
HARDNESS ESCALATION

IN

COMMUNICATION COMPLEXITY

Toniann Pitassi



Joint work with ;

Mika go.is
Thomas Watson Robert Robere

Ben Rossman Stephen Cook



HARDNESS ESCALATION IN COMMUNICATION ?
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:  ftp.T I WILL

BE
TALKING ABOUT :

• , Mudels of interactive communication Automation

•
Their importance In so many areas of

computer science
⇐ tchaptfure

information

• A ( relatively) new lower bound tool
bottleneck

hardness escalation / lifting
- applications
- some ideas of proof
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Example : EQUALITY ( X ,y )
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Deterministic CC =h( n )

Randomized CC = 0 ( i )



Randomized Communication
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Equivalent Definition of Randomized CC

rcc ( f ) = cost of best randomized protocol
for f

,

with error <
'
s on every input

il

( c C f ) = cost of best deterministic protocol
B

for f over distribution µ
,

with

error <
'
3

Theorem ( Yao Min . Max force )

r C Ccf ) = may CCM C f )
%

µ



Rich History of Communication Complexity

• The most successful concrete model of computation
for proving lower bounds

applications : streaming algorithms
cryptography ( secret sharing schemes )

proof complexity
limitations of LPISDP for NP . hard problems

game theory
distributed computing

graph theory
data structures

,

circuit complexity ,

.  / .



Rich History of Communication Complexity

•

The most successful concrete model of computation
for proving lower bounds

•• many variants : communication analog of

complexity classes

Pcc

BppccNpc
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Rich History of Communication Complexity

• The most successful concrete model of computation
for proving lower bounds

• many variants : communication anajog of

complexity classes

• Tightly connected to

interactive
theory of

communication



Classical Information Theo

.mg
[ Shannon

'

48 ]

r
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Ediansmi Her receiver

Data Compression Thm
Every message

can be compressed to its into . theoretic content

Hfz) E C #< 1+44+1[ Noiseless
,

Huttman coding]



( Interactive ) Information complexity (fz§Yg4{Ylgy ]
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( Interactive ) Information Complexity
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Internal
information Cost ICµCT)_ :
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* IT ( x

, y ) is a random variable - distribution over

transcript of messages sent on ( x. g)
* ( x. g) ~µ



( Interactive ) Information Complexity
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BlgQ_ : Can interactive communication

Tecompressed ? [ IC ( f ) = rcc ( f ) ? ]

• Essentially all Lower bound measures used to

prove randomized Cc LBS also give IC Lower bounds



Big Q : Can interactive communication
=

be compressed ?

• Essentially all Lower bound measures used to

prove randomized Cc LBS also give IC Lower bounds

• Compression Results

@ gonmeomrumnayaantim÷ -⇒min{ E. Ec } maid

@ product distributions min { I
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suppressing low order terms



Big Q : Can interactive

communication

=

be compressed?

• Essentially all Lower bound measures used to

prove randomized Cc LBS also give IC Lower bounds

• Compression Results

•
Lower Bound [ ganor - Kot - Raz

'

16 ]

There is a boolean function f

with I= logloglogn but rcc eh ( loglogn )

q
exponential separation but in very cow

cc regime .



Big Q : Can interactive communication
=

be compressed ?

7

OPENIII I
,

C ¥ I. polylogc communication



Big QUESTION : IC f f ) rcc ( f ) ?•

Can communication be compressed In the[ interactive setting ? ]
?

OPENIII I
,

C¥ In pdylogc communication

?

OPEN#I Ie .R(iogn) =D poly CI ) communication



LOWER BOUND METHODS IN CC

Find a matrix property impliedby low cc protocol
that f doesn't had

[ ex. rank
, discrepancy,

corruption ]

2 Information theory proof ( via direct sum

property )

3 Hardness Escalation

(Query to communication Lifting)
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INTUITION : MOST HARD COMMUNICATION PROBLEMS
ARE COMPOSED FUNCTIONS fogn

f : OR
=p - f : OR

← g : AND

g: = →

f. PARITY →

g. AND →



HARDNESS ESCALATION ( " Lifting
" )

Intuition If g sufficiently hard
,

the best protocol for fog " will

simulate the best decision tree for f
z

, z
.

