
Lecturece

- HWS due next Tues
.

- Homework tips
- Pumping lemma



1. # 3 Labelled Hard
.

Assume

4
,
Kz are

Assume A is Regular language . near
.

Show that Half (A) is also regular . prove 4 + ↳

4- Lz
an

g.)
Half (A) = { × / 3-yet . 1×1=41 and

✗yet }

2. accept all strings w such that every
,4 consecutive symbols q w contains

at least 2 0's
.

If you give a DFA, describe
NFA (ÑÉ&¥ ) transition function by

both diagram and English description



Tipptfal
If your construction

uses closure properties

then be sure you
dont take

an NEA for L
'
n

use comers
-

ion -(a accept states
→ reject states yreyect

" → accept

from class to go from L
'

→ I

-

]
avoid

condition 0111 these
1011 as I 1 I ← accepted
'

,

svbslnings

10C I rejected
0001 I I resected



Recap so far

1. DFAS and Regular Languages

2. NEAS ,

and equivalence with DF As

3. Closure Properties Of Regular Languages

4. Regular Expressions
and Equivalence With Regular Languages

Nates
. Proving that a language

is Not regular :

Pumping Lemma

6 .
DFA state minimization



Non regular Languages & Pumping Lemma

Warmup : Which of these languages is regular ?

A = { 0^1
" l n > o }

B = {we {0,13$ I w has equal number of 0's & 1 's}

c. = { we {0,13*1 w has equal number of occurrences

of '01
'

and '
10
'

}



Non regular Languages & Pumping Lemma

Warmup : Which of these languages is regular ?

L
,

= {we {0,13$ 1 the number of 0's in W is

equal to the number of 1 's in w}

Lz = { we {0,13*1 the number of occurrences of
'
ol
'
in W is equal to the number

of occurrences of
'
10
'

}



Lower Bounds : How to prove that a Language
is not regular ?

L = { 0^1^1 neo }

Tricky since we need to show that every DFA M

has to make a mistake
with respect to L

(show : either 7-we L Not accepted by M ,
or 7W accepted)

by M and Not in L

And there are an infinite number of DFAS !



Lower Bounds : How to prove that a Language
is not regular ?

L = { 0^1^1 neo }

• Not enough to show that the obvious or natural

DEA s don't a.ccget L

• Avoid a common trap :

L may be defined by some property .

But we can't assume that a DEA for L Needs

to be able to recognize/compute that property

EBL: Lz = { we {0,13*1 the number of occurrences
"

of ' ol ' in W

is equal to the number of occurrences of
'
10
'

3



Lower Bounds : How to prove that a Language
is not regular ?

a- all Languages
over {0,13*

÷
regular languages↳cnn.is

"

*

Languages

proof by contradiction : Assume
that L is regular,

so some DFA , M , accepts A •
Find some property that all regular Languages have that
L doesn't have to get a contradiction .



-

WARI
>
: A Language L

'

is finite if 3C>0 such that t.LI Ec

-

Lets show : L = { 0^1^1 n so} is not a finite Language .

IKty: A language L
'

is ¥-bÉd if 1- Keo
'

such that

every we L
'
has length a- K

Claim All finite languages are length
-bounded .

Proof that L
= {07

"

/ n> 03 is Not finite :
L
.

• Assume for sake of contradiction that L is finite

• By Clavin , 3-1<=0 such
that every we L has length sk .

• But w= ok 1k c- L and lwl > K . •
: L' =\ L

.

So L is Not finite
-



Now we will show that 2={07^1^2-0} is Not regular
Main tool : P⇒g

Lemm-a.keyI-de.ae
Every DEA has a finite number of states .

Therefore for any DFA M (allegedly accepting language L)
for guy sufficiently large WEE , M 's computation
on w will Loop .

For example , suppose M has K states
.

Then for every
we E* of length 3k awl >K)

,

M will loop on W .



I

Keytdea Every DEA has a finite number of states .

