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BURNING QUESTIONS
/VW/W\M

@ what is +he Jfference between
credt Lower bourds and
poot complexity lower bounds 7

® Why cant we manage to pove
AC°[pl- Frege lower bourds 7

e Are proof com'olex}e, (ower
bounds veally 9oy to sslve Pvs NP 7 NP vs NP 7

e fAre olgebrac accdd lowker bounds egsier o me?



PROOF COMPLEXITY

K-SAT

INPUT: KNF formulee £

‘F‘: (?(‘V ?<_,_\/7"-:3 (gl VEY tq 3 (iz.v ?(33.= (\I\ﬁvi“)

OUTPUT ;| SAT  of oL §A)-|
UNSAT f Vx §&O:=pD

®© K-SAT is NP-MPLETE

o ow TO CERTIEY/PROVE F (S UNSAT ¢



The graph of a proof

Axioms/inputs
are sources

Sink labelled by tautology
(or A for refutation)
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ExamFlQ.: tjraph of e RESOLUTION Proot

{ = (avb) (L) (Gvb) (av bvT) Gve)

Axioms/inputs
are sources

Kesolvhon Rue 4
(xve) (vD) —> (cvD)

16



COOk.'S PROgRAM FoR Pﬂowﬂﬁ NP x oNP

UMSAT = § £ [ £ 's an UNSAT CNF formuln §

Det'n (Cook-Reckhow (975 )
An obstcact Pmof syStem s a Pol,mm(a/»t{mc.
funchon A fom §010° onto the set of all UNSAT CNFs
(For praof system ?) define 7‘\(01\/) = UMSAT cNF that w rdu{es)

Theorem
There exists an abstudt proot system. in which
all UNSAT wfs have ?o\Tnorm(a/-s\ze proofs "f NP = «oNP



THE PROOF (OMPLEXITY 200

Lower
Bounds

@ , !
>

Extended F reqe
No







The Next Big Barrier

Prove superpolynomial lower bounds for

ACO[p]-Frege systems.

* Why is this so hard, especially when superpolynomial
lower bounds have been known for ACO[p] for over 20
years??

« We don't even have conditional lower bounds (other
than the assumption NP 2z coNP)

« We also don't know if any proof complexity lower bound
implies a circuit lower bound

« This motivates the study of algebraic proofs



“TODAY

@ Algebraic Proof Systems

TIPS (Tdeal Prock Syskem)

Sabs\tsiems of IPS : NulISa’fi‘.) PoL( Calcuwlus
and +he svrprising power of low-depi TIPS

(2) 1Ps Lower Bounds = VPRUNP

@ IPS lower Bounds
~condtimal LBs for sfronj subsyskRMS
- unconditionel  LBs for weak .subsys{ems



U NSOLVARILITY o POLNOMIAL EQUATIONS

INPUT: A system of PolYNomfa( equatSns over +

P - iﬁ(i)zo) R(x)=0, ... | PM(KB 205

ouTpuT: 1 ¢ 3Jd e E"  that safisfies all ciua'ﬁbns



U NSOLVARILITY oFf POLNOMIAL EQUATIONS

INPUT: A systent of polywomial eguatsns over b Np
- Co
P-9 pY=0, p)=0, .. | PAR) =0¢ "We{e

ouTpuT: 1 ¢ 3Jd e E"  that safisfies all ciua'ﬁbr\s

kCNE - Potynomial system of eqns

e - C Al a... ~C, — @(C‘)= gP')...) PM) SXT‘NBE

C=(xvr vk, ) —> P- (OGS

¥ Our prumary focus is on. KCNF - Pok(nom{al systems



Hilbert's Nullstellensatz teixera)

Input: An unsolvable system of polynomial equations:
P = {p1(x)=0.,...,pn(x)=0}

Hilbert's Nullstellensatz: p;=p,=...=p,=0 has no solution
iff there are polynomials qy,...q, such that