.
zn

Query Complexity Communication
2 Complexity of fog

"
z

,

of f 0 1

Zz p

0 1

z
,

p

0
1

Zy p

0 1
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Query - to - communication Lifting
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f :{ 0,13
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Query - to - communication Lifting

p.

f :{ 0,13
"

→ 10,1} =D F  = f
D & 2

9 9
a • • g

•
h

- q & n

X
, Y, Xz Yz ×n Yn

Easiness Escalation :

Decision tree for f no communication protocol for F

\



Query - to - communication Lifting

p.

f :{ 0,13
"

→ I 0,1 } ⇒ . F  = f
D & Z

9 9
a • • g

•
h

- q & n

X
, Y, Xz Yz ×n Yn

Hardness Escalation

Decision tree for f A- communication protocol for F



An Abridged History

[ Nisan
, Wigderson FOCS

'

94 ]

Rank vs
.

communication

[
Rat

,
McKenzie FOCS

' 97 ]

Monotone circuit depth fdeterministic Lifting)

[ Sherstov STOC
' 08 ]

Polynomial degree → rank (pattern matrix method

[ goes ,

Lovett
,

Meka
,

Watson
,

Zuckerman STOC 'l5]

Nonweg Junta degree → Nonneg rank

[ goos ,
Pitassi

,
Watson FOCS 'l5]

Explicit / simplified deterministic lifting
[ goos

,

Pitassi
,

Watson FOCS
'

17 ]
BPP ( randomized) lifting



Lifting Theorems Makes Lower Bounds Easy !

Zsteprpe :

@ Prove problem specific query
Lower bound

�2� Apply Lifting theorem to

obtain
.commutationcomplexityLower bound



Applications

1
.

Monotone formula size / circuit lower bounds

cryptography : Lower bounds for Linear secret sharing
2. schemes {*span programs )

] .

Linear Programming : Extended formulations

4. game Theory : Nash Equilibrium

5. graph Theory:Alon- Saks . Seymour Conjecture

6
. proof Complexity

7
.

Communication Complexity separations

8
.

Quantum Lower Bounds
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[KW] COMMUNICATION COMPLEXITY =p
FORMULA SIZE

LOWER BOUNDS LOWER BOUNDS

Let f be a Boolean function

*f
: Alice gets xef

"

( i ) Bob gets yef "Co )[I
: output Is .t

. x. 't Yi
Kwf ( x ,Y)

Theorem [ KW ]
The communication complexity of Kwf
equals the minimum Boolean circuit depth for f /

•



[KW] COMMUNICATION COMPLEXITY =p
FORMULA SIZE

LOWER BOUNDS LOWER BOUNDS

Let f be a Boolean function

@ : Alice gets xef
"

( i ) Bob gets yef "Co )

mkwf
( x ,y) : output i st

. Xi=l Yeo

Theorem [ KW ]
The communication complexity of Kwf
equals theminimumBooleancircuit depth for f

monotone



E×am#e f  = SCLIQUE

Ate
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E×am#e f  = SCLIQUE

Ate

Bob•-• •-••#¥¥. IEEE••
ge f-

'

( i ) gef "Co )

Theorem
.

Monotone formulas for clique
ugeg

require size zht%9" )
← Bpp

Previous proofs : zrln
' ) LIFTING

Theorem



E×am#e f  = SCLIQUE

Ate

Bob•-• •-•#¥s¥. #Eh⇒••
ge f-

'

( i ) ge f-
'

Co )

Theorem
.

[ ggks
'

18 ] New proof

Monotone circuits for clique require using

exponential size ← BPP

LIFTING
Theorem
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( MONOTONE ) SPAN PROGRAMS [ KW
'

93 ]

X
,

1 0 0 0 0 0 0 0

Xz 0 1 0 0 0 0 0 0 M
Xz 0 I 0 0 0 0 0 0

'

Xz 0 I 0 I 0 I 01

Xy 0 0 I I I I I I

Xg 0 0 I I I I I I

accept input & iffI in span ( Mk )



( MONOTONE ) SPAN PROGRAMS

X
,

I 0 0 0 0 0 0 0

x.Mood;A#oooo M
.

