
Today:

Feasible Interpolation & Automatizability

Cutting Planes

LBs for CPs via Feasible Interpolation

Reminder : email me about course presentations



Automatizability : Meta-algorithmic question

gorprots
· there is always a proof of size 2 and easy to find

&: Can we find a O. proof in time poly (size of smallest P -proof) ?

Den (Bonet-P-Ras]

O is automatizable in time f(s) if J algorithm A

that given an UNSAT F , outputs a prefutation of F

in time fis)
,
where =size of shortest P-refutation of F



Automatizability : motivation

1 .
Fundamental algorithmic question behind

automated theorem proving/SAT solvers

2. Has lead to amazing new algorithms for

unsupervised learning problems ,
as well as

approximation alsonthms (Sos(

↑ automatizable + efficient P-proof of sample complexity( Upper Bounds (=> efficient learning alg

3. (Nearly) Equivalent to Feasible interpolation
4. Connections to PAC Learning



FeasibleInterpolation [Krajicek]

Interpolantformula : A(X
,
E)1 B(j , E)

1 if A/Y,
a) is SAT

Interpolant function far') = EO If B(Y ,
2) IS SAT

* otherwise

Eample 1 : Clique/,) n color , (T, )

a
&·

a

&

O
k= 5

&



FeasibleInterpolation [Krajicek]

Interpolantformula : A(X
,
E)1 B(j , E)

1 if A/Y,
a) is SAT

Interpolant function far') = EO If B(Y ,
2) IS SAT

* otherwise

Eample 1 : Clique(, 2) 1Color , (T, ) Disjantairs
Example:Rep(x ,

z)1 SAT(y ,z)
s

um

* is a prefutation ↑isasatisfyingaof E



FeasibleInterpolation [Krajicek]

Enterpolantformula : A(X
,
E)1 B(j , 2)

1 if A/Y,
a) is SAT

Interpolant function far') = EO If B(Y ,
2) IS SAT

* otherwise

Extracts
-

Defn (Krajicek]
XXcomputational

Content
P has feasible interpolation if there is a from

interpolant formula AnB , and size (C) is

↳circuit ((2) that computesfai for every uNsAt proof

poly in size of P-refutation of Fa,



FeasibleInterpolation [Krajicek]

Enterpolantformula : A(X
,
E)1 B(j , 2)

Interpolant function Far1) =

↳ If Al,d) is Sat

O If B(Y ,
2) IS SATE * otherwise

Defn (Krajicek)
P has monotone feasible interpolation if whenever
the E - variables occur only Negatively in i and positively in A,
C is a monotone circuit (of size polynomial in the

size of P-refutation of fa,



Automatizability + Feasible Interpolation

Enterpolantformula : A(X
,
E)1 B(j , 2)

1 if A/Y,
a) is SAT

Interpolant function far') = EO If B(Y ,
2) IS SAT

* otherwise

Theorem [BPR]
-

① Automatizability => feasible interpolation

② for suff strong P (that can efficiently prove their reflection procple)
feasible interp => automatizability

BPR : "On interpolation and automatization for Frege systems
"

Bonet-Pitassi-daz



Automatizability + Feasible Interpolation

Enterpolantformula : A(X
,
E)1 B(j , 2)

1 if A/Y,
a) Is SAT

Interpolant function far') = EO If B(Y ,
2) IS SAT

* otherwise

Theorem(BTR)
-

① Automatizability => feasible interpolation

② for suff strong P (that can efficiently prove their reflection pricple)
feasible interp => automatizability

: automatizability of p & Proofs in P are "simple"
= Superpoly LBs for P (via feas . Intelp)



① Automizable -> Feasible Sotemp . [Impaghazzo,
BPR)

Let ACE) <B(YE) have a prefutation it

Algorithm to solve to
, is

:

on input 2
,

run automaly for 11 steps
on A(X

,
1)

.

If it outputs a refutation output "A vorsad"

else output "B uasef"

key point : If B(F,
C) satifable ,

Let p be satisfying
assignment. Then A(x

,
2) 1 B(8,

d) = Al
,
2) 11

so Te
, j =p

is a refutation of A(*,
2)



2
.