P1q1 + P92 * ... + PmQm =1

91 . ... Ay is a proof of unsolvability of P

By Hilbert's Nullstellensatz, sound and complete
Degree is max degree of q; ..., a4,

Nullsatz degree of P = min degree over all refutations




Polynomial Calculus (PC) Lcex'w]
Dynamic version of Nullsatz

Start withp; =0,..,p,= 0

Addition rule: =0, g=0 implies f+g=0
Multiplication rule: f=0 implies fg=0
Want to derive 1=0

Degree is max degree over all lines (polys) in
the refutation

PC degree of {p....p,} is min degree over all PC
refutations



The Ideal Proof System
[P96,P98,Grochow-P]

Input: An unsatisfiable system of polynomial
equations:

P = {p1(x)=0.....pn(%)=0 }

Hilbert's Nullstellensatz: p;=p,=...=p,=0 has no solution
iff there are polynomials q;,....ay, such that

P1q1 + P2qz2 * ... + Pyl =1

Introduce new placeholder variables yy,..y,, to get a
new polynomial:

C(x.y) = ¥1 qi(X) * ... + Yy Qry(X)



The Ideal Proof System

An IPS certificate that a system

P = {Py(x)=0,...P,(X)=0 } of polynomial
equations is unsatisfiable (over F) is a
polynomial C(x.y) such that:

(1) C(Xl, ceer X O):O
(2) C(xy, .., Xp, Pi(X), ..., Pu(X))=1

* (1) forces C to be in the ideal generated by the y's

* (1) and (2) imply that 1 is in the ideal generated by
the P.'s (and hence P is unsolvable).



ALGEBRAIC COMPLEXITY

F field
n variables, 0 P

deg p <n¢
o@gc

L(p) =formula size S(P)= Circuit Size

[veer] S(p) = Lp) = S5(p )™
VP = i? 5(p) = polyn, deﬁ(P): Pd'f(")g



TIPS SUBSYSTEMS

Let C be can dlaebfafc, cccunt cdluass
(C-j-\ 2T ; de(JH\-J. cir(ui\ts) «(ormuksz

C-IPS: cicciit C(R§) e €

For o s~1s4em of PolTV\owiutLS Q??P‘Ci’)).--) Pm(?)in
the C-IPS comPlex'u%j of @ s the mMinimum. Siee
ok a C-IPS refutaton of ©



IPS SIMULATES FREGE SYSTEMS

Theorem IPS P—sa;nula'tes Extended Fresz
(but deqree of IPS cicaumt may be exponenﬁdl in n)

Theorem.  Formula -TPS P-s'n.mula'fes ﬁfeae.
(degree of IPs circvrt s poly . )



IPS ¢ CRUCIAL FACT

¥ Proofs are just ordnar a(jcbra‘lc. citcuts
that satisfy @ properties botn of whih can be

vern bied in candomized PoL’ hme
Lemma coNP& MA = SUPERPOLY IPS LOWER BOUNPS

Proot 1dea (con‘imposrh\}e)
Merhnr quesses pokjsrze_ IPS ?mo-f-

Acthur verfies the 7-?129‘*!(:[2,5 usu'nﬂ Swa/*i-ZokPel
PiT o.lﬁorH}tm




WHICH ALGEBRAIC CIRCVUIT RESULTS APPLY TO IPS?

All ot them|

DEPTH REDUCTION; IPs PROOFS OF si2E Sn) DEGREE d(n)
IMPLy IPS PROOFS OF:

SIZE DEPTH REFERENCE
poly (ds) Ologd (logs+1094)) [vser'¢3]
exp Y logn Togs™ 3 [T13){qkesiz]




THE SVYRPRISING POWER OF LOW-DEPTH IPS

Theoren [BKZ'(S)
Depth-3 HC"[P]'Freje quasipoly simulertes AC-atp]—Freje,.

