
Lecture 6

· Hw] posted

·Course project - schedule may if you havent already

· Today : Bleddepth Frege Lower Bounds for PHP
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Any depthed Frege proof of PHP requires size2nd, do -"



High Level Idea Mirrors Ac-circuit lower Bounds :

Tegrem (Asta
,

ESS
,

Hastad]

Parity , requires Ind sizeAci-circuits, E

inthighLee 4x - +3- 30
,

1
,
4) is a partial assignment

that sets some of the underlying variables to 0 or
1.

· Assume for sake of contradiction C is an Aca-circut of poly size

computing Parity over X
.... X

switching
· Repeaty apply restuctions ...., on

to successively shrink 4 Lemma

e to crits

open
In end :

C is a trial circust that cannot compute parity on remaining
unset variables



Switching Lemma (for PARITY Lower Bound

Dn A decision tree T over X
.... In :

xio/ = 1 ↑
Xy Y

,

%%X
Noth

O
X

, ↓
% ( = 1

0 O

Den : t-DNF is a disjunction of terms
,

where each term

has max size t



&

Switching Lemma (for PARITY Lower Bound

Den Let f be a t-DN
, p a partial restriction

The canonical decision tree for - is defined as follows :

·

·
if f = 0

, T(f)) : · 8

· If f = 1
, The : · I

· If first ter of fis G , query
all vars of a

Each leaf i is associated with a restruction 6
which sets vars (2) according to path from roof to leaf i

Inductively for each leat i
, replace leat i by the

canonical tree for flo



Switching Lemma (for PARITY Lower Bound

Den Let f be a t-DN
, p a partial restriction

The canonical decision tree for - is defined as follows :

· If E = 0
,
T(f) is the decision tree o sizeI labeledo · S

Il
-

a I ·
·If f = 1

, +(f) is

· If first ter of fis G , query
all vars of a

Each leaf i is associated with a restruction 6
which sets vars (2) according to path from roof to leaf i

Inductively for each leat i
, replace leat i by the

canonical tree for flo

Example

f = x, X4
·/* fly = Yext t

z ↑ Y

,y
o



Switching Lemma (for PARITY Lower Bound
&

andom Restrictions PP : set of all restructions p on domain X
... -Xn

U

where exactly noph
variables are set to 0/1 and remaining ph variables

are set to

Emma Chasta-DNF over X ... Xm ,
p ="4

then Pr [T(flp) has depth =s] (4pr)
p-Di



Ac(d] Lower Bound for PARITY

Emma Chastae DNF over X ... Xm -

P
=Y
·

Then Pr [T(flp) has depth = s] < (4 pr)"
P

4

SP-p'n

· Assume for contradiction & is a size of Ac[d] formula for

Parityn. Assume W
. l .

0 . g ,

bottom level of C consists of rDNFs
. ↳

r- DNF

· SinceC has size & at most & roNts at bottom.

· By Hastad Lemma and unich bound Cassuming As prp ,

and setting v = s)

- p ,

= RP such that for every bottomlevel rDNFF
, Thfp) has depthes (since ros)

· Apply P,
to entire circuit - each rDNF under p,

is also an rCNE (since v=s)

so Glp
,

has depth dof (merge 2levels of ANDs at bottom)

· Repeat a times to get p--pe St . Sp - pe
is a depth or decision tree3 sincePes

for Parilyn where n = number of variables unset by P, P2-Pd Parity or Parity
· This contradicts the following leasy) claim

,
as long ash> r On unset vars

Cham No depth a decision tree computes Parily on 39+ / variables



Ac(d] Lower Bound for PARITY

·
· Assume for contradiction & is a size of Ac[d] formula for

Parity Assume W
. l .

0 . g ,

bottom level of C consists of rDNFs
. S· SinceC has size & at most & roNts at bottom.