IfP can prove its own soundness

them Feasible Jutep for P -> automizablity of P

see Pudlak "On reducibility and symmetry
of Disjoint NP pairs"



Feasible Interpolation - UPPER BOUNDS

IPS

Extended Frege
&

Frege
&

To-Free *
sos

-b
A[(p]:Frege

↓ nius
Ac

.FreeSection #ulls.Tellensatz

I Y
Truth

Table



Automatizability - LOWER BOUNDS

IPS
-

Non-automatizable
Extended Frege

in polytime under & Non-automatizable

crypto assumptions Frege in polytime
Unless W(p] = FPT

EF : RSA To-Frege - ↳ CAR-O1]
Rest : Diffic-Hellman

-b
sos

GKP'98
,
BPR197

,

A[(p) -Frege
a cutting

3 Np-hard to
S L

&

↓

Planes

·nicus ~BDgMP'99] ↓
automate

AG-Frege
ba
Resolution. #ulls.Tellensatz

↓ · CARGNPRS'21
, IgKMP'20)

Truth Table



Cutting Planes

Refutation system for proving unsolvability of a system of linear inequalities
where vars X

..-Xn2

Def (Cutting Planes Refutations
Let Ax-b be a system of integer Linear mequalitiesSa : X = b'

,
an · X =b ... ,

a2. x = b 3 A- zmx
be zm

A cutting planes (CD) refutation of Axeb is a sequence of
inequalities such that each line Cinequality is either one of original ones

or follows from previously derived inequalities by one of the following rules :

DivisionT Now-Neg a . x = c b - x = d
↳near combination

(a + Bb)x = 2 + Bd
wherea divides every a where 2

,
B = 0



Cutting Planes

DivisionT Now-Neg a . x = c b - x = d
↳near combination

(a + Bb)x = 2 + Bd
wherea divides every a

where 2
,

B = 0

Quervations :

① To refute a CNF F = < 1 ... Cm : convert each clause to linea inequality
X

, vx-xy X
,

+ ( -xz) + Xy =

and addIn additional inequalities[x:0
,

X,0/ic(n)]

② Linear combin rule is sound even our R; Division rule preserves
only integer solutions

③ For refuting CNTs
,

can assume whog all coefficients have

magnitude = 2· Therefore size (i) can be measured by
#of Lines (lineminey's) in the CP refutation

① CPs is SOUND o COMPLETE



CuttingPlanes Complexity

① CP p-simulates Resolution

② Res does not p-simulate CPs.

En particular ,

H
,
onto PHP has polysize CP refutations

but we showed PAP requires exponential-size Res refutations

③ There are unset CNFs (FrInso requiring exponential-size CP, refutations



CuttingPlanes Complexity

① CP p-simulates Resolution

(x
,
-xzvxx)(f

, vyy) X+ Xz + Xy3) 1-X
,

+ Xy * / addition

2 rule

XyVXzvXy X
,
+ Xz + Xy + (t-X

,
) + Xy - 2

= xz+ Xy + Xy = /

(x
,
vXzXy)(X

, -XzvXy) X
, +xz+Xy3)(y ,

+ Xz + Xy = /

↑ 1 addition
I S

XyvXyvXy 2X + X +X *30 Xy0

1/addition
24 + 243 + 2yy7/

↑ drusionwf

Yy+ +z + Xyz rounding



CuttingPlanes Complexity

② 11 onto PHPY ,

has short <P, refutations

(a) Viel] PrtPat --
+ Pin = )

Initial equations
3) Vitie(n) PijPij 3 for PHPje(n - 1)

* ⑥ Derive : Vjeln P + Pj +.+ Pr 3 Hole inequalities

② Add up all egus from I to derive [Pj -
it(n]
JECh-1]

O Add up
all

eges from (2) to

derive& Pi
jech- D

⑦ Add ② ③ to derive 07 1



It is left to derive hole inequalities : Vjecnt] : P
,j

+ P + --
+ Pr;

(1) P + P = 1 is an original inequality from (b)

(2) Say we're derived (*P
,

+ Pi +
--

+ Prj# n = 1

To derive Pitt--Pha 1 :

(i) sum : Pit Pis, #1 for all is .... n to get
up

+ n -

Pic
= n

(i) Multiply (*) by n'1 to get (l P
(iii) Add (i)

,
(i) :n' = an-

(N) Dine (iii) by n curth rounding):it



Exponential LB , for CPs - Feasible Interpolation

Left A CNF F(x
,
y ,
z) is in split-form if F= A(X

, 2) B( ,
2)

where A
,
B are CNFs.

