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First Order Lugic

Language & specified by :

(1) A set of function symbols ,
each with a specified arity

EX : +, :

,
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2201 Xavity

(2) A set of predicate symbols ,

each with a specified arity
Ex:,,

33) A set of variable symbols X
, Y

,
z, ...

a
,

b,

(4) Logical symbols V
,

1
,

7
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X
,
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Example : In Language of
arithmetic : (1) function symbols 0

, 34·

(2) Relation symbols = =



Terms over I

Formally defined inductively by composing function symbols

Examples of terms over 20 :

-> I Sossso : we will white as sotsso for readability

-> (x + (ssy · sso)) · Sx



First Order Formulas over 2

Again defined inductively :

() If P is a kary predicate symbol
of 2,

and t,ot , are terms

Than PCt
,,., th) is an amic formula of

(2) If A
,

B are f-formular
,

so is :

LA
,
AvB

,
ArB

,
XxA

,
5x B



Semantics of FO Logic over 2

An I-structure al consists of

(1) A nonempty set M called the underlying universe

2) for every kary
function symbol f ,

an

associated Kary function fr M" -> M

(3) For every Kary
relation symbol R,

an

associated Kary relation RM : M" -> 10
, 13



Free and Bound variables

&eth A variable x in a formula is called free if it is

Not quantified ,
and otherwise is called bound

.
A formula A is

-

a sendence if all variables in A are quantified.

Example byA
tree variable

bound

variables

Creation : X
,

Y
,

z denote bound variables
,

a
,
b, 1 free 11



Evaluating a sentence over All

given a model &M
,

we can evaluate a sentence A

as either tre (1) or false (0)

Notation : MEA meansA evaluates to true under all

(1) M = P(, , ti) if PM (p) = 1

(2) &NE LA if all #A

(3) I #
AVB if either MEA or MME

(4) M = S1
# MES and MFB

(5) XxA(x)
if AmeM MEA()

(6) M # 5x1(X) If EmeM MEA (Mx)



Dee #A (A is valid) iff for every model Al ,

MFA

Examples Let &M = (IN
,
usual definitions of t ,

5
,0

(1) ME so + sso Ssso but sotssosso is not valid

(2) MEXX5y(x + X = y) ,

but not valid



First Order Proof System LK extends propositionalC sequent calculus

Gries arceequents A
, ,

.
.

.

,
An- Bx --., Be

intended meaning : A
,
1 ... 10 > B

,

v ... vBe



LK Rules

5. Structural Rules

Weakening -> &

,r, - &

Exchange N
,

A
,
B

,

R -> & n -> &
,

A
,

B
,

a

↑, B
,

A
,
r' - & n + &

,

B
,

1
,
4

contraction ↑
,
A

,
A - & m = &

,
1

,
A

P
,
A = m = &

,
A



#. Logical Rules

Negation
n -> 4

,
A r

,
A -> &

r
,

2A -> & n = &,A

A
,
B
,

N = & r + &
,
14-&,

AND
AnB

,
m => m = &

,
AnB

A
,
p -> & B

,

P -& n = &
,
A

,

B
OR

AvB
,

n -> P - &
,
AvB

Y A(t)
,

-& n = 1
,
A(b) ↓ is a free
-

VxA(x)
,

p -& n = &, VxA(x)
variable only
occurring in A

I
A(b), - & n = &

,
A(t)

-xA(x)
,

4- & n + 4
,
7xA(x)



# Logical Rules cont'd

Axiom A - A

Cut Rule P
,
1- & r =&, A

# -> d



soundness and completeness of FO Logic

Den A First orderSequent A- Ap -B, Be is valid if

F + (A
,
1 . . -xx) v(B

,

v ...Be)

#oversoundness) If a sequent has an 1 proof, then it is valid

(2) (Completeness) Every valid sequent
has an LK proof



Peano Arithmetic Proofs

· underlying Language In = [0+, 5 ; =,

·
Lives are sequents over LA

· All rules/axioms of LK PLUS
-

· A SETOF6 BASIC Axoms (e . g .

Vx Vy (x +y
= y + x))

· INDUCTION RULE : Alb)
,
->&

,
Alb+1) 1 abbreviates so

A(d)
,
n= 4

,
XXA(x)



Bounded Arithmetic ST (Buss]

A constructive proof system is one in which proofs of existence

implicitly contain or imply the existence of an algorithm to find

the object which is proved to exist

A feasibly constructive proof system : the algorithm will be feasible

Site Restrictions of Peano arithmetic . Witnessing Theoremsa

show proofs are feasibly constructive

Sentence Witnessing Theorem

So : polytime algorithm
VxyA(x, y) S : algorithm in it level of poyhierarchy

T2 : similar to siz but PLS algorithm



Function in
Tanguageof BoundedPrimen

a

↑
length of X IN x +y

= z(x)
- (y)

in binary allows polynomial growth
rate of terms

Relation symbols : =,

Logical Symbols :

