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K - SAT

I@putiKCNFformula.f
f- (x.vxirxslxivxyvxzkx-zvxd.it/gXid

SAT iff FL f- (d) =/

UNSAT Iff V2 f- (2) =D

K - SAT is NP - COMPLETE

HOW TO CERTIFY/PROVE f- IS UNSAT ?







COOK'S PROGRAM FOR PROVING NP =\ CONP

UNSAT = { f f f is an UNSST CNF formula }
\

Def 'n (Cook - Reckhow 1975 )
An abstract proof system is a polynomial - time
function A from {0,1 }☒ onto the set of all UNSAT CNFS

(For proof system P
,
define d-(w) = UNSAT CNF that w refutes)

Theorem

There exists an abstract proof system in which

all UNSAT CNFS have polynomial - size proofs
'

tf NP = CONP



MOTIVATION IC00k'SPR0gRAMF0RPR0V1NgNP$coN
UNSAT = { f f f is an UNSST CNF formula }

Def 'n (Cook - Reckhow 1975 )
An abstract proof system is a polynomial - time
function A- from {0,15 onto the set of all UNSAT CNFS

(For proof system P
,
define d- (w) = UNSAT CNF that w refutes)

Theorem

There exists an abstract proof system in which

all UNSAT CNFS have polynomial - size proofs
'

tf NP = CONP

i. superpolynomial Lower bounds for every proof system ⇒ P #NP !
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MOTIVATION II i Particular proof systems closely connected
to a Natural family of SAT algorithms

BMA the transcript of a run of a (complete) SAT algorithm
on an UNSAT formula is a proof of its UNSATISFIABILITY

Even runs of (some) SAT algorithms on satisfiable
formulas yield proofs of UNSATISFIABILITY ON
related formulas



Proofcomplexityandsatisfiabilitytlgorithms

• Resolution Lower Bounds proves that any
Resolution -based

SAT algorithm requires exponential time (worst case)
- CDCL

• Cutting Planes
Lower bounds rules out subexponential time

CP - based SAT algorithms
- branch and cut

• Sos Lower bounds rules out large family of
subexponential time SAT exact and approximate algorithms

- Large class of SDP algs
- Extension complexity /extended formulations



MAIN QUESTIONS IN PROOF COMPLEXITY

given a particular proof system P :

• characterize which formulas have poly size refutations
unconditional superpolynomial Lower bounds
even conditional Lower bounds opens

• automaticability : how hard is it to find P- refutations

• Relate P to a Natural class of algorithms d- (p)
use Lower bounds to prove limitations on exact & approximate
1- (p) algorithms for Natural problems

• compare proof strength of P to other proof systems



HARD FORMULAS ?

3 " It is awfully difficult to come up with even &

Icardidate hard tautologies
- - there is No such thing as

tons of NP - complete problems at our disposal !
"

"" " " """"" """"""""" "" "

(1) Not true (not a tautology)

(2) Not known to be true or false

(3) Provably true (and with short Frege proof)



RANDOM K-CNFS

f- Flank) : pick m=dn clauses of width K

for a >o suff Large

f~2fd.n.la/vNSATw.h.p.1---------------
☒

Threshold
,

probability ☒ Below almost certainly satisfiable

SATISFIABLE $ Above almost certainly unsatisfiable

☒

.

A

*
*

☒
O - p n r. µ

"

☒
a--* - * • µ

. 8*54.267 d. → -



Resolution - Based Algorithms for random KCNF
passing transition point

d*k goes absolutely
unnoticed !

Worst -case runtime

1 - - - -- - - - -
☒

of standard Resolution

*
based SAT algorithms .

A 2h1 Ma)

:
*

☒
o - .

? '

-
.--⇒ - * - .