Lett [Interpolant (partial) function associated with a split CNF]
Let F = A(X,) B( ,

5)
.

Them define

fr(z) = 1 if AC) is satisfiable

S O If B(
,
E) is satisfiable

* otherwise



Exponential LB , for CPs - Feasible Interpolation

Left A CNF F(x
,
Y ,
El is in split-form if F= A(X

, z)nB(y ,
z)

where A
,
B are CNFs.

Lett [Interpolant (partial) function associated with a split CNF]
Let F = A(k,) B(j,) .

Then define fr(e)= 1 If Ac) is satisfiable

S O If B(
,
E) is satisfiable

* otherwise

#ampeCliqueocliqueformlyS
= variables : nxn mativ representing an undirected graph g : (

,
E)

,
Nen

& variables : 1xn matix that represents a clique of size 17 (a subset Sey
,
N =K)

↑ variables : 117ixn matrix that represents a (k)-coloring of V



Example (Clique-Coclique formula) F = Clique (x ,
) ~ Colora (T ,

2)

= variables : nxn mativ representing an undirected graph g : (
,
E)

,
Nen

& variables : 1xn matix that represents a clique of size 17 (a subset Sey
,
N =K)

↑ variables : 117ixn matrix that represents a (k)-coloring of V

clique,(,) :

(i) Fie] Xin 3 & defines a subset Se[n] of

size >K

(ii) Vizje(k] Jinv Fir
ve[n]

(iii) NUxveIn)injot Zar 3 all edges between clique
itje (k) vertices are in

g

Color ( ,
2) :

1) VuechsYou
(2) Vueces

,
UjECkD Jim rin

Big defines legal coloring of a)

(3) Vutve(n)
Viecd Fin * Yar-Ear 3 hereis woedgeingbea b



Example (Clique-Coclique formula) F = Clique (x ,
) ~ Colora (T ,

2)

Interpolant function for Clique-coclique

f(z) = 1 if graph encoded by I contains a kclique

So if graph" "E has a (171) - coloring
* otherwise

#easibleInterpolation Theorem For /

There exists a polysized circuit ( % F
,
it

,
2) that outputs f (d) .

->p
split formule c refutation assignment
over,, of F to variables

Furthermore

(a) if A(X
,
E) is monotone in E (only contains positive z literals)

then Circult C is a monotone real cruit-

(b) and if all coefficients in It have magnitude poly(n) then
C is a monotone Boolean cruit



DeM Fix K. A minderes (for clique-cochque formula) is a
-

graph containing a 17 clique and no other edges

Atem is a maximal graph that is 471)- colorable

Sets vertices partitioned into 11 groups such that e-1 if
vertices: and belong to different

groups (
k = 5

a

· &

&

&

OI
a

~
a Mintelm maxterm

Theorem [Razboro
,

"Lower Bounds on the monotone complexity of some Boolean functions"]

Let K = m
.

Then any monotone circuit C that accepts all minters

and rejects all maxtems has size min)
for some as2



Feasible Interpolation for CP

Lemma There is a polytime alg A (F
,

T
,
2) that outputs f. ().

Prof Fix F
,

it
,

and assignment I to 2.

We will show : for each line f(x) + g(y) + h(z)< D in TI
,
EDoP

,
DotD3D-h(a)

such that we can derive in CPs : f(x) = Do from A(x
,
C)

g(j) > Do from B (4 ,2)

Thus we obtain up derivations of >Do from 1 (
,C) and OD,

from B(y ,
x)

.

Since either D= 1 or D
,

21 we have a refutation of os 1 from

&

either A(X
,2) or from B(*,2).

