
Announcements

· Presentations on April 17 : Upload video by April 11
Presentations on April 24 : Upload video by April 18

Videos : 20 mins

Class Presentation : 10 mins plus 5-10 mins discussion

· HWz posted today (we will discuss (

·
Scribe Notes : 1st draft due one week after lectures

,

Final draft due : one week after feedback
. Thanks !
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Q3 : about determinatic vs randomized decision free complexity
Let S-10

, 13" x (m) be a search problem
S is total ifThe 30

, 13" ,
there exists at least one jaim)

such that (
, j) eS

Deterministic depth-a decision tree for some total search problem S :

T :

y assignment
I to & vars

,
the output TC)

given bij T is a valid solution

leaves labelled by some je (m] toS and

pet(s) = min depth over all deterministic trees ↑ for S.
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Randomized Decision free for total search problem S[0 , 1"x (m)
= ET

, ...,Ta each T; is a deterministic dec
.
tree

: x ,

45
j

xj
+ , .. *
2 - iTi

Accuracy : Vaesals"
,

Pr((t
, Ti() = S] =

i= [q]

R
**
(s) - min depth of any

randomized DT T for

For total Boolean autions
,
f : D

**()(1)
<

Hwz
,
93 : R& poly (DC) for total search problems ?
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Example : FINDI

-

Input LeE0, 13
"

"promise"

E S partialoraOutput : off #As ind is 3 output jeCn] such that = search

· otherwise output any je (n).

Randomized Dec free for FINDA :

· X
,

↑/~
Lam VCE50

, 15 such thatEs in 2):
Pr [Ti() is correct) = 3
it [n]



Applications

F
. Lifting Proof Complexity Lower Bounds

#. ProofComplexity UPPER BOUNDS for random CSPs

and connections



LOWERBOUND PROGRA

GORITHMSCOMMUNICATION-OFS

*
Use communication

complexity to
capture underlying
class of algorithms



LOWERBOUND PROGRA

GORITHMSCOMMUNICATION-OFS

* ↑
Use communication New LIFTING THE OREMS

complexity to to reduce communication

capture underlying lower bounds to

simpler proof complexityclass of algorithms Lower bounds



CommunicationComplexity (400179)

↳in ↳y = 10110

O

· 00
↑
->

O

-

O

-
I
-

-]

f : 50, 132 x 50
, 13" - 20

, 13

xc(f) =
min x(π)

TI computing &



-Example: EQUALITY (X
, 7)

↳in ? ⑮
O

·
X = Y 00

Deterministic (C = ch(n)

Randomized (C = 0(1)



COMMUNICATIONIFOR TOTAL SEARCH PROBLEMS

↳in
O

· -> 00
-

I

->
S

ple : Alice x Bob y
Promise X * Y Find i such that X:* Y:

⑮



Protocol free:

·jat
liean

38/ o

By



-COMMUNICATIONI'OR TOTAL SEARCH PROBLEMS

↳ ·
· ->

-
I

->
S

ple : Unsatisfiable CNF over X
- -Xn

, Y1 -- Yn
Alice X Bob Y Output falsified claus

... S

2 = 6X, Y ,]a]X ,
~Y,(a)XaVYaInIXYkY YaY
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THECOMMUNICATION MATRIX

Gg

#
S(X

, y) = 31 ,
2

,
3
,
4

,
53



-THECOMMUNICATION PROTOCOL 12345

B

F



-HECOMMUNICATION PROTOCOL 12345

B

#



Protocol Partitions
matrix into monochromatic "S My
rectangles

#So

measure

8

⑲



QUERYTO COMMUNICATION LIFTING

&
F : 90, 13 -> R F = ⑮

f a total or partial function ↑
or a search problem

&.
g ↑

X
. Yo Yn Yu

degree/query measure

rank-like measure



QUERYTO COMMUNICATION LIFTING

&
f : (0, 13 =>R F = ⑮

* -
# ... E
* y /
X

, Y, X2 Ye Yn Yu

LiftingTheorem
communication complexityQuery complexity E of F = Fog"of f



-AMPLE: DISJOINTNESS

&
/ ↓ f

, ⑫
Yo * -Do

OR i * [ ... g
1/10 * y /
DI X

, Y, X2 Ye Yn Yu

DT ( + ) = 0 (n) (C(tog") = O(n)