Therefore for any DFA M (allegedly accepting language L)
for guy sufficiently large WEE , M 's computation
on w will Loop .

For example , suppose M has K states
.

Then for every
we E* of length 3k awl>K)

,

M will loop on W .

Exampte M :
M has 1<=6 states

so any string w of length -6 →% 19
°

will Loop ( repeat a state) I *it
w = 1011011 Go 9,9s Ey 929 , 9294

↳

¥-94 .

-

W = 1 11 00 I 90 Oh
, 92 hey 93 909

,

W= 1001111 Go E
, 9g 94 Ez Ey Ez



Proof that L = {0^1
"

In > o } is Not regular

Property : For any DEA M , 71<=0 such that for every

W c- E*
,
lwl - K

,
M on w repeats a state .

That is
,
VW
,
twink

,
F a state q* satisfying :

we can write W= Xyz , 141>0 , Kyle
K satisfying :

M is in state q* after reading ☒ ,
and again is in

state q* after reading xy

Therefore for every i> 0 , the string
W' = ✗yiz behaves the

same as w on M .

That is :

M accepts w
' if and only if M accepts w



Property : For any DEA M
,
71<=0 such that for every w c- E*

,
lwl - K

,

M on w repeats a state . That is , VW
,
twink

,
F a state q* satisfying :

we can write W= Xyz , 141>0, 1×41
'

← K

M is in state q* after reading ☒ ,
and again is in state q* after reading ✗

y

Therefore for every i > 0 , the string
w

'
-_ ✗yiz behaves the

same as w on M.

That is : µ accepts w
' if and only if M accepts W

Examples
W = 1011011 Go 9, 9s Ey 929 9294
YIM: 1<=6

→%

'

° " ' " " '

÷i9%§
-2

*it
§¥ 94

.

.

W= 10011 I 1 Go E
, 9g Ey Ez Ey Ez

*I



Property : For any DEA M
, Ipso such that for every w c- E*

,
IWI =P ,

M on w repeats a state . That is , AW
,
twins p ,

F a state q* satisfying :

we can write W= Xyz , 141>0 , lxy/=p such that ,

M is in state q* after reading ☒ ,
and again is in state q* after reading ✗

y

Therefore for every i > 0 , the string
W' = ✗yiz behaves the

same as w on M.

That is : µ accepts w
' if and only if M accepts W

Proof that L={ on il n > o] is not regular :

Assume that L is regular & Let M be a DFA accepting L , where M has p states

TInY÷aiim)Consider the input w = OP IP
.

Since WE L
,

M should accept w/we reach

By above property , we can write w
- ✗ y 2- , HI -0, lxy / EEP

such that Vito xy
:
-2 is also accepted by M (since Maccgltsw)

since lxyl ← Kp, 141590, W= ✗ y 2- = oaob OP
- a - b IP b > ☐

t.TT
☒ w

accepted ahh
i. by M ,

then the string ✗ yaz = oajbof-a-by.P-o.PH Ip is accepted by M
but xy't-4L . Contradiction

.
5. Lts Not regular.



Note : our proof that ✗ Liz was fairly

simple . This is because he chose w wisely .

W = OP SP w = ✗ y t
☒ ✗ y

contains only
since

lxyl =p

→ say we picked instead ; . W= ok 1%

Pumping

says
: W = ✗ y

t Hy / ⇐ P , lyle ,Lemma

Now there are
3 different cases of how w can be divided into

×
, -1,7 satisfying IXYKP , HI

> I

b E-a-b 1172 ¥33 :
cased:

-⇒ F- ÷ 0%19 E-a-5

E- a -× 1¥ 1¥easy ①÷ ELI 1-
L z



Proof that L={ on in / n > o] is not regular, cont'd

°

For example :
→%§i⇒⑨M : p=G¥1

↳⇒ 94 :

our string W= OP IP = 0616 = o o o o o o l l l l l l

M on w accepts : go E , Es Es- Es Es Es Ey

F-É
y

Mon ✗ y*z : also accepts ,
but xy2z&L

in

"

pumped
"

string



Anottherexampl

Lek Li = {WE 10,55*1 w contains the same number of 0's as I's }

Proof 1 Cussing Pumping
Lemma)

-

Assume for sake
of contradiction

that L' is regular, and let

M be a DFA accepting I wish p > o
states

.