D; 4.267 I → -



OTHER RANDOM CNF FAMILIES

I

1. Random KXOR
,

random KCSP

2. Cliquegck) , g-
Gcn

, p) p~Ñ%"

p =L Clique of site logic

3
. Hardy (s) f- ~ all boolean functions on n variables

says f computed by a size S circuit



MOTIVATION

1 . Structural properties relate to our .

understanding

2. Natural distributions as benchmark

for SST algorithms

3
.
Lower bounds for particular proof systems
(RES

,
SOS) give unconditional

inapproxinability for large family of algorithms



WHY IS IT SO HARD TO CERTIFY UNSAT OF RANDOM f ?
•

①
"

counting arguments don't count anymore
"

- Razborov

Circuit complexity :

2PM 'M circuits of poly size ← 2£ Boolean functions

Proof complexity
# of proofs of sizes = # UNSST formulas



FEIGE'S HYPOTHESIS

Deth ( Refutation algorithm)

Algorithm A is a refutation algorithm for
random KSAT

,
f- ~ Fld

,
n
,
K) :

A outputs YES with probability > Yz
- A outputs NO if I is satisfiable

Feige's Hypothesis For d >o sufficiently large, f- Fla, 4K):
I. there is No polytime refutation algorithm off

II. No proof system can efficiently refute f



The incredible usefulness of Feige's conjecture

many problems are hard under Feige's conjecture:

• Approximating vertex cover

• Arg case Mcsp

• PAC learning DNF



UPPER BOUNDS FOR RANDOM SAT

poty.si?-eUB-
Resolution m > n'Hugh

[Beame
, Karp, P, Saks]

if
Frege m~nl.tl

[Feige, kin ,Ofek]
[Miller, Tzameret]



LOWER BOUNDS FOR RANDOM SAT
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LOWER BOUNDS FOR RANDOM SAT

Poly - size UB Exponential 43

Resolution m > nYwgn man
"
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,
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[Den -Sasson
, Wigdersm]
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Poly m=ocn)
calculus [Buss

, grigoriev, Jmpagkatzo, P]

Sos m=ocn) .

[Gregoria
,
Schoenbeck]

cutting k= ⑦ Clogn)
Planes

m= poly Cn)

[ Fleming , Pankratov , P, Robeve/Hrubes, Pvdlak]
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?
Frege [Feige, kin ,0fek]{
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LOWER BOUNDS FOR RANDOM SAT

Poly - size UB Exponential 43
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?
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TREE RESOLUTION = DECISION TREE FOR SEARCH

Search (f) : given assignment ✗ c- {0,15 , output some 4.
c- f- falsified by✗

¢ ✗
4
, 0

µg ,
✗
2

y
Y

(Xixy) ✗
3

115¥ / fxix.ve) µ § µ
☒
✗
I/ \ / \

, µ TO(7) Kinski *xp vxixs Giv# (XT) lxivxzvx;) *xp vxixs Giv#



TOP - DOWN VIEW OF (DAG - LIKE) RESOLUTION!

First try : Tree-like Resolution =
Decision tree

→

proof of f-
for search (f)

Dag- like Resolution
¥ Branching program

for search (f)
proof of f



•

•

Resolution proof ¥ Branching program
of f for search (f)

Claim : For every UNSAT f
,
search (f) has a

Linear - size branching program
%

o/\o
Example : ÷µ } Query varsk, )

• Ñ•☒
,f-- IX. ✓E) (I,vX, )lxiXs)(×j )

"° Y×÷¥•.gg?varskz)Cj-0
^

.

¥§↳ } vars Ks) .

4=0 4=0



tP_-f-_gff€feAI@f__wN VIEW OF RESOLUTION

⇐g€-€@@--€←E-⑧e '
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RESOLUTION LOWER BOUNDS

1

-

'

1
.

For f~%1d.n.la) any Resolution day requires linear width
I

2. Ben -Sasson
, Wigdersim :

small size ⇒ small width

s Flogs

☒s#



RESOLUTION LOWER BOUNDS

Emme For f~%1d.n.la) any Resolution dag reqieires Linear width
I

Proofsketuk_
• with high probability , the clause - variable graph has high
(boundary) expansion

•
Let IT be a Resolution refutation of f.