X
,

0 0 0 0 00×30 1 0 1 0 1 01

X4 0 0 1 1 1 1 1 1

Xg 0 0 1 1 1 1 1 1Enke:

4=11001
is accepted !



MPORTANCE
.

OF SPAN PROGRAMS
.

• poly size monotone SPAN programs stronger than formulas

( and incomparable to monotone circuits

• Monotone span Programs characterize

Linear Secret sharing Schemes

•
close connection to Quantum Query Algorithms

Theorem [P . Robere ' 18 ] Clique requires exponential - size

monotone span programs

( and hence expl size Linear Secret sharing schemes )
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2-PlayerE.NashisHard2
players .

Each has an NXN payoff matrix

FifeGf¥E¥t



2-PlayerE.NashisHard2
players .

Each has an NXN payoff matrix

EffieG.fi#Eot( I. g) is an

e.IE#iumsif
:

ktAy=PAY . e tx

It By = It By . c ty



Finding
e- Nash Equilibrium is Hard

Theory [goos . Rubinstein '

18 ]

@The randomized .1
. 5.9

communication

( MJ . 2. 4.1

complexity of finding
⇒ . → ( l . 9 ° )

%Innit.am
"↳im

( Ig;]¥
~
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Clique vs Independent Set

Clique xe[n] Independent Set Year ]

of g
of G

Clsg ( x. g) =

{
0 if 1×41=1
1 if 1×nY/=0



Clique vs Independent Set

f-
-

Yannakakis Question :

Is there an Oclogn ) Nondeterministic

cc protocol for CISG ?-
•-

s
a.

( Alon . Saks . Seymour Conjecture ; J

fg xcg ) < polylbpcg ) ) ?

L j



Clique vs Independent Set

f-
-

Yannakakis Question :

Is there an Oclogn ) Nondeterministic

cc protocol for CISG ?-
-

s
odd BOTH ARE FALSE !

( Alon . Saks . Seymour Conjecture ; J

fg xcg ) = polylbpcg ) ) ?

L j

TIM [ goes is ]

Fg , any nondet.cc protocol for ClSgeh(log"Bn)





Randomized Decision

Trees
-

#

A randomized decision tree

for f( Z
,

-227
,

#
.

'

y

121
2

no A

z Z
p

1 2

height ( T )= Max number
o

.

p o p

of decision vertices a a p

:" 3.isII'd!Zz Z
3 Zy

"
Zy

0

0 1 0 i 0 '
o i

• a a a • a o a

r 0 H0 0 l 0 d



Randomized

Derision
Trees

A randomized decision tree

for f( Z
,

-227
,

z ) :
Y a

b
"
z

no A

z Z
Pr [ TT0011 ) =L ] i z

0
-

p 0 P

a a p

:" 3.isII'ditZz Z
3 Zy

"
Zy

0

0 1 0 o 0 '
o i

• a a a • a r a

r 0 H0 0 l 0 I



Randomized Decision Trees .

A randomized decision tree

for f (

7,2-273#
:

% , %
no A

Pr [

Moon
) =D Z, Zz

0 p 0 P

=L 's +
' EE • a b

:= 5-
;12 3

ps

'

4 3/4
'

hp *
D 0 j q

Zz Z
3 Zy

"
Zy

0

0 1 0 0 '
o i

• a

at
• a . •

r 0 A0 0 l 0 1



Randomized Decision trees
#

A randomized decision tree

for f

(7,2-2732)
:

% , is
no A

P computes f if V. 2. e{ 0,1 }
" Zi

.

