RESOLUTION

Last e ne <awd

« REC s SOUND ¢ (OMP(LETE

@ fpreq—RES =X Decusin hHhee
f(%dahﬁ\ (UY S'(,)\}\VIJ SQ&(!C—%
M £or £ +
° Dag)~ees Prover/Oelecgen DAGs  (or /&QS«DAag)
Pe L Ac i fov So(\;trtj Secntfa
_ £
U for €



§

Gr 2 [Prover- Delayer Cxamyle

= )(\ I\)(.,L/\ ()E\v?_b\/ )43') A (713\/)(\[) /\(zl\/i\P)

* N ok % X

\.,
Va
W xo0 Wi

* 10 % *RO ¥x

Ox¥¥ 1O % X

Prover—De lox(er ﬂ ame,

Res Refutation,



Today

@ Resoluton  (ower Boun D5

@ Ffecje S\( stems



Resolvtio v Lower Bouwds vie widHe

I‘ Width LRe — Syve Lizg Viu  restrckion owfrumqwt

Or oJQVuonL,Q S 2~ md H- f»aclec%

AL, Width (R< T Vi {x'pqns(éyg of  clause — Varnable 3(?{(% of F



Pro(ms 1t | P{a oyt hole  Prin dvol e

PHP™ /;\ (PC,WP‘»}“”“PQ A A (—P:JV?Q
L=

b ,b, €Nt

g<n

Holt clauses (one —+o-oney

A A (P:—« v P: 5 A A\ (P, VP.V._»/PM.} é : |
L oo Y 3 - & d
Lo P
NP



Res  Lower Bounds (o PHP - Wary Tee - Resolvhon

W)

Sho ang deccion o€ Ffor SQarJt.PHf requires SIR

R Is ths ﬁqb\—b Lor bre.Q’k(sz, RQQD\%G"\?

N alve Pl jQW\ _i.

vPPel BovaD:
P\Jtoﬂ/ l \‘\\oy\ GK(/K((K_
/(\\ Shar Res OAG (fn el
x$ -7 can. W Seandh

A Sl{k (&O(V\ )

C ~ ~lon
V\: 3;30(.,\\ o =2



Res  Lower RBsunds (o PHP wa@qp Tee -Ressd o

Theorem
) | ) ~Ln
Anj Jeciam fvee So(vmj SQ_arJLPHfM're_iulrz_\ 2° ) s\ze.
n

To Prove Theowm “  Prove ‘“] vduchon o o thet ey decision
Yree for SQuVOhPHP:H ot C&\C/E_S Covret gns ULy S for el quWS

Was size 9"

r<r’5‘ ?23 ¢

2% AN

3 4 53 ; ‘?"%

. Y é oY
E A /ZA\\
wduck: s < 5! | 3 /0
ekt ard rght 3 3 & 4 <
sdotvees hav Y <)

size g s %)



RES LOWERL ROuMS Foz PHP (The jenem( Cast)

Cotical Trudh Assﬁj/\men't&f Nn-\ of the pn piﬂe,am_( mcwcd -l the n-\ heles

and Hhe Ieftover Pn\qeon \Mmf((ped

o !
To T (__ W,LS ’[_\ o a t S -
3><3 - ctoo wm(e ?I‘QQUY\ 2 Unme QL‘/(
4 / (P

Pt we will sanfarme RES rekAadions ) PHP

Mmoo e conly nedorall koM.



Monotone Tram(om'\wt\é\YL of PH‘FT\“

N+ |

: ‘i i ’i 2 P(3 eon

. . B n : Axisms

+ ~+ ¥ + n
N~ N—"~"

P“v PH—V.,VP‘ P7_|V()—L-lv""/7_m (NO holQ. % 6?'4_‘)
)
-+ + + + I
. + —+

Morotone | preke o hole i + o = R

Rule (row) | .

A ) c

Lemma  Any sre-S  RES refUdatin of PHP” can be transfomed

tore prefstathion of ¢
o o« mano reg e O(S)) and vite -versa



Monotone Traﬂﬁ(o(MMf\éYL of PHY

—| i _| + +
. +
Monotone pck o P‘O“/p £l [+] + 1 1 1+ +
Rule - (row) J —————, ——I __
A & -
@ Convert eath Uabuc @ ShoN any RES $*Q IV\_\T an )DQ S)M\A[bded
to memtone dause “‘J mMenctdne fules in L
= I == I & u%lb' - | T |
| | X - + I I %
. N + | I
( 0 . T
+ + 4 .pl + 4+ 4+ -PI E
! | I Pt it 4]
|
1