Find clause 0 derived from between % and ¥ initial clauses

By boundary expansion ,
must contain en variables

' If



Resolution - Based Algorithms for random KCNF
passing transition point

d*k goes absolutely

÷
•
s.%ae.e.o.ua??ggq

"""

←
Worst -case runtime

1 - - - - - - - -
☒

*
based SAT algorithms .
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LOWER BOUNDS FOR RANDOM SAT
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CUTTING PLANES

>

• Lines in proof are Linear inequalities {qq.zbi.iq9
weights

• Weights wlog have length 01h2 )

• cP* : weights have length pdylugn

• For today we will focus on cP* Lower bounds





Cutting Planes Lower Bounds via Interpolation

theorem [Bonet -P-Raz
,

Razboron
,

Pudlak ; Krycek]

Exponential Lower Bounds for Chguecx,7) n color Cy, z )

✗ - vars correspond to K- cliques
y - vars correspond to CK- 1) colorings

Pf uses feasible interpolator property of CP : any size s CP refutation

of clique r color ⇒ size s monotone circuit for clique /cocligue



CUTTING PLANES AND RANDOM FORMULAS

• Cannot directly use feasible interpolation

( random formulas Not of correct form)

• Still we can use ideas indirectly - - since random

formulas have the same combinatorial properties

when we look under the hood



CUTTING PLANES AND RANDOM FORMULAS

-

Bothered
[Fleming, P, Pankratou ,

Robere ; Hrubes, Pudlak]
Random ① Clogn)cNFs above threshold require 2ÑCn) size
cutting Planes refutations



PROOF OVERVIEW

Let f ~ Fld
,
2n
,
K) K=0( logn ) ,

d suff Large

Randomly partition the 2n variables off into 2 equal
- sized

parts I and I

d⑤④:we'll assume all clauses off are roughly balanced .

f- = (xiixirxsvyzvy,- yg )(ñi×irXsvYiYJYs)(×ir×iÑyY • -
.



PROOF OVERVIEW

Let f ~ f- (d) 2h, K) K=0( logn ) ,
d suff Large

d⑤④:we'll assume all clauses off are roughly balanced .

f- = (xiixirxsvyzvyntvyg ) (iirxirxsvy.is#(XirXsvIyY-ciIi-Y) • -
.

search (f) :

→
2=11001011

assignment ⇒ B--11000110
to Ivars assignment

toy variablesoutput : clause of
f- falsified



PROOF OVERVIEW

f- = (xiixirxsvyzvyntvyg )(ñi×irXsvYiYJ(×ir×sÑyY • -
.

→

←Search (f) : 2=1100100
→ 8=0011100

:

① CP refutation off =-D day - like communication protocol for search (f)



PROOF OVERVIEW

f- = (xiixirxsvyzvy, - yg )(ñi×irXsvYiYJ(×ir×sÑyY • -
.

→

Search (f) : 2=1100100 ←→ 8=0011100
:

① CP refutation off -=→ day - like communication protocol for search (f)

② Dag - like cc of search (f)→Dag .- like cc of mkw ( cspfn )
→ monotone circuit complexity of CSP

,

③ Show monotone circuit complexity of CSP, is zñln)



•
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$8 {0,15×10,13"
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BRAH cp refutation ⇒ Dsg - LIKE ccg-E-gffgggg-zftt.GR Search(f)

Theorem

size s semantic) Cpt I site poly (s) cc-Dsg for search (f)

Pfsketch_ (⇒) 0£
Fix a CP refutation IT

. %µY
Alice and Bob on inputs 2,

B take a walk down IT

from root to a leaf µ
Invariant : on

,
B) falsifies every line in path •%%

°

By soundness if L
, ,Lz⇒L then

on
,
B) falsify L ⇒ on

,
B) falsify either L, or Lz

players can evaluate each Line by low cc protocol



Y ,

② DAG - like cc for search (f) I DAg-
Like cc for mkwccspf )

