(@)é o™ | e 100" § of g eching inputs
For «e g0 11" A(,()l_":j e deR;
fe e ) B @ 4eR,



DPLL on random 3-CNF*

Proof complexity shows
200/1) time
# of DPLL is required for

backtracks -unsatisfiable formulas

) forr>r;*
[B,Karp,Saks,Pitassi 98]
[Ben-Sasson 02]

probability
satisfiable

What about satisfiable
formulas below threshold?

ratio of clauses to variables [Mitchell,Selman,Levesque 92]
- r * n =50 variables