-COMELIFTING THEOREMS

[Raz ,
McKenzie '97

, goos-P-Watson 15] dec treet

(Sherstor Ol Polydegree+ rank (pattern
matrix method)

Egos ,
Lovett

,
Meka

,
Watson

,
Zuckerman 1)

Nownegative Junta -> Nonney rank
degree

(Chattopadhyay, Koucky ,
Loff

, Mukhopadhyay '17] ,
[Wu,

Yao
,Yven'17)

* with inner product gadget

agoos, P, Watson
'17] (BPP LIFTING

randomized dec free randomised <C



MORELIFTING THEOREMS

[Razboru03] approximate degree -> quantum query

[P-gos]
Critical block Sensitivity ->NOF

[gLmwz] Approx Junta degree < Nondet

(Lee
, Raghavandra,Stemel') sos degree => PGD rank

< KMR "16] Junta degre 2) Norweg rank

[P
,
Robere

, Rossman 20016], <P,
Robere7, 18)

Nullstellensatz Razbow Rank(

degree
-

Algebraic Tiling



LETINGTHEOREMS

f : n-bit boolean function/search problem

9
:Index gadget g(x,y) = Yx

ly1 = n20
,
Ix) = 20 logn

Ihorem1Deterministic fing
CRazMcken,is
gors,P,Watson]



Theorem2 (Randomized Lifting) [gos-P-Watson]
rDT (t) · Ollogn) = rCC(fogY)

#theorem3 <Chattopadhyay, Films, Koroth,
Meir

,PJ

Unified proof of Theorems 1 and 2 using either index or

inner product gadget . (any "low discrepancy" gadget

#Theorem4 &Rober,

2 = monotone-span (fog") & any "Nontrnal"

constant-sized gadget



Applications of Lifting for Lower Bounds)

· monotone formulas

· monotone circuits

· monotone span programs
· linear secret sharing schemes
· extended formulations of Linear programs
· game theory (Nash equilibria

· graph theory (Alon-Saks-Seymour Conjecture)
· Proof complexity
· Communication Complexity

log rank conjecture

partition vs communication

· Quantum Computing



IONOTONEFORMULA LOWER BOUNDS

GORITHMSCOMMUNICATION-OFS

Monotone Deterministic Resolution
formulas CC of kn depth

game



-ARCHMER-WIGDERSONGAMEKWS

F : 20
, 13 + 20, 13

Alice gets xe) (1) Bob gets yo f " (0)
find it [r] such that X:

*Yi

↑
①
1/
&
↑ 11/1 /)
* *z Xz X , Xy /2 Xs *o



Characterization of Formula Size by KW-game CC

#OREMIRS is equal to the communication

complexity of KW"

HEOREM (monotone version) + monotone

Monotone - FORMULA-SIZE(f) is equal to the

c of monotone-1Ws" (find i such that X: Yi)



IONOTONEFORMULA LOWER BOUNDS

GORITHMSCOMMUNICATION-OFS

Monotone Deterministic Resolution
formulas CC of kn

game



ANONICALSEARCH PROBLEM

UNSAT
NF = G

,
12. ...C over Z .... In

-arch (2) : given Ce20,1"
,
find a falsified clause

(C
,
such that < .() = 0)



LATEDSEARCH PROBLEM

Search(log") :
Alice gets X
Bob gets
Find a falsified clause

Theorem [gos-P]

For any
unsatisfiable boolean formulae

there is a Boolean functionFr such that

monotone KW game for Fe equals Search(log")



#oSketch e=c
,
1 .. 1C UNSAT K-CNF over z ... In

Search (log") : Alice getsn pointers X
.... Xn

Xim]