PA Logical Symbols (1
,
4

,
1

,
0

,
5) X runs over

/all Natural
plus banded antifiers : Vx =t Alx, a)

,

Exet A(.X
,
a) Numbers of

length = poly(1a)and sharply branded : Ox = It)A(X
,
a) Ex= Ht)A(X

, a)=X runs overantifiers
all numbers[ poly (a)



Bounded Arithmetic Proofs (formalized in LK)

·
Lives are sequents over 2

BA

· All rules/axioms of LK PS

· ASET Of (-25) BASIC AXOMS

·
Rules for Brunded Quantifiers bes

,
Alb)

,

-d n = 4
,
A(t)

-x = SA(x)
,

R => & t= s,- &
,
]xsA(x)

Act), = &
b = s, - 4

,
(b)

tes,XSA(x)
,
-& n = 1

, xsA(x)
· Restricted Induction Rule

T has E-IND :
A(b)

,

m -> &
,
A(b+ 1)

&A(0)
,

n = &
,
A(t)

Ac
Shas E-PIND : A/Lb)

,
r => &, A(b)

A(o)
,
My &, A(t)



E and T formulas

:
.... Alan

T?: Vx
,

= +
,
5x* .. ..

A(a
, x - >Xx)



Main Witnessing Theorems for S

Let A := Va Ex = +(a) Bla
,
x) be a V& formula provable in $22

Then there is a function f : N- N computable in polynomial time

such that INE VaBla
,
f(a)) (that is

,

over standard

model of I
,
f finds x such that Bla

,
X) is true)

similar witnessing theorems hold for S,T ,
Vis



Translation I : From S proofs to Extended Frege

It is helpful to think ofsas uniform proof system,
and

EF as the corresponding Nonuniformpf system.

Translation : For
any
VS

,
formula A : = VaEx < t(a) Bla

,
x)

-

provable in Sh
,

There is a sequence of

propositional statements [A))
n (expressing A for all McIN,

im) = n)
such that GAI has polysize of proofs



Translation # : From Relativized SCR) proofs to AC -

Frege proofs

S (R) : Just like s but with a New k-any relation symbol 1 .

It is helpful to think of a formula of SCR) as

corresponding to a predicate in ith level of relativized polynierarchy
Translation For

any VE formula A provable in S&CR) ,im

There is a sequence of propositional statements[AB
(expressing AP for all MaIN ,

im) = n) such that GA
" ]]

,

has

quasi-poly Size Ac: -Frege proofs.



↑

Translation # : From Relativized SCR) proofs to AC -

Frege proofs

Example : PHP(R) = Pigeonhole principle for relationR

*a ((x = a+ 1 Yy= cck(x- y)) v (JX
,Xz

= a+15y = a(x,* Xz + R(x
,y)+(n ,Y))]

Propositional Translation :(PHPPDn (set a := n
,
nei)

Propositional Variables Rij
,

Lent
,
jen

V n + R
,
+V V RijvRij

ic[n+] jECn] i * [2 je(n]
i

,
i+(n+1]



Main Steps : S[CR) -> AC - Frege

Roughly similar to reduction from Relativized Polyhreichy
PAR to quasipoly size19 circiuts (but more work)

Step use cut-elimination to show that if(a)B(a, x)
has a S& CR) proof ,

then there is another SCR) proofIt
of to where all formulas in the proof c E? (R)

② Fix neN

in conside the restricted statement -> Ex(n) Bla
,
x)

Translate each ing in it to an Aco formula

③ Patch together an 110 - Free prof from the translated
Lines . (Main step : Unwind induction via

repeated cut rule (



"Free Cut-free Elimination
"

Let Sick) 1- An(a) AcS(R)

Then there is an Si (R) proof it of AR(a) with No "free cuts"

free cut : A cut inference
on a formula that is not

from an induction axian/inference

or a subformula of A

· also we can assume the only free variables in proof
are those occurring in an induction inference

S

plus a (the free variable in A)



Translating [? (R) formulas to AC: formulas

Let R be binary relation ,
so K: 2

.

(Sume idea UK)
~

Let A(u) E? (R). -

corresponding propositional vanables
: Vi JEN

We define (((n)]] inductively :

(1) A(a) quantifies-free ,
+ doesnt contain R

Then [A(n)]] = 1 if sin) is valid
,

0 Otherwise

2) A (a) quantifies free,
contains R.

examplee. A(a)
= R(a

,
a+ D) v R(2a, 4a)

Then CACn)]] :

Unt "En
,
in



Translating [? (R) formulas to AC: formulas

Let R be binary relation ,
so K: 2

.

(Sume idea UK)

Let A(u) E? (R). ~

-

(3) A(a) : = fx = t(a) B(a,
x)

Then LLA(n)]] = V (2 B(m)]]

m = t(n)

(4) A(a) : = Vx = +(a) B(a
,
x)

then (CACniS] : ↑ ((B(m)]]
m= +(n)