.. Sulfices 1o WL B for manotone el v ahims

LU

e+
EAN

4
i



Plaging Wih Mo notona Rektrations
N

UQ  shat {i\-l "

¥ I
0 start wh all nx1  oll-¢ subvedartdllf.) no|i | I _I
dewg b1 L+

-+ A

. Removt hole n - aqna.ra(k all n-Nxz "
s\lartdrawa,@s o~ s |..- n-| (z) jrjrf
C\C(\MQJ e |
1. Wde n( - woe all (A-2)x T
[Laumavt ( I)QI\ (n) —I
(U boreetangles hdey 1--r-1 3 |
clauser AR SE: I
b3 |

M. Remos WL 2 - gqenerode all (w

shvecdayles o holes 4 (r\,>
n - RQmN- N4V 3QWIA°°R Qwvf-l Clauws e (ﬂ)
0







PUP Lower Bounp Fol. MONOTONE RETFUTATIONS

T heorew Ar\j monofone. refuterh o Cl) PHP ':' rclw'res SRQ Qk«p(ﬂ-(n))

-—

PLAN

0. Assums U s morwtone rRtutahion of sre g

-

LGy e e ichon ot T so et Wf Lepme 4

. I
15 stll & monctone rekutahor of PHP:“ where N 200y

CLV\OL W(}l-“b\ of Quefj aunse. ‘i~ T(\(; IS Sma“

B
7. (Wde doust Le,ywac>1 A,\j monotone  ref Aahan % PNP:\“ Lo 2
Q‘V\LL&S Laﬁa wid K- —'ﬂ



lemma 4 Pssume T has sze S < 2™, The AlI- Pa/’c{u\ restrichm P
mopfing £n pwes to holes sudh frat wid (o) < W,
Pﬁo_t_ let t = nl/(o, Oetine o wide ause. us one o€ wdMy =t .
e A(){)\a o res*lv\»d't:ov\ P Swdn Hamt 'P’(T[B( has wmdth =
¥

on avRvoge, sl\{\?\a

N SW\QIQ Vaviu ble P Yo 4

wll cet = S{C) wide clausee §o _1_

Picle PLJ. ad«k&\iu/\ii ak least e u\fg « sef ¢ to ib

¢ Set \9[“( =0 VJ(%L) P,,:Q VL}:\L
, ¢

)

Le€t  unth <  48/1p wde clauwsecs.
ﬂ(w@«’( lke,lfcvh‘\,uj [o'f]lg, S tumes f set cig Wde dause
N TYCTD o _/Lq,
\ 8
o oLk with o cound refdtabon of PHP{V\\\_‘ of wdfh <+ - ')‘/o
where Nz n-0ge S > 6Fn
A
tn



Lemva 22 (wndle Chawse Lomma, £or PN(’)
‘ Nel . 2.
(\nx& monftone 12es AR cion 6\) PAP ™ has widi, > a%

Pt Lt he u.w_v\el.cxfs7 of . nmendlime) clause (  be the
M aumber of  dauses |, PHP:‘\*' that IPY\PHQJ C on all (,}calg

(_om\(;meLl ( Pryron -clcxuue\ =)
ng@\mll\ (Kinal s dawe) = vL
By Coamnduss 6 0o C, Then

Complan () £ Comploxily Q) + Campleniby (<))
S D MWD such that % - Cow(LQ&ik] (Cf‘) < 2:3_5\
we  wll shod © wmdvh Q(j‘) > ante



Lemva 2 (wnde Chause Lamma Lor PN(’)
/ .
(\r\n monbome s rebAshion 6\ Pr\?:” hat widd, > a@
g .

C‘ = @ﬂ\/\,@* clauwse . S Q-CVHII - m'n subsek of Plé{QVL Uause g %\6& M\Pb'e‘( Cb

IDEA -~ Vi, all (-ctols sabcly ol P\beonﬂ clawsel 7y XL
o o f l':eg) there must Uelst ot (eask me  L-cta K
Hrect €alsi€lies st.

e and 1€ S Then ell (-cbols sdﬂs{a C

ug.uj Se.ns\ﬁ\f\H ot & wrt U-ctuls , we wil]  aful
WY ING) I,



lema 2 Ay mondtone Res cetAchion ¢ PR e widdh, > an%

C‘- = (_D{»\/kﬁ)‘l» Cl‘&u.ie y S gcn*,l - Wh‘r\ SV&)&@& O‘Q Plb{QVL quSQj %q-k ‘"\O})(’J (‘*