Bob getsn mobit vectors y.. - Yu Ye50, 13m

Motonefunction Fe() :
& is a lekmn)" indicator rector for a SAT instance over

mn variables Vij with constraints from
2

Fy(d) = 1 iff < is UNSAT

Alice : X -> Dover the renamed vars Vi
,
X

,
. . .> Un

,Xn

Bob : y
-> all constraints satisfied by the

assignment y



I.MONOTONEFORMULA LOWER BOUNDS
-

GORITHMSCOMMUNICATION-OFS

Monotona Deterministic Resolution
formulas of kW

monotone ( (Fe) =M(n) Resolution

F-size 1*e) Depth(2)=M(n)
E

= 24 ir.I ↳



Applications of Lifting for Lower Bounds)

· monotone formulas

· monotone circuits

· monotone span programs
· linear secret sharing schemes
· extended formulations of Linear programs
· game theory (Nash equilibria

· graph theory (Alon-Saks-Seymour Conjecture)
· Proof complexity
· Communication Complexity

log rank conjecture

partition vs communication

· Quantum Computing



#NPROGRAM/SECRET SHARING LOWER BOUNDS

GORITHMSCOMMUNICATION-OFS

Linear Secret Algebraic Nullstellensatz

sharing Schemes Tiling Proofs
ill Protocol

Monotone Span
Programs



~sharno

schemeshare secretS

with select groups

o ·& SC ↑ pI mini



SECRETSHARING SCHEMES

D
mi

* &·



SECRETSHARING SCHEMES

D

o

can

reconstruct
a

- So

S ↑ p&in



SECRET SHARING SCHEMES
-D
ina

o
My So&&

&I

C8* ↑
Be i I



SECRETSHARING SCHEMES (Shamir '79)

&NESTION: parties,andsubsetsofallowed
ora

Nearly all schemes are LINEAR.

How long
must messages be

for LINEAR schemes ?

A long line of work led
to MMSlogn) LOWER BOUNDs (gall01)

#HEOREM (P
,
Robere 18] On there is a collection of allowed groups such that any linear ess

for these groups requires 2M(n) message length .

LOROLLARIES JR(N) LOWER BOUNDS FOR MONOTONE SPAN PROGRAMSS
· MONOTONE BRANCHINg PROGRAMS
· MONOTONE FORMULAS



# LINEAR SECRET SHARING LOWER BOUNDS

↳

⑫ORHMSEsCommunicatione ts
Algebraic Nullstellensatz

# Filing Proofs

Linear monotoneaSSS



EBRAICTILING RgalD

H



EBRAICTILING EgalD

E

-
A

,

+ Az+ Ay + Ay + Ag = 1

complexity of Tiling - rank(A)



# LINEAR SECRET SHARING LOWER BOUNDS

↳

⑫ORHMSEsCommunicatione ts
Nullstellensatz

# Proofs

Linear

SSS monotonea Algebraic
↑

Tiling



NullstellensatzProofs

Let P = &P,
: 0

,
P2 = 0

,
--

, Pm
= o be an unsat system

of poly equations over IF

A Nullstellensatz Refutation of P is Q = 591 . ... Gm3
such that:=

NS(P) = min degree of
Nullstellensatz refutation

a NSP) min degree of polynomial
that solves search problem for P



TINGTHEOREM (degree/ algebraic tiling)

Theorem4 (Robere, PJ

NS(f)
2 = monotone-span (fog")

P
constant-sized

gadget

zws(e) = algebraictiling (logu)
= monotone-span)Fe)



# LINEAR SECRET SHARING LOWER BOUNDS

↳

⑫ORHMSEsCommunicatione ts

#
Nullstellensatz

LIFTING THM

Linear
Algebraic
& NS

,
(e) =1(n)n(n r(n)size =2

Tiling (Fo) = 2



Applications of Lifting (from proof complexity LBs)

Model of computation Proof System

monotone formulas -ree-like Resolution

monotone circuits (Day-like) Resolution

monotone span programs/knear SSS Nullsatz

extended formulations of Linear programs Sherali Adams (SA)

extended formulations of semi-definite programs Sum-of-Squares (SOs)