· By Hastad Lemma and unich bound Cassuming As prp ,

and setting v = s)

EP ,

= RP
,

such that for every bottomleve wantf
, Thep) has deptreskners)

· Apply P,
to entire circuit - each rDNF under p,

is also an rCNE (since v=s) r- DNF

so Glp
,

has depth dof (merge 2 levels of ANDs at bottom)

· Repeat di times to get -pe ,
St . Sp - pe

is a depth or decision tree
- I J since <p

for Parilyn where n = number of variables unset by PP2Pd. stillcomusa
parity

· This contradicts the following leasy) claim
,

as long as n > r On unset vars

Cham No depth a decision tree computes Parily on 391 variables

metersettings : the number of unset variables after applying -Pe 1
is n = pon

set p: so prob.
Sh fails for a random p isr

Set A2" soit dat , by union bound 59. that is good in round i.

For base case claim
,
Need n = pon > u = >18r% r

.

Set v = md works
.

This gives L A znit(d)



ACE Frege Lower Bonds for PHP

Recall an Ac Frege proof of PHPM is a sequence of Ac formulas

FT, ...,m
such that each F

,
is either an axion

,
or follows

from one or two previous lines by a valid Frege rule
,

and Fr = PHP

Assume (for contradiction) we have a size & AC Frege proof It for PHP

We want to apply a sequence of restructions to reduce the depth ofT

until eventually it has depth 1
,

and then get a direct contradiction

* Problem : every
line in it is a tautology so each line is already

equivalent to a depth-1 trinal formul.

* New Idea : We need to differentiate between a complicated depth-d
formula that is equivalent to "1" and a simple formula equir . to

1.

Imagine instead that m is infinite.

Then there is a It map from htt - (for n infinite
We will define a family of partial restuctions that does not violate PHP,

andcarryoutasimiladepthreduction, planas



Matching Disjunctions,

a Matching Decision Trees
Is

2

Matching restructions p over [Pij ,

itD
, jeRY : D
s
·

R
4 O

Depu is a partial it mapping of size not
jo

·

4

60s

corresponding restruction :

If p maps it ; then Pij = 1

EPio Vj + j per
=

n
= 5

,

1 = 3

↑ matching size is not

Po Vizi

Matching -disjunctions
A matching disjunction is an or of matching terms ,

where a matching term

corresponds to a partial 1
mapping . An redisjunction an OR of size ar matching terms as

Example : P. P, P2
Py
,

~ P is a 2-disjunction
2

,
3

Restruction of an redisjunctionI an r-disjunction
, p a matching restruction

defines Elp in Natural way

#ample P
. By - PorPy 1423

+3
,
41

= 432



Matching Disjunctions,

a Matching Decision Trees

Matching Decision Trees A matching decision tree over DVR

is a rooted directed tree where :

· Internal Nodes Labelled by elements of DVR

· Leaves Labelled by 0 or I

· If the root of T is labelled by ieD
,

then VieR there is one outedge from root labelled it;

· If root of T is labelled by jeR ,

then VieD
,

there is one outedge labelled its

· Let plitil be the tree whose root is the mode connected to root of T by edge its

Then plitis is a matching decision tree over D'UR'
,

D = D13i]
,

R : R13j3 .

Examp20
,
2

,
3

,
43

T :

2
2 z

I

R = [11
,
2, 33 2

2+z ↑sents the machingdisnt
it is

2 8 4233

D I I ! i24-2 & (the OR of all 3paths in T)R 4744- 2
%

O I O · j
48



Matching Disjunctions,

a Matching Decision Trees

Let p be a matching restruction andT a matching decision see -

We defineThe inductively :

1
.

IfT consists of a single mode Tlp =T

2. IfT consists of one mode a roof of T is labelled with vertex i

cal if p maps [4
,j] for same j,

Tip = Tp wa.. T' is subtree of not labelled with 32
,

%3

(b) If p doesn't map anything to/been i, The has root labelled by i

with subtreesTo where T is attached to the roof by an edge labelled

[5k] where K not mapedfixed by

Examp20
,
2

,
3

,
43 2

8 : 2-1

R = [11
,
2, 33 2

2+z 25307233 -
2 8 2

4- 2 4744- 2
%

D I I din2 & i2 42

O · j O O

48



Matching Disjunctions,

a Matching Decision Trees

Del Let T be a matching decision tree over variables & PHP of depth n,

Letf be a matching disjunction
.