IDEA T Wi, el cockds sebihy ol Pheony classs 3t
o o f ies) there must eist ot (eusk me  l-ctet & Huot Lals€ies c*

s and i€ (& S Then all  (-ctols Su’ﬁs{d C

Lex (€S d (-ctu Fulsf\(\iwj - Lt jxS. Let o(j be j-tbe obtamed fom « bﬂ

' ° ) %Qﬂv\'ﬂ ;
J .
. % o ol * J

Lwc:;/: ’ L(?ZQ



lema 2 Ay mondtone Res cetAchion ¢ PR e widdh, > af%

= @Nm clause . S<(ntd - min subsek of Pcé{en Uause < '_‘H\q{- \n\O}}e_( Cb |S|=m

LREA |

V\;) all (-cta's sa(f{&(\( eﬂ_l P@aw\i\\ claused 3§L
o o f l‘:eS) there must Ulst ot (et me  U-ctn A fedt Calsi€les -

e and 1€ s)‘l’hen el L—ddcs Su{?é{q Cx

Let LeS d (-ctu \:ulsf\(\imj - V 185, Let O(j be j-tte obtaned fom « b:l

. A j(’Oﬂ-J\'Y‘ >
; %
A Q. o
Ly C?/'.

= Bj m0n0’»\0¥\'@\1 % must occuv W &
LL

C»

N\

= Runing over o\l ja s ® mask ontame all vars T RQ‘ E— N-m

&,
= Runding over all Ces & wmuk wwdain @D -n vatelley e M- (N-w)



lema 2 Ay mondtone Res cetAchion ¢ PR e widdh, > af%

= @Nm clause . S<(ntd - min subsek of Pcé{en Uause < '_‘H\q{- \n\O}}e_( Cb |S|=m

LREA |

V\;) all (-cta's sa(f{&(\( eﬂ_l P@aw\i\\ claused 3§L
o o f l‘:eS) there must Ulst ot (et me  U-ctn A fedt Calsi€les -

e and 1€ s)‘l’hen el L—ddcs Su{?é{q Cx

Lex CeS d (-ctu \:ulsf\(\imj Q‘?: VJE\S Let o( be j-tte obtamed fom b:l

S
L\(C?/ :

= Bj m0n0’»\0¥\'@\1 % must occuv W &
Lo

j(’Oﬂ.J m ;

C»

\\52 ;

= Runing over all gg,s ® mask wntat all vars F&,RQ' E— N-m

= Running over all (e & wmusk wddin @D vandller & M (n-m)



Resolution  Lower Bound s

O Wit Lz — S\ve L Vie  restrackim arqUMpt

Of gquanad s e~ mdf f»aciecrl(b

A second Waﬂ to reduce sme (2s fo wdHn LBs ¢
[ en- Susso\/\~k/&]1jc9&//§o’m Slfée_—\k)ldé% Tvad eo{ {sr RQSQLU‘UM

Ttheoem (awol] ek ¢

b Tree-Res-Se (F) » ;{«s-w\dw(r)-K

be VNsat KANT 61 N vars, Then

gwes e~panenticf
| Bourds {or oy
» Res-s2e CF) = - CE) =) 4/1@\/\)9#’
2 s-Site CF) a(Res-width (F) —k) /p near e

51&()'7 bj < ):eaV\SiOV\/



Resolution  Lower Bounds for random LCSPT/

Theotm (mWol] Lek F be opsat KONE 6n n vars, Thep
booTreR-Res-Se (F) & i(u—v(l\d%;(\:)-K

2., Res - Size C l;) > J\_( Kes-wlldv% (F) —l<)z/y\
2

£a gv(A,Y\,h)? Pick m=dn clauses of width Kk, for a>0 subf large wh() f~Flank) nsaT

i For £ ~h(ANK) any Resoluhan daj rquireS  Linear widi,

Follows diwectl, fam fuct Hot Uawse \\/Q./LG;LL(
3(@.6;{& IS o~ aauJ bGW'\daj %/&MU/’ th’"

*n )
. Z. Ben-Sasson Windersin © Saail siee. = smal wdin

S m;js



'Fvo\/\'v\j Lower Bsomds Hom

(\x() Un s o

(£ l/':C(AC_Lr\..r\C

%0

C (ouuL*\/Oru:(fl(( jmr(,l ﬁF:

oy s2s Vavg
C| ,
(,L X,
3
' Xﬂ
Cw\ 3

Deln ﬁt has (i\ J)‘Qx/an_wén

® vesL Islsen (NCSY = §+]s]

