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Communication complexity
-

(Yao '

79)

t.wo.IT ,oy=t%f
µ

→

÷

f:{0,15×90,13" → 20,13

ccff) = min cc ( IT)
IT computing f



QUERYTOCOMMUNKATIONLIFTINg.pl.

f :{ 0,13N -310,13 =D F- = ⑦
* * to

it"
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X
, Y, Xz Yz XN YN

orem

Query complexity =
Communication complexity

of f
of F= fogn



EXAMPLE : SET DISJOINTNESS#
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SOME LIFTING THEOREMS

cc model Query Model
Rat -Mckenzie '

99 Deterministic cc Dec Tree

Razborov '

03 Quantum cc approx Degree

Sherstov '

of discrepancy, sign rank Threshold degree

GLMWZ '
is Nondet Cc approx Junta degree

LRS '

is semidefinite Rank SOS degree

KUR ' 16 Nonweg Rank Junta degree

P-Bober '

17 algebraic Tiling Nullstellensutz degree

goes -P- Watson '

17 Randomized cc Randomized dectrees



Lifting Makes Lower Bounds Easy !

2 Steps
nm

- Prove Query Lower bound
- Apply Lifting to get a Lower born



Applications of Lifting .

-

i
.
Monotone formula size /circuit lower

bounds

cryptography : Lower bounds
for Linear secret sharing

Z
. schemes ( and monotone span programs)

Linear Programming : Extended formulations
3 . o

4
. game Theory :

Nash Equilibrium

5
. graph Theory : Hon

- Saks - Seymour conjecture

6
. Proof complexity
7
.
Communication complexity separations

8
.
Quantum Lower Bounds



Using communication complexity to prove Formula size
Flowerbeds

THEOREM_ ( KW]

FORMULA - SIZE ( f ) is equal to the

communication complexity of KW
,

"

TAILORED (monotone
version) f monotone

monotone - FORMULA
- SIZE Cf) is equal to the

cc of monotone - KW!
'

( find i such that Xi > Yi)

* Also a day - like version of cc = circuit size



KARCHMER-WIGDERSONGAMEEYAII.ee
gets ✗ c- f-

"
a) Bob gets ye f-

'G)

FIND i SUCH THAT ✗¥4 ;

*
✗ = 1001 I

p@ , ,@ o
4=10010

" "
i@ A 0@0 0@o I@ 0

' ' ' ' ' ' ' '
×
, I Xz X , Ty Xz Xs Is



monotoneKARCHMER-WIGDERSONGAMEKW-N-t.ee
gets ✗ c- f-

"
a) Bob gets ye f-

'G)

FIND i SUCH THAT ✗
i
> Yi

r

*
✗ = 1001 I

p@ , ,@ o
4=10010

" "
i@ A 0@0 0@o I@ 0

' ' ' ' ' ' ' '
×
, I Xz X , Ty Xz Xs %



LIFTED SEARCH PROBLEM

C = C
,
r Cz n . - ^ Cm over 2-

,
. .
. -2N

see 90,13N ✗ [m] : given ✗ c- {0,13N output falsified clause

'

eogn : C. nczr . . rcm [ 9
"iYiYzi ] over ×, . - Xn Y, . - YN

Seogn : Alice :X,
. . . ✗

n
Bob : y, - -

- You

output falsified constraint of Cogn



LIFTED SEARCH = monotone KW SEARCH

f- :{ 0,13N → { 0,1} monotone

onotonekwf : Alice : ✗ c- f-
'
(1) Bob : yeftco)

output IECN] such that Xi =/ Yeo



LIFTED SEARCH = monotone KW SEARCH

f- :{ 0,13N → { 0,1} monotone

onotonekwf : Alice : ✗ c- f-
'
(1) Bob : yeftco)

output IECN] such that Xi =L YEO

THEOREM

Let e= 6, ^ . . .
^ Cm be an unsatisfiable CNF over Z, , . .,Zn

Then 3- monotone F such that Seogw = cc (monotone KW ,)



LIFTED SEARCH PROBLEM
→

Search og
" ) e

. Chis is saying that

we can always transform

Allie gets X lifted search problem
Bob gets Y ( to an equivalent )

KW game !
Find a falsified clause ( of

them [ go spy

°
.