Theorem [RT'0&)
Depth-3 IPS p- ~simulates P over ()

Theocert. TTMP'20]
e Depth -k IPS (over I ) q_uas.Po/«( simulafes -
Cutbing Planes (k= 43)
SA, $0S, and Dynamic SOS (K=43)
AC’[q]- Frege (K=3)

® Constant-deptn IPS p-smulates TCO-Frege






CAN EXTENDED FREGE P-SIMULATE IPS ?

High LEVEL | IF C-PIT 1s “ProvABLE" W D-Freqe then
D-FREQE p-simulates C-IPS

Definhon. P \T Axioms FOR BOOCEAN PIT ik (T K :
1. K([ew]) = K(lew))
2. K((ex)) = k(Li-ex))
2. K(I9u))a K([c(xo)]) = K(Le(x 400
4 K([Ce) — K([cTm)])

Theoremt  Tf C-P0 ANOMS PROVARLE N D-FAEYE
THEN D-FREGE P-SMULATES C~TFS



CoNSEQUENCE FOR Ac®[p) -FREGE

Ether:
® Bounded-depth P(T Axoms are provelele i ACLP) “Freaq,
(so ALOEP]-F/%Q. Lower bounds — bded clelolh algebruic L&s>

@ Bounded-depth PiT Axoms are Not povbe in A(°£p]~Freﬂa,
(so vacnd tonal LBs for AC’C{’J Ffﬁge)

“Life is a constant oscillation
between the sharp horns of a
dilemma.” —H. L. Mencken

/ ..| \
‘
4/ ,r/'/ b : A |
/s ‘1’4?]‘ : "
/4
/ ; |
;’j I

7/ |



ALGEBRAIC CIRCUIT COMPLERITY . VP versus VNP

A Aamily ot yol\,nomials (F,) is in NP W ds degree and
circsit Size are FO‘Y(")

A Family of pohynomals (fjn) is in VNP f it con be wntten:

ﬂn(i‘) = azio 370'10') E\(’?_)i R for some (F,\) e VP
€90)



VP versus VNP

A Aamily ot ?ol\,nomials (F,) is in NP W ds degree and
circsit Size are FOlsl(n)

A family of P°"1"°”"als (f]n) is in VNP f it con be wntten:

ﬂn(i) = 427 3?0'1"') Fﬁ(?)i 5 for some (f,) e VP
eel0)

®© Permanent s VNP-complete
o SAT &P/pPoLy => VP SVNP



IPS lower bounds implies VPxVNP

Theorem A super-polynomial lower bound for [constant-
free] IPS implies VNP z VP [VNPO z VPO ] for any ring
R

Key Lemma: Every DNF tautology has a VNPOcertificate.

Proof of Theorem assuming Key Lemma: A super-
polynomial size lower bound on our system means there
are unsat formulas such that every certificate requires
super-polynomial size. Since some certificate is in VNP©
, that function requires super-poly size circuits. QED




Prook of Key Lemmac

Let - ipdr:0, -, Pa(R)703 be UNSAT KcNF (trunslated )

Let b(c,x)c=l ex+ (1F)(1-x) so0 b(,x)=x and b(ox)=Ix

L oand z
let EGE 2 S v, P& (JE(I—PJ.(E)»(T ble. x)>

Eeio‘pz" L= X C

sSHow ¢ @c(_i'q‘) e VNP
@Ckp) =0
@ TG, PR, -, puF)) =




Prook of Key Lemmac

Let - ipdr:0, -, Pa(R)703 be UNSAT KcNF (trunslated )