So A(F
,
#

,
C) computes Do -D

,

v outputs 1 If D
.
31 and 0 If D

.

30
·



Feasible Interpolation for CP

Emma There is a polytime alg A (F
,

T
,
2) that outputs f. ().

Prof Fix F
,

it
,

and assignment I to 2.

We will show : for each line f(x) + g(y) + h(z)< D in TI
,
EDoP

,
DotD3D-h(a)

such that we can derive in CPs : f(x) = Do from A(x
,
C)

g(j) > Do from B (4 ,2)

· BASE CASE True for initial clauses

· Linear Combination f
,

(5) + g ,
(7) + h

,
(z =Cf(x) + 92() + hi(z) = D -

cassume addition) &(x) = C 9
,
(7) = 4 f(x) = Do 9.(j)

= D
, By induction

C + C
,
=C- h

,
(k) D

.
+ D

,
=D - hm(k)

-(x) + ((z) = G + Do 9 , (y) + g, (y) = 4 + D
,

Addition



Feasible Interpolation for CP

Emma There is a polytime alg A (F
,

T
,
2) that outputs f. ().

Prof Fix F
,

it
,

and assignment I to 2.

We will show : for each line f(x) + g(y) + h(z)< D in TI
,
EDoP

,
DotD3D-h(a)

such that we can derive in CPs : f(x) = Do from A(x
,
C)

g(j) > Do from B (4 ,2)

· BASE CASE True for initial clauses

· Division wh f(x) + g(y) + h(z) = D -> (f(x) + g(y) + h(z) = TPa]
rounding :

f(x) = Do g(y)= Dy
,

Do + D
,
=D- h() By induction

*(x)= y(y) = [4] Division

where : ID1 +TTP/TT-nT = T - hi

since(H)



I

#easibleInterpolation Theorem For /

There exists a polysized circuit ( % F
,
it

,
2) that outputs f (d) .

->p
split formule c refutation assignment
over,, of F to variables

Furthermore

(a) if A(X
,
E) is monotone in E (only contains positive zliterals) then C is a monotone real circuit

then Circult C is a manstone real cruit
(b) and if all coefficients inI have magnitudepoly(n) then C is a Boolean monotone circuit

-

Dee A monotone real circuit for f : 10
,1"-20 , 13 is a sequence of functions g.. ..., Is

where g. =f and VicS 9 :
satisfies one of these conditions :

· 9:
=Xi

· There is a monotone real function : RX1 + 1
,

and j
,

K < :

such that g
= 0 (g

;,
9m)

Proof of Feasible interpolation for <P follows from previous Lemma by
inspection (show for every line in split proof

,
there is a monotone real clut that

computes - Do) . Axioms : - Do = h() -D which is monotone function of a since

z only occurs positively in A (x
, 7)

Intermediate Lines : use additions
, multipl by many constants

,

division
↑which are all montire real functions



cutting Planes Lower Bounds

#orem (Clique-Coclique formula) F = Clique (5, ) ~ Colora (T ,
2)

Any CP refutation of clique- coclique
formula requires exponential size

#
1 . By Monctone Feasible Suthpolation for CPs

,

a size s CP refutation

implies poly(s) size monotone real circuits for separating
kcliques from K-1-colorable graphs ,

UK

2. By (Ratborr] (for low coefficient case)

and [Cook-Haken) (for general case) ,
monature real circuits for clique-coclique require size exp(na
: for 17 : on ; this imptresvin) EP Lower bounds.



Other Results and Open problems

1
.

For a long time the only LBs for CP were via feasible interpolation
,

and

therefore they only held for "split" formulas.

Recently [Fleming-Pankrator - P . Robere] and [Hrubes-Pudlak) managed to

prove exponential LBs for random KINEs
,
K : Ollogn) by generalizing the

feasible interp, method to arbitrary formulas.

Open : Improv the Cp LBs for random KCNE for K= 04).

2. For Resolution
,

we have exponential LBs for randum CNEs for all 133 .

Proof uses random restructions
,

or a slick argument [Beame-Karp-saks-p]
We
may do this later .