T representsf if : Upaths in T with associated

partial matching restruction 6
, fle-leaf value of path 5

Zemmes Let T be a matching dec
. tree

, o a matching restruction. Then

1
. Disj(T) = Disj(TIp

2. If T is complete over D
* UR"

,
then Tlp is complete

over DC1p , By
3

. [/p)" = T'p where "c" toggles all heat values of tree

4
.

If I is a leat in Tlp ,

Than Bleafs' in T with

same label as I so thatel = (e) up
partial
matching associated
with path in I

from root to e

5. IfT represents the matching disjunction F
,

thenThe representsp



&

Switching Lemma (for PHP)

Dein Let s be an r-disjunction , pea a matching restruction
-

The canonical matching decision tree for + T(f)
,

is defined as follows :

3

·

·
if f = 0

, T(f)) : · 8

· If f = 1
, The : · I

·
Otherwise Let to be the first matching term

of f.

Create the complete matching decision tree over the set S'DvR

of pigeons/holes mentioned in 4 (can stop early f t, forced to 0 or3)

Each leaf i is associated with a matching restriction S:

Inductively for each leat i
, replace leat i by the canonical matching

decision tree T(Ho
:)



Switching Lemma (for PHP)

Example = Priv P D = 2, 33,
43 R = S1, 23]

un 23 42

m

2

his 3 Query vars (t)
2)

↳

tiI
Query vars (tz)

I



Switching Lemma (for PlP)

Restructions P
: set of all matching restructions p over D=(n+ 1)

,
R = <n]

Mandoms
put pigeons

, ph holes unset

Emma PAPswitchingLemma,
I

Pr [T(f(p) has depth = s] < (llprr)
p-Q



Switching Lemma (for PlP)
&

Random QP : set of all matching restructions p over D = Int
,

R = n

- resections leaves put pigeons
, prholes unset

-

S

Emma PAPswitchingLemma,
&

[T(f(p) has depth ss] = (p* nn)s
<worse bound than before

Then Pr but still good enough to get
PrQ LB -exp(r)

&metersettingsLeton ,
n number of unset holes after round : Pon a

So prob.
Sh fails for a random pis(ri

(Note at stage in" where : ~ni(
Setfa so Vis-d

, by union bound 59:
that is good at round i

For base case
,
need n - sh

,
which holds when -s

This gives Lower bound
: As znn'



Reducing a depth d formula L by 8 , .... Pot

1. Without loss of generality : · ↑is levels ,
/

..)

- L is depth a formula over basis v

,
V ⑭

-

(n(f, , Fi) = -V(nT , .. Fid) Y ↳

· Bottom a layers are r-disjunctions i GredisjunctionsIs
nactions

E

2
. Let p

,
:G be matching restruction such thatVifile) has depth or

Ip , guaranteed to exist by PHP SL)

3. Define 4p : Forall boumlea
·Convert filp

.

-M lp) -> ↑
*

CfilpE(light blue) · Convert Yulfill i Vt
it1

tapatup
bottom subformula of L

V converts under p,

u V

/1) r-disjunctiont i



~

reducing a depth d formula L by 1 , .... Pot

&

After Step 3
, Lp

,

converted to New formula of OR-depth
d- 2 at top

,

with redisjunctions at leaves

Repeat step 3 dol times so thatLp--pot
converts to a single matching decision tree of height or



Aci-Frege Lower Bound for PHP &

· Let it be an alleged size < A Al-Fuege proof of PHP [Lc ..

> hm3
.

· So far we have the following "PHP" switching Lemma
,
which Cusin parameter settings we gave

can be applied iteratively d) times to obtain a good sequence of restructions Pic--> Pot

such that under p-p- P.., we can convert -Sh ..., Lm3 into another

sequence of formulas T
*
-C*...3

,
where

*
are depth = r matching decision↳

trees obtained by successively applying Rc-- ,
P. to Obtain ---

las described inLast slide)
.

