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. Frege Systems : Several examples ,

soundness : Completeness

e-Frege systems

soundness is "Complete"
Normal-Form Theorems

I
.

Extended Frege : Defn

Soundness formalized combinationally
Equivalent systems

# Connection to Bounded Anthmetic Theories



Frege Systems

· Lines are propositional formulas over a complete Boolean basis

· A Frege Rule is a system of formulas

i where , ...,FD

Logicaly implies
(means can delive D) from C . ...

for any substitution instance of < .. , D)

· Anaxian is a rule with K = 0

· A Frege system P is implicationally complete

itis is
whenever A

...., Pu FB

There is a p-proof of

is from A
, .., An



Frege Systems

Frege Systems : Finite number of Axioms and rules
;
Lines

consist of Bookan formulas

2 types :

Hilbert style : each line in proof is a tautology
gentzen style : Lines are conditional : If A then i

Notation: 1 B There is a 0 . proof of B

A.... An #B There is a Poderivation of B from Ap - An

#B B is a tantology

A,
,

.

.,
An FB Ar .. -An Logically imply B



Example of Hilbert Style : Shoenfield's system

Lines are Boolean formulas over 1, 7

Axiom : Av-A

Rules:-



itcalculus

Lines are (B
..., Bm] Aset

of Boolean formulas over 1
,

V,

Interpretation : B
,
v Bv.. Br

Axiom 1,A ,

M

Rules : E (weakening)

condon
a



Sequent Calculus

A
. c -

<An
-B

, .... Bm
set of formulas -> set of formulaas

Livies are sequents : --
&

I

meaning : ( . 1An) implies (B, ... NBm) [Ar-0> Br ... v Bm]

Axioms

VVV Proof day for

VX a proof that f is a tautology

1/ &
->f



Sequent Calculus S

#om: A- A

WeakeningRule : ,
↓cul Rules : AND -

RTBANDLEFTB
OR-LEFTD,

B
,

M-

AuB
,

n-

or

is NEg-LEFTNEg-RT

#RULE:+&N

* Tait Calculus is a simplification of SequentCalculus
where all Lines Look Like -> B. .., Bm Cempty antecedent)



Soundness/completeness of Frege

y poly-equivalence of Frege systems, it suffices to prove
soundnesso completeness for a particula Frege system-we'll do

Sequent calculus/Tait proofs

Soundness : Follows by induction using implicational soundness of
all rulesraxions

letenes:Wemilprovethat any
tautologyoa

Idea : start withof at roof
, apply cut-free

axioms to some outermost connective until we

eventually get r
,
-1

,
A at each leaf.



Completeness of SequentCalculus - Example

Let f =(pn q) v -(PvQ)

· -puraupra)
OR RT

orRight
t 7 left !

->2 ( Pea)
,
-(PrQ)

-Right)
-P1nQ -> - (Pra)

AND-left (Pra),-
OR-Left

↓

/
val

,

< P
,
0 -

~ Left

P
,
-P

,24- /
Q

,
P

,
20 -

epda
,
up + Q

- Left



Completeness of SequentCalculus - Example orRight
-purp

- left
->2 ( Pea)

,
-(PrQ)

at each step (from root to leaf), -Right)
-P1nQ -> - (Pra)

the number of connectives in each sequent AND-left (P),-

drops by 1
.

OR-Left

↓

/
val

,

< P
,
0 -

claim if f is a tautology, ~ Left

P
,
-P

,24- /
Q

,
P

,
20 -

- Leftepda
,

up + Q

along every path in constructed tree,
we will eventually reach a leat where

some formulae
, say A , appears on both the left a right side of sequent.

P if Not
,

we eventually reach a sequent of the form

Tip--sti, where wars on left a right
-

set to 1
sides are disjoint

But then we can construct a falsifying assignment by
setting alls one left to arx's on it to 0.



Completeness of SequentCalculus - Example
or Right

-purp

-left
GPera,CP

P if Not
,

we eventually reach a sequent of the form
-Right)

-P1nQ -> - (Pra)

AND-left (Pra),-

OR-LeftTipo--Tic ->

K where was me left ita /
val

,

< P
,
0 -

-
set to 1

sides are disjoint
~ Left

P, - P
,
-Qt

I /
Q

,
P

,
20 -

But then we can construct a falsifying assignment by
epda

,
up + Q

- Left

setting alls one left to arx's on it to 0.

Inversion Property of logical rules : If I an assignment I falsifying both
upper sequents ,

then a falsifies lower sequent

1Ds (soundness is other direction : if top sequents
both satisfable ,

so is bottom sequent)

By inversion property this implies that there is an assignment
that falsities f.