I
0 p 0 P

• a p g

Pr[TCz7¥fCz)] £ 15
r

'

s y
'

4 34
' hp

'

k
D A 0 8 q 8

Zz Z
3 Zy

tl
Zy

0

0 1 0 o 0 '
o i

• a a a • a r se

r 0 A0 0 l 0 a



BPP LIFTING THEOREM

Theorem [ GPW 'l7]

Randomized Randomized

decision tree = communication

complexity of f complexity of

fog
"

g
=

' ' index gadget
"

a

×e[m]
one

GH'Y) = My oµµµµrFfooµy|,01,1#yet 915



HOW TO PROVE BPP LIFTING THEOREM ?

whog start with a deterministic cc protocol IT for fogn

( { 0,1 }m )
" f

Zp zz Zn
↳ p

- • p

9g g

[ mi only¥¥
,

t.tn to!,n
Each entry ( ( X

, . .Xn)
,

( y ,
. . YND

labelled by Ze { 0,1 }n

rows : all possible inputs for Alice

cols :
' '  '  '  " " Bob



How to prove BPP LIFTING THEOREM ?

( { own )
"

o£@To

[ m ]
"



How to prove BPP LIFTING THEOREM ?

( {aim
"

¥4
BO BO

of*%He
[ m ]

"



How to

pnveBPP_
LIFTING THEOREM ?

( { o
, Bm )

"

AO
it.

BO BO
←*%He

OAAOAO AO
emi %↳*tltl't .



How to prove BPP LIFTING THEOREM ?

( { o
, Bm )

"

AO
it.

BO BO
of*%H

AOAOAO AO
cmi

of1%1%1%1a • p o p p 8 p

BOBOBOBOBOBOBOBO
%t.Y.tn/btktttkkk



How to prove BPP LIFTING THEOREM ?

Let Ze { 0,1 }n

. The Z-shie_ are the

Inputs ( x. g) elgn )
"

G)

(the inputs to Alice Bob
consistent with z

)



How to prove BPP LIFTING THEOREM ?

[ mTx ({ 0,15 )
"

partitioned into

a
. 2

"
z . slices

,
one for

each ZEEO, 1 }n



SIMULATION
.

" Simulate I
"

by a

IT : randomized decision tree T

.



SIMULATION
a

simulate
I

"

by a

randomized decision tree T

IT : 7:

.

1 \

Z
, £3

D 9 P

: 4

D a D P p p p r

leaves of T labelled by
transcripts ( rectangles ) of IT



GOAL VZE { 0,15 �1� = @

�1�

T.cz
) = output of randomized decision tree on z

�2� Distribution over transcripts generated by

#
on ( x.g) ~ (g)

"

( z )

F:

it : . 0101

1 \

Z
, £3

D T P

: 4

D a D P p p p r



GOAL VZ �1� = �2�

% Fifth
'butim over transcripts generated by Ton ( x. g) elgnltcz)

a

!
213 43

| 0 8

:t Idea :
.

-
f.

Pretend marginal
is

are uniform !



UNIFORM MARGINALS LEMMA

Let * e [ m ]
"

be DENSE

|×
Y E ( { 0,1 }m )

"

be LARGE

-

Then YZE { 0,13
"

y

( x ,y)~( gnj
'

( z ) has both

marginal close to uniform

on
'

X and Y

P 7
DENSE : Ha ( X.

, ) 3.9lI/1ogmHIe[m]

a •



SIMULATION

I
.

If current X is DENSE AND Y is LARGE :

simulate according to marginal. probabilities

I otherwise :



SIMULATION =D -

.
If current X DENSE & Y LARGE,

SIMULATE

II OTHERWISE :

:
21 4

3

30 8

in

:
is



SIMULATION I
.

If Current X DENSE
,

Y LARGE ,
SIMULATE

=-D I. ELSE

y
-

:
|× 28

"

3

q 1

.

'

Yy YYe
1

00 10 11

&
is

Not dense !



SIMULATION
-

→

→→

=

43 }
p a

! Tx "

i.
Is :*

. ¥i*
pp .

B
A

\

r Zz
0 1

be
Zz £3

Say X
'

fixes coordinates 2,3 ON 1 0
.

,



OPEN

QUESTIONS
• Prove lifting theorems for information

complexity

• Prove randomized Lifting theorem for

constant . sized gadget g