⇐ monotone circuit for cspf

CNF search problem search (f) : f a CNF over X, - - Xn. > Y, . . - Yn

INPUT : 2 C- {0
,
I} BE {0,1 )^

OUTPUT ; a clause G. of f falsified by Cd
,
B)

MKW (F) Search problem : F :{0,15 → 10,1} a monotone function

INPUT : ✗ c- F-
'

(1)
, YE F

"

(o)

OUTPUT : a coordinate i. c- In] such that Xi > Yi



② DAg-likegggzgggfs-cfrsearhf-DA-ike.CC
for mkwccspf )

←f②f&pgÉNfggt
for cspf

goal : given f II.F) , construct a monotone function cspf
such that search (f) = mkwccspf )

y
search(f) induces a .

_µ Cz3÷÷: :rectangle cover of CC matrix

t.ME a.

↳
/ >

Define CSP
, by sets :

- ! Atx) = 10100
B-G) = 10010

A-= {AH c- {gym / de {0,15} of accepting inputs
B = {B c- {0,13m / Be {0,13

" } of rejecting inputs

For ✗ c- {0,15 AH)i! I ⇒ ✗ c- Ri

For Be 1915 Bfs)i¥q⇐> AE Ri



③ Monotone circuit Lower Bounds for cspf

MIÉÉmati_Ms [Jukna, Berg- Ulfberg, Raobowr]
Any monotone circuit separating A

from B such that

① 11-1
,
IBI are exponentially large

② A and B are sufficiently spread

must be of exponential size

spread : set system 1- is 8- spread if the Cm]

1 Eee# I 9=1 diet } / ⇐ s
#
11-1

B. is s - spread if HJ ⇐ cm] I { be B / bio Viet } / s £91B /



f = ( Ci voi ) (Civ CL ) . . .
.

Univ Cmt )

f balanced ⇒ each clause has same number of T vars r g vars

① Itt
,
IBI large :

recall t s { Aca) t a c- 10,13
"

}
B = { BCB) l B c- 99153

A
,
B are nearly l - I so Itt

, IBI = 2
"

⑦ show A
,

B are well - spread
follows since Fi

,

= Kci ) .

(Cni )
Ey

-

- Kil )ki' ) - knit )
are expanding .



Open Problems

CP lower bounds for random KCNE 1<=04)

③ Frege Lower bounds
for random KCNF

conditional lower bounds ?

③ Reverse mathematics : completeness of random CNF
AE - Frege + randomUNSAT p

- simulates Frege ?

④ Other hand random distributions ?

- Prg formulas
- circuit Lower bound formulas





A Related conjecture about Random UNSAT formulas

n

f N 9ft ( n
,
s ) : choose a random Boolean function a c. {0,132

on n inputs .

Variables of CNF formula f :

E- C
,
. - - Cpoycs, describe encoding of
a polysize circuit on it inputs

f states : Circuit computed by E computes a

Radich conjecture There are No poly sized refutations of

f - H ( n,s) in any proof system. ( for sspolycn ))



F Not balanced

Need to find a partition of variables Cx
, y) so we can

carry out previous argument

For any partition
some clauses will be highly imbalanced

Solution show Whp a random partition satisfies

• Most clauses are Nearly balanced
•
There is a large collection of assignments

X
'
x y

'
e 10,15×90

, IT that satisfy all imbalanced
clauses

• Repeat previous argument restricted to x
'

, yl



② DAG - like cczgggggghatrsearhf-DAg-ikec.cn
for mkwccspf )

⇐ monotone circuit for cspf

goal : g-fFÉ€FÉFITÉTÉ-FÉe function csif
such that search (f) = mkwlcspf )

search(f) induces a .

_µ
9 -8

rectangle cover of CC matrix g
Cz÷# '

÷
7

-

Define CSP
, by sets : .

A-= {AH c- {gym / de {0,15} of accepting inputs
B = {B c- {0,13m / Be {0,15 } of rejecting inputs

For ✗ c- {0,15 AH)i! I ⇒ ✗ c- Ri

For Be 10,15 Bfs)i¥1⇐> AE Ri