C-Frege restrict cut formula A zie

#om: A- A

WeakeningRule : ,
·

Rules:in
a
OR-LEFTD,

B
,

M-

AuB
,

n-

NEg-RT NEg-LEFT
#RULE:+&N



-treboundedJanin

Frege(asSequentCallaall monlogical rules, axioms

LegalRules

~

LettA <Right

IndLetRea

orcentredove orea
3 - Frege : Undded fanin Freye proof ,

with restruction

that all formulas in proof are in ACO.



Al (2) - Frege
↑

MindRules

~

LettA <Right

& same as

Indeed Dr Alea Ac Frege

orcentredove orea

,



Cook-Recknow : Robustness of Frege Systems

* Looks Reckhow (see Reckhow's Thesis) proved that essentially
all Frege systems (even over different complete Janin-ol) bases)

are polynomially equivalent

· Proofs involve many manipulations
which show how to efficiently

translate proofs in one Frege system to another Frege system

Polynomial Equivalences for Frege systems :

8 Natural deduction

· gentzen systems (sequent
calculus

,

fast calculus)Fir To shoenfield

:



Normal Form For Frege Proofs

Therem (Frege Normal Form) Let it be a Frege proof of f.

Then there exists another Frege prof it off such that ?
(i) II' is balanced and tree-like

(2) (πl = poly (1)



Frege Normal Form Proof Sketch

① Conversion to tree-like :

· Replace each linef, with five-Fi
i+ !

· give a tree-like proof offi from i



Frege Normal Form Proof Sketch

② conversion from tree-like to balanced
,

tree-like

Tree(f) :

↑
(a) Find Line St.

N Gree()) = (Tree (1%) line (f)



Frege Normal Form Proof Sketch

& conversion from tree-like to balanced
,

tree-like

Tree(f) :

(b) Inductively give balanced derivations

of (i) ** -> fpro (ii) &
*

6 Then use cut rule on11) vii) to device of

·
f

my
·



firegrained Relationship (tree vs day like

Theorem Tree-like ACC, - Frege is poly equivalent to-

Ac-Frege (dag Like



-Look-Recknow: Robustness of EXTENDED Frege

Later papers proved similar equivalences for ExtendedFrege systems
Extended Frege : Frege + Axiom y A(x)

where y is a new variable

Allows Lines to be represented more succinctly
as Boolean circuits-

Polynomial Equivalences for Extended Frege :

Extended Frege

poly Substitution Frege [Dowd]

equir Renaming Frege, Oh substitution Frege [BUss][Hajos Calculus [P-Urquhart]



-Look-Recknow: Robustness of EXTENDED Frege

Polynomial Equivalences for Extended Frege :

Extended Frege

poly Substitution Frege [Dowd]

equir Renaming Frege, Oh substitution Frege [BUss][Hajos Calculus [P-Urquhart]

Open : Permutation Frege relative complexity

Frege = Permutation - Extended

Frege Frege



·

Frege systems : Equivalent Formulation as Prover-Delayer game

-geProver-Liar game :

Example
: I ,--

Lar claims he has a satisfying
⑮

assignment< for f = <
,
121 .. vim for()

Prover queries arbitrary ⑪
formulas F

, ... fa ggame ends when every

"truth table" contradiction
path has a

· I↑
C= (v)Di



·

Frege systems : Equivalent Formulation as Prover-Delayer game
Example :

&

Note this implicitly gives another
Normal form for Free prefs : to
Proof consists of a tree of ⑭

cuts
,
with simple 20/ ( % +

derivations at leaves. #E

/G For⑭
f = (evf)G ·? = (3)

-



"Complete" Axiom for Frege/EF

Theorem Let Soundness(s)
be the propositional formul,

-

Proof (5
,
1) -> Sat (

, <)Frege
- -

States thatIt is states that is not

a size s proof of f a satisfying assignment for f

Then (1) Soundness (s) has a polysized Frege Proof
Frege

(2) For any pf system
O that poliy simulates depth-2 Frege

Ptsoundness (s) can poly-simulate Free



"Complete" Axiom for Frege/EF
↑

Same theorem also holds for EF.

Therefore Frege + soundness
f For EF

: Frege posimulates EF iff

Frege has polized proofs of soundness
EF

Arigad ("Plavisibly Hard Combinatorial Tautologies"]
shows that there is aNatural combinatorial principle
That is poly-equivalent to soundness

et
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