For any
unsatisfiable boolean formula

'

e

there is a Boolean function Fe such that

monotone KW game for Fe equals Search ( eogn )



Examples
-

① C = Tseitin formula

search (Eog
" ) I KW game for clique Monotone kcsp

⑦ E = Pebbling CG )

search ( Cog
") I kN game for STCONN

, GEN



. PLERPR0OF USING SUNFLOWERS

f : N- bit boolean function ( search problem

"

g : index gadget INDCX
, y) =Y× 141 -

- N
"

1×1=10 logN
r

theorems (Deterministic Lifting) CRM,gPW]

DT (f) . ⑦ Clog N) = CC ( fo GN )

theorem ( Dsg - Lifting)

width ( f ) - 010g CN) = log (Dsg
- cc ( fog

" ))

* we improve gadget size to Iyl = N
't '



SUNFLOWER LEMMA

.BA?&&g@&%aB.g.o Let X be a K- uniform
set system .

&B⑧pDgDBB If 1×1> re
"
then X contains a sunflower

K- 4
, psi ,

with p petals .



SUNFLOWER LEMMA

003.88%09886%63%0 Let X be a K- uniform
set system over N

&G%DpDBB If 1×1> re
"
then X contains a sunflower

K- 4
, psi ,

with p petals .

Old : True for r
u pls

conjecture : True
for r - p

§E§ : True for r - plug (PK) CALWZ '

19]



.

A large ⇒FEE c. X

WLog U
= (MN) N blocks

←m→
.

each xe X contains at most one element per block
,

X is read iff Bosaso ⑧
• ••

VIEW] Hse Cmf ago@gO8qpIpEsfLin.kCX.s)
,
I E 14%111 -

Link TX
,
5)
g-



1×1 large ⇒¥8080 c- X is
ayn

WLog U
= (MN) N blocks i

←m→
.

'

each xe X contains at most one element per block
-

.

>

?

X isrspread iff Bosaso ⑧
• ⑧

v.Iscm Aseem
'

• •
O

.

•o•*Es
I
,
Lin.MX

,
s)
,
I E 14%111 -

Link TX
,
5)
g-

Equivalently X is tokens : VIECN] Hal is logr . III

where Ho = mxc.mg
.

login#xD
rs m

- 9
: minentropy of X

,
3.9151

'

login ( little info known about Xp )



1×1 large ⇒§qEo0eX
WLog U

= (MN) N blocks

←m→
.

each xe X contains at most one element per block

X is iespread iff Bosaso ⑧
• ⑧

HIECNI Hse Ernst 800.800
.

8E@HEsfLin.kCX.s)
,
I E 1414111 -

Link TX
,Dj

Lemma X r-spread ⇒ X contains p -- % disjoint sets



Robust Sunflowers ( Rossman)
=

~Let X be a set system over Tl

I

× " ⇐
"
" " """"" "T "t

! "="""""""°"{Pr [Vx c- X x y ] s e y : random vector in 10,13Mt
,
prlyisifs.kz

ys.EU Then Pyr [ How , Cy) # D e e



Robust sunflowers
=

~Let X be a Sgt system over Tl

X is C 's
,

E) - satisfying if
.

: pms

= Xi Xi Xg V Xsxyxg V XzX6Xg

Pr [Vx c- X x #y ] s e y : random vector in 10,13Mt
,
prlyi.ig.kz

**
.

.

tneoremcn.ws?.:et:.n:::;si;e;:.:wsMiheJ
(
true even for Nonmonotone DNF



Robustsvnflowers
-

Let ✗ be

'

a sgt system over Tl
i ☒

☐n,

IX.int/gVXzXyXgVXzXgXg.N
✗ is Hz

,

e) - satisfying if :

pr a-* ✗ ¥43 -- e ⇐

Then Pyr [ *☐wi.ly) ¥ I] E E

y4,4¥

theorem-CALWSJLellber-spread.r.it/og(K).Then#PfylXpwi. Cy) -11 ] ← E
w w - r I

Pnaramnetenrs : ✗ Elm]N
,

m : N'
°

,
F- m

' "

,
e : 2-

N
"

(exponential improvement when E very small )



LIFTING THEOREMBACK TO
-

f : N- bit boolean function / search problem

g : index gadget glx, y) = Y×

HI =N° ,
1×1=0 logN

= m

theorem (Deterministic Lifting) (Raz,McKenzie,
DT (f) . ⑦ ( log N) = CC ( fo GN ) 9 Os

,
P
,
Watson]



Let IT be a cc protocol for fo INDN
{0,13mW

, communication
cm)
"

; / matrix M
x - -- - - - - - - - - -

l -- - - - - -

it
(x
, y) - entry labelled by
Z = INDEX

, y,) , . . - JNDCXNYN)
C- 10,13N



Protocol T -

is a tree
,
partitions M into subrectangles

÷¥÷÷¥÷¥÷÷÷÷ .