Consider Ws OP SP .

W is in L!

By Pumping
6mmol ( Saine as previous example) , W can be written as

y
W= ✗ yz = oaobop

- a - b Ip for some b
> 0

,
and w

'
= ✗ y
'

-2 is also accepted

t.T.byM
.
But w☒§L ,

& therefore we
reach a contradiction



Anotfherexampl

Leto [ = {WE 10,55*1 w contains the same number of 0's as I's }

PNof_2 ( via a reduction , using
closure property ]

Let L = {0^1
" l n > 03

.

• we already showed that
L is Not regular using pumping lemma.

•
Also

,

we have : L =L
'

n L
"

where L
"
= 0*19

→¥-1>¥1
to

claim lil : L
"

is regular

claim fii ) : Regular languages
are closed under intersection

.

°É¥

So if L
'

is regular, then
since L

"

is also regular
thts would imply L regular, but we already
proved that L is Not regular

*

•

.

L
'

is not regular



Here lets try a different choice of w that doesn'twork

( to prove that L
'
is not regular ) :

Lt = { WI w has the same number of 0's and j's }
-

A bad choice of W ; W = OPE 1172

w = ✗ y 2-

a ob OPE- a
-b 11%

in this
case

coset Q Y- y
could hate

✓ the same
number

E- a 1b 1%-5 of o's as 1's

Caserta §
, Cy ¥ so no pumping of w

in this case will

always give usRaza yb 1¥- a
-b

a string
w
' that is

cased¥ cry ¥ Not in L'



Let L = { Oi 1
"

f i < j } .

L is Not regular.
1-

PI Assume for sake of contradiction that ↳ is regular,
and

let M be a DEA with p states that accepts ↳ .



Let L = { Oi I f i < j } .

L is Not regular.
I

Pt Assume for sake of contradiction that ↳ is regular,
and

let M be a DEA with p states that accepts ↳ .

Let W = OP 11+1 Note that was L
,

By pumping Lemmy we can write W = ✗ y z , lxy / =p
,
lyl> 1

such that w
'
= ✗ y
'
z is also accepted .

Since lxyl =p this means W = ①
a Ob p - a

-b pt:

→y-%-
for some

ab > 0

then w
'
= ✗ y
'

z = Optbypt 1-

But since ba> o
,
p
tba > PTI and therefore w

'

e) L
,



Let L = { oil
's

f i >j } .

L is not regular (Example ofpumping down)2

Pt Assume for sake of contradiction that ↳is regular,
and

let M be a DEA with p states that accepts ↳ .

Let W = OP
" IP

.
Note that w↳-↳

By pumping Lemmy we can write W = ✗ y z , lxy / =p
,
lyl> 1

such that w
'
= ✗ yoz =×z is also accepted .

Since lxyl =p this means W = Oa Ob OP
" - a - b
,
p

I ¥ Iz
b>o

then w
'
= ✗ y°z = 0PM

-bag P

But since b> o p fl
- b =p and therefore w

'

e) Lz



IN summary
to prove some language L is not

regular (using the Pumping Lemma) .

1
.
Assume for sake of contradiction L is regular .

( tve are given any M with p states
,
p > o )

?⃝ Based on L
,

and p

we choose some w st ① Iwl Ip

② (typically ) we L

3 .

Now w
-

is divided into 3 pieces W=xyz
such that Hy / =p

,
171>0

?⃝
-

show we can always pump up w too set a w
'
= ✗yiz

live pick i) and we need to show w
'

☒L Ctypiial case)