]_)’Q,f_(_\ ﬁl" hag (CI §) - bow'\cla/\j ‘pran.();m
i( Vse z_] Is( < en
/ ﬂuw(tucwbrs e IV(S)( > S-/s‘



’Fmv\'v\j Lower Boumds Hrom Expunsion

Lﬂ:& l/':C(AC_L’\-.f\C

%0

Deln ﬁt has (i\()-evanslén

¢ (ous ¢ ~Variable jmr‘/l ﬁF: ‘£ Y €<= L) [sl E.V\) /f\/CSb‘? $+1sf

clouss Vavs ,
c, %, Dafn 9. has (¢ §)- bow\cla/\j o ansim
C x
il : (C Vser Is(<en
7(3 \

/'ﬂUM(zd(NbV’S T N(s)( = ¢ [s|

Cad (et G hae degree d txpansn ¢
Hien L:L«vrl&afj Px{)ans/or\ > Je-d

. . - sl = bois| 4+ Als(= )]
L R b> de-dq




’Fmv\'v\j Lower Boumds Hrom Expunsion

(=€ l/'Z-C(AC_L'\-.f\C

v

Clainh Lt O=E<|

aus - Or(t:(tl( ‘/\ .
C (ause ~\V ¢ jmr ﬁF . 1€ f](_- has (g’ D(,)\ - L,our\o{owﬁ

ClousRs s epans m  Hhen RES-WIDTH Y = ) (o)
C! ?<,
C x, -
z g * ‘ '
. Pr I.'Q{ C be {fist cdowe ef et ovs
A N . .
denved .Fmrn = % wnihe| Jauses.
S ¢ devd fon < &N

et Sslml, ¥ <15l ¢y be clawree
’ Mmnm ‘ '
oy n 01“7 |mpl7)yv C\'
Co ? ﬂ” bOMYJO/\\f Vo & (b {Ct ' CGS} must
SINSTE SN c*

RU bound’ay {xpar)s;m'-,) w\dﬂw((f') ~{L(n)



Resolubion  Lower  Bound s

Mebod.g

O W e — Sipe L Viu  restranckim arqumMemt

O¢ oJO_ruv\opQ S ze~ md H f»ao(e:f((b

W VR . ‘
A LR 2 rpansoeve of  clause — Varable ﬂm(h ol F

(—Qa;\bLQ, iﬂ'ﬁtr olatlgm \A)\([ c,Qu(‘(,(AS
Next  (ass



RES VPPER RouaDS For PUPT

(7.
0. PAP",A\\ T tvee-Gke Res ;26")
Res = 9™
QS“\\P‘]OY\

I. The Previous Lower lkound stil) gu'/es Symilar lower bound

kN

for +he wriele PWP PHP " m = n

) )

2 L&zss—f") show Po(\lsu%e_ Res reftettions of P}}P:‘\) m"'ap\

(e proves Neas M kJ\M\c] Res ower baancl

3 [ Maciel - P-woods ] D quesipoly Siz< Res (polylon)
(see also Pari- wilie -\/Joads) refutadwns o Pﬁ'[):" | Mm=2n



OPEN Q's

I. Are there ()olisw’. lles(PSLlloSn) refutafions of PHP:h ?

or polysie Bounded -depth Febtatins of  weale PHP 7

) n

iSest  Lower bounds su(erpékd for Res (ﬂi_r\') PHP



Crtvet Slides (N Cove/QmQ



Size S Res Refutatons of FHF:‘ for n< M [Buss-P]

\vglog S

Let Piqeons = [m), holes =Cn]

Looeiermdc pigeons [m) into blods of Size IOjs-r!
Cuse 1 Some block of pigeons maps to frst IOJS holes.
If so, refute n size ~ S and HALT

Case 2 Othurwise et eadh block of pigeors be a\\SUpU‘IﬁjQOVL’/ ¢ -V %
% LEBlotk.(u)

Eadt sufureeon. Mags to one of the last n-logS hales

So ls\/perprﬂwns( ~ (_gﬂ_s | holes(= n-logS

K&pewf] LOOP W)% [—O(%S (S\,{)ef)‘)‘\:]@nsl n- IOJS holes

L ]1035 e ]lojs

L L
1 .Y
t t




Size & Res Refutations of FHF: for n< [o:ml(_)zs

\Uc,lo? 5

Let Pfje.ons = [m) , holes =n]