* *



Protocol IT -

is a tree
,
partitions M into subrectangles

'

All.ie LF • each vertex v of tree
°

i labelled with a

04 . •⑦ sbretangie .

ee

Rr -- Xu x Yr

# •

IffO
r

Def. .BA
given IT for fo IND

"
-0 Construct decision freeT for f

of depth n height hog N



Invariant : Xx Y e em]N x so,i3mN
Sinuation X is

.
9 login -dense

- y large : ly I 3 2mW
- n
'

• Initially (at root of IT)
,
X -

- Cmv
,
Y ' so

,
Bmw

"

• When Bob sends a bit , go to Larger side ←YftIg"e]
• When Alice sends a bit

, go to Larger side
If X No longer . 9 login dense :

'

- Find maximal subset I EEN] and value 4 Ecm]I
that

-

is too likely .

- Query variables
2-I
:{Zi , ieI} inT



Invariant : Xx Y e em]
N
x so,i3mN

Sinuation X is
. 910am -dense

- Y large t.ly/z2mN-tNZ

• Initially (at root of IT)
,
X -

- 1mV
,
Y :{0,13mW

'

'

• When Bob sends a bit , go to Larger side ←YftIg"e]
• When Alice sends a bit

, go to Larger side
If X No longer . 9 login dense :

- Find maximal subset I EEN] and value 4 Ecm]I
that

-

is too likely .

- Query variables
-2
,

= Eti sie I} in IT . Say §. =p
• This induces a refinement of Xxy :

X
"
= Exex I ↳ =L}

←
Need to show

y's :{ ye y l INDkill =D} invariant holds

Vp c- {0,13151



REFINEMENT (after querying Z, )
X No longer . 9 dense :

-

'

-18K£
it
•

. Yoo to
, y:O - y!

" *
"

X
'

:{ xexlx
,
> a}

A

Yg
- { ye 'll INDIA , y,) :B }



REFINEMENT (after querying Z, )
X No longer . 9 dense :

-

'

-18K£
it
•

. Yoo to
, y:O - y!

" →
"

X
'

:{ xexlx
,
> a} X

"

is -9 login - dense on the unfixed ②⑧
Y 's - Eye Y / INDIA , y,) :p } coordinates ENT -I

& Need to shower Yb
,

is large
--

(otherwise decision tree d- can err)



FULL RANGE LEMMA (via ¥§&p⑤ )

Let X e cm)
't
be . 910gm - dense

YE Eo, ITN be Large×x*€- Then act

,

ex the 90,13N JIE Y
IND

"
(x*

, y
" ) =p

>



FULL RANGE LEMMA ( via #Bq8••% )
\

* *

X - 9109M dense, Y Large fly> 2mW
- N) =p

3- x* ex Vp c- 10,13N ay, c- y : INDN (x* , Yp )
= B

Proofs Assume tx 2K, st HyeY JNDNCX
,y )¥B×

We can assume wlog that Bx = IN .

U

By Robust sunflower
lemma

,
at most 2-

N
fraction of

all
ye lo , i]mN are bad .

This contradicts that y is Large . #



Extending Full Range Lemma to show all yl, are Large
Avot hard)

Partition ad of X



Extending Full Range Lemma

Partition all of ×

Refinement of y



Extending Full Range Lemma
.

-

js ,

theorem
7- I Hpe { 0,13¥

yips. { ye 'll INDG;¥; ) :B } is large



Proof sketch

• Assume for contradiction Vj FB; .

Yip. { ye 'll INDCL;¥;) :B,} is small

• Yes,
= {yell 17J IND CL; Yg; ) -- l; }

• 14,3 I < 1442 since Y -

is large

• Apply Full Range lemma to Y
- Y,3ad and X

to get contradiction



PEN PROBLEMS

Nonmonotone Lower Bounds

( KRW conjecture )

•
constant- sized gadgets ?



PEN PROBLEMS

Nonmonotone Lower Bounds

( KRW conjecture )

•
constant- sized gadgets ?

Conjecture To Vm suff Large :

X over cm]
"

,
4 over Eo,Bmw ,

each entropy deficiency Ed .

IND
"
(KY) then at E CNI

,
II I ← Cd

,
d C- 10,13

"
s- t

.

contains subcube { v. zeeo.MN with zj.ly?ryLINDNcx,Yl=Z) >0of codimension

Cd