Let b(c,x)c=l ex+ (1F)(1-x) so0 b(,x)=x and b(ox)=Ix

L oand z
let EGHE 2 S Y,° Pt(z)(ﬂ("ﬂ'@»(ﬂ— ble. x>>

Zeia‘.]" L2y X C

stow ¢ (DEFY) e WP
@C(x 0)=0 %
@ C(7~) AR Pm(x)) l




stow ¢ (DL Y) e VNP
@C(x,o) o] \/
@ CG") ?u(i)) ) Pmo‘)) - ‘

Let ble x)é ex+ (- (1-x) so b(r)=x and b(ox) = -x

2 ‘mi Y, p(e)<T‘ (1- p(e))><1l' ble, x>>

et EGx,9)%
Cefo” (=)
= MZ\L <2 ’ ( P(C)T(l P(e-)) .n— b(e X)

= FREE,
€ fulsdies o and Satisies C . C. nﬂ T b( >
J: 7‘ K

é b3 <665013" [[
blex) ble,x) .- °b(¢n)<,\)

partrtion of assign ments:

cefo]” mags to

minma| st
2 falsvies clouge C.L

jei

L=

Clam:  C(R,pR), .., PR =
ecio@



stow ¢ (DL Y) e VNP

@C(x,o) 0 \/
4

@) CE ), -, ) = |

Let b(c,x)é ex+ (- (1-x) so b(r)=x and b(ox) = -x

Le-t C(i,\j)é Z 2 Y, P(e)(T (I- P(e))><—"— b(cx})

2ejoy” (=

partrtion of assign ments:

= : . 2 ( (€ )T( (2 - n
g <° i \ PR ) )ch“ %) eton]” mys to
minma( ( st
> g falsies clauge C
folsiies €, and Satishies €. C.. b ¢ g
? T <c.65013" [[e ¢ “ ]]];c ( >
Clam:  C(Rp®) .. PR = blex) ble,x) .- °b(¢,\)c,\)

ecio@
= |



IPS LOWER BOUNDS

@ Svbsystems of TIPS (ledepiﬂ/mu(tilmea:») [FsTw ‘(6]

@ Shub -smale (onjecture —> SuPe.r'PoL/ IPS lower bowds  raeur 20

@ Uncond bonal lower boundg (verj strony [Nekseev"zd
Subs\‘snm. of T Ps)

@ VP xVNP = su?erpo\T IPS lower bounds for ?Fﬂ? [ST'2()



IPS LOWER BOUNDS

A @ Svbsystems of TIPS (ledepiﬂ/mu(tilmea:») [FsTw ‘(6]

: N ect ‘
* @ Shub -Smale. (on)ecture -—>$upe.r~,ool7 IPS lower bowds  racur 201

\jngof\&thor\dl lower beundg (\/C ston [ Nekseev'
* @ Subsy skt of IPS) J ] :(

@ VP xVNP = su?erpo\T IPS lower bounds for ﬁ"? [sT'20)

% Not for eni formulas



SHUB-SMALE CONJECTURE —> IPS LOWER BOUNDS f[AgHT]

Let 4.8

_ be a sequence of m463ers
n=>o

T (£) 2 min a(jdﬂ‘alc crcutl size fo compute £, fom cnstaats -0, |

o v\ L (1 )
Fact : ’i"(?_")=(lojn)( : (2 5'(‘03”\

55 (onjectuw/e ¢ 7 ( M. ﬂ’) = ('Ojn)

for any m, € l?\/) ", =



SHUB-SMALE CONJECTURE — IPS LOWER BQUNDS ;’_Asu'rl

Bu'narj Value ?(md‘ole. (BVP,\\ S E R SRt OE 0 SR DIH 8

n

=0

Prook sketch
@ BV, easy for :Ifl;'Sc.2 - Bvf, Uts\/ {or IPSz

@ show) S5 — BvVP, hard €or ZIZPSZ



SHUB-SMALE CONJECTURE —> IPS LOWER BOUNDS  [aguT]

Btfnarj Value Panagle (BVPAB 4 \+\x|« 2K+ YKt .- A 9(“ %, =0
S

n

Proo_sketch
(D BvF, easy for IPs, — BVP, easy {or 1Ps,

() shew s —> BVP, hard for :fPSZ: :
assume  QG)(1+S.)+ z| @) (¢K)=M | M¥0

= QX)(¢s,)=M (Lar all %e fo1"