· To finish the lower bound we need to reach a contradiction by
showing that if the proof it is sound

,
then I is also a

locally" sound proof of PAR on the remaining it unset pigeons
,

and

n unset holes



Aci-Frege Lower Bound for PHP &

DefChevaluata formulas closed under subformulas
,

over Dion"

A Revaluation for H is an assignment of complete matching decision

Trees NCA) to all formulas A in
↑ such that :

(1) (A) has depth K VA

(2) ↑ (1) is the true with a single mode lablled1

Man 8

33) ↑(Pi,) is the full matching free over Dixinph with leaf

Labelled 1 if(e) contains 34j]
,
and O or

(4) If A is a matching disjunction then NCA) representsDisj (TCA :1)



Aci-Frege Lower Bound for PHP &

Defi (k-evaluation)
-

Let t be a set of formulas closed under subformulas
,

over DMUR"
.

A Revaluation for r is an assignment

of complete matching decision Trees NCA) to all subformulas A ini such that :

(1)(A) has depth 1 VA

(2) ↑ (1) is the true with a single mode lablled1

Ma .....

33) M(Pi,) is the full matching free over prvR" with leaf & Labelled & if (e) contains Exj]
,

and O or

(4) If A is a matching disjunction then NCA) representsDisj (TCA : 1)

#ma (obtaining a levaluation
Let it be a sizea depthed Frege proof

of phph Let P, Phi Ph be the good restrictions

guaranteed to exist by PHP switching Lemma. Then :

there exists a koevaluation for r = Gall subformates occurring in THp-pat over prit upn

Proof of () omitted
,

but proen inductively on depth d
Let Fi = all subformulas occurring in it

,
a have depth↳Then after stage i

,

we have a kevaluation for the formulas Filp...)k = r
!



&case Let T = [4
. .., Lm3 be alleged proof of PHP!

It is left to argue that if we have akevaluation or for

all subformulas ofThe over prit-ph where Kn
,

then

we reach a contradiction.

why ?
On the one hand we can show :

(A) All axions of Tlp convert to all- - trees and
The Frege rules preserve -res

,

so every formula
in Ttp

converts to a -tree
L

On the other hand :⑤ (B) TheLast Line help converts to an all ofree



(B) : Uns1
,

PHPH converts to a O-free under ↑
f

PHP consists of the disjunction of the following formula

(1)(B) Vizjan ,

kan

() - (PrPur - -Pin) Vien

(1) Since TCVCP Bull = [NEPor B))
,

(tree forPoruB with all leaf values toggled

to show MCv(Purubul) is a otree
,

want to show(vPruBal) is a
tree

1tree

↑(PurPr) = ↑((Disj (* (Pr) v Disj(↑(P)))

↑

Pl
P : onolea correspondinga

/X all other leaves labelled I



↑( PvPr) = ↑(JDisj(* (Pr)) v Disj(↑(P)) = queries pigeons i
, j

and hole K

Example ↑(2P
, 3

.

v < P2
,

3)

↑ one

↑Pil
↑ (P

,
3)

·
in
adit

1- 3
:

Similarly ↑CrP2s) :
2

·

↑(4
,32P .) =MV( Ms ~Nipath , Ms.) : Tree queries pigeons 1

,
2

all 1-paths
6'in and hole 3 .

6 in P
, 2)

↑(212
,
3) All leaves Labelled by 1

=> all 1-tree

since ever partial matching over [21, 313
Never maps Its and 1731



(2) Shaw M)v(P ~Pic ..Pin)) = O-tree

It suffices to show(R
,

V . . . -Pin) is a -free :

↑(P - . -- Pin) : ·
11 -- I



↑clude :

Th Any Acg-Frege proof of P requires

sizen 1

See (Fu,
Urquhart] for omitted lemmasa for a Nice

presentation of entire argument.
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