Loop ¢

(Dwdle pigeons [m) info blods of Size leS“H
Cose1 Some block of piqeons maps to first [035 holes.
If so, refute n sige ~3S and WALT

Case 2 Othuwise et eadh block o€ Pigeons be o su‘oer—ﬁjeoy\_ Q_: v R
% LeBlotk(e)

Ead syfur(geon. Mags to one of the last n-logS hales

So {s\/pu’prﬂwns( ~ %ﬂ—s lmlcs[= n‘leS

Repeat Loop wiHh 1o (5\,’,2,)‘;\3@{15' n-logs holes

— (3¢
Analysist o fter ((,%’5 tterations, need m2o: log1og®
oy L2
m [ojm Toglgm %”‘ v \q/i""
'(fo 9”)_\‘00? = - = by loylys ¥ - lojm l:’ i
g (1035)“75 |0ﬁm |°,j§ N)‘“JM [OJW\ ')Jl"vm

5{’06\1% S \oi(\m, n = Qo;] m)l

o)

so MN;{J , ond oroof of site Q.

l°J\03M



QUCAS\‘-\?OH S\ ze RQS((XSH[Ujr\X RQ(\/{-“{—im_} of PHP“ A[

. ’

\ \
=
Step 1 (Reduce rcmg&) Lok A - [V\Ll ) B-1In] A ]BL

Pa,/b‘hbl’\ A W\'}O YL |01on$ A‘3 c-nD AV\ Cq(-h SI‘EQ_, YL \/ O-S:/\'j\[ntfj( m;f]ﬂrﬂ
“in—>n

I
Paktion B o A blodss B 3. eadh size % Am[

A 9 B
Case 4 : Some A  maps all pigeons m A to B ALE ;’H
Thea we haw injectwe Mqr) q: AL - B, ; B,
Case2: VU some pPlgwon in A. mags to B, A
Then we Wave an mjecwe qu 4 fom [n] to B, ‘{ 9 ]3.
= N cunern. “ . _ A e
ol = spepgeoss’ Spupgen G- v g Ml
Plgens L Ar Iz : [
Al




Case 4 : Some A, me)s all pieons m A to B 1 ﬂj A B,

Case2: Vi some pigeon in A, megs fo B, : q

SEQ() yA

Q\)as\‘-\’)oH S\ ze RQS(()éLlijnX iCe futations of PHP:—L A[\ .
|s{§é1| (Reduce ranye) Lok A =[n"] | B=Ln] ﬁH

Parbition A o n blodes A, .
Patitbion B o A blods 13 3

CAmplity Py N -n")

(s ifyechve asguming bottn ﬁj are |?\\\QC{'LJQ>

eah size
eadh size

N Qorl ‘/l&( Meyo|
/V\— ¥?(n1ja[f§,ﬂ
Al
Al .
N H

Defiie h: (n*l—> (%] b& .- h@) = K fras djeln] st ORY and \c](j)=l<

Aft e steps © r®@ we haw qone Erm mjeckve £ (W]l A(0n) fo inj echut h:(n™] = %]

queat S&eps D ¢« @ to obtain sequence of ',,,:‘IQd-“)Q funchons

S R N A N B A R R A

£ nm) M)

l‘ﬁr\ < :%\



Quasi-poly Size Resq»wojn\ Refutations of PHP" Al

\
e =
step 1| (Reduce ronge) Lot A =[n*] | B=In] A, ]e

' ] . oriamal m
Parbition A o n blodes A A, eadh size n /V¥ ol gy
Pakton B mo & blods B B eadh size % N
v A ,
ATl="
Case 41 : Some Ac me(s all pieons " A\, +o B| ’ (1: At_jBu | == H&

Cose 2° Vi some Pl'awn in A mags to B, q: [n] — B A
E— Su(u'()fjwns = {'

Step 2| (Amly pyens n —n*) | Al
Defirie h ' (n*]—> [%] bg < ha) = kK € 3jeln] st f(D)=) and \ﬂ](j)=K

(s ifyechve asguming bottn ﬁj are |?\\\QC{'LJQ)

Complexity of Reffation

% At eadh ternbion, each soper-plg o’ s« poylon-width DNF | Site ‘:{)‘C&P&{(”B
SO prook  starks uath @moms P{p"‘l(g)

Skep 17 Denve axiomg PHF ((j) where Vs CQ.« ¢ poylogn DNF

5&(? T Deriw axiaMms PHPN— (l«} [_V\/V\QVQ WKQPD%CJ‘]Y\®N‘F) frowm PHPn C_() PHP (g)