= Viefol\" (hs,) ranges over ay aumbers in (., 2]
= M dwides oll numbers in f(,--)Z'_\J

= M dudes 2! -

S oG s I competcs W, 7]

s, 55 cofyecture = Q1) has large size



IPS LOWER BOUNDS

A @ Svbsystems of TIPS (ledepiﬂ/mu(tilmea:») [FsTw ‘(6]

: N ect ‘
* @ Shub -Smale. (on)ecture -—>$upe.r~,ool7 IPS lower bowds  racur 201

\jngof\&thor\dl lower beundg (\/C ston [ Nekseev'
* @ Subsy skt of IPS) J ] :(

@ VP xVNP = su?erpo\T IPS lower bounds for ﬁ"? [sT'20)

% Not for eni formulas



IPS LOWER BOUNDS

A @ Svbsystems of TIPS (IoWdeIoM/mu(ti(mear) [FsTw ‘(6]

% @ Shub -Smale (onjecture —> SuPe.rPoL/ IPS lower bewnds CAGHT ' 20]

\jngof\&thor\dl lower beundg (\/C ston [ Nekseev'
* @ Subsy skt of IPS) J ] :(

@) VP xVNP <> superpoly IFS loues bourds foc 3.5 rer ()

% Not for eni formulas



VP xVNP => TIPS LOWER BOUNDS  [sT'z(]

F = LBI o ( “vpP 2«WNP“) states that IPS cannol e.H}q'enHY
" prove. VIP xvNP

Key Lemmec [gP) proved TIPS Lower bounds =>VPiynvP

(s7'2] prove this mplicchin can be effic <rrfL7 proven in XPS:
Ps B2 LBIP ("VP xVNP') — v P x VNP
S



VP xVNP => IPS LOWER BOUNDS  [s7'2]]

F S 18, ("vPaunp")  stafes that IPS cannot efhiciently
! e proJe. VIZ xvNP

Key Lemmec [gP) proved TIPS Lower bounds =>VPiynvP
(sT'2] prove this mplicctan can be effici <rr€L7 proven in XPS:

TIPS P LBIPS(“VP*VNP") — VP xVNP

|
Assume. VPSVNP and TPS &7 LBIPS (“vPsvnP ")

Then by key Lemma , TFS ' vpa VNP~ whith @ntrudicts
soundness



VP §VNP =>IPS LOWER BOUNDS  [s7'z(]

Fn = LBI?S ( “VP wnr“) sfodes that IPS cannot ef#}q‘en+(7
Prove. VI xyNP

BUT F, mMAy NOT BE A TAUTOLOGY/

Q : How HARD 1S (T TO PROVE AL9ERRAIC CikeviT
LOWER RBOVANDS 7

Plauside SU .
Conjecture ;' SAT & P/PoL( hard for Freqe

New (Storae) : “Perm QVNP " hord for TIPS 2
(on;\ec’ru/Q, ¢



RECENT CNF LOWER BOUNDS

\\e€
of
PC Lower bounds : break under linear trensformations

Theorem. {Sokolov '2(]
PC Lower bounds €or random CNF even with extension

axioms Y= ax;-13

“Theorem [TLmpugiareo, Mouli, P*21]
PC lower bounds even with a lnear number of extensim onc';om§

eadn of supporf size o(n).



OPEN PROBLEMS

e IS IPS A SUPER PROOF SYSTEM 7
(Can + p-simulate al( Cook- Reckhow) Pps‘s ?')

e RESCliny LOWER BOUNDS

o PALGEBRAIC TFNP CLASSES?
WHICH CLASS (ORRESPONDS TO TIPS CERTIFICATES ?

¢ PROOF COMPLEXITY OF ALGEBRAIC CUACUIT LOWER BounDds p






