
Lecture 22

oday :
NP - completeness of HAM PATH

Cook - Levin Thm proof C) SAT is NP-complete)

* see Review documents (under
"Handouts ")

for computability
complexity • NP

- completeness



HW4_

2. FACTOR problem .

.

snow Factor is in P assuming F- Np
.

First que
'

a poly time alg for Find - PRIME - FACTOR

Rossum iy P - up)

pastime
* Runtime here means

pay IE logx where ✗ is input
☒

we



3. (a) ← Nghe
'

your explanation
(but you wont be able

to

prove your answer)(b)
←

has an answer

4. 3sAT
ca-7 to is it sat ?

(b) show ssst→ exact
patina
reduces JSAT
to #



To prove a language L is NP complete :

d) Show LENP

e) Show for some NP - complete language L
'
:

L
'

=p L

L
'

L

•f-



NP - completeness vice Reductions

theorem HAMPATH
-

is NP - complete

Piotr
1. HAMPATH in NP (already did this)

2. We will show 3sstep HAMPATH (and thus HAMPATH IS Np-hard)

Let of = ( a. vb.ve , ) ^ (airbed ^^ -
.
^ ( amvbmvcm) each ai.bi.ci

-

is a literal
.

5- : 4 → ( go
,

s
,

t )

HAM PATH
= { (gst) / G -is a directed graph

with a hamiltonian path

(visits every vertex ing exactly ma)
from s to t }



Let 10 = (Ef
^ Kinsky .

) ^ 8-E- ✗ s )
& ÷

a- # vars =

y

m= # clauses =3
5- : 01 → ( go, ,

s
,

t )

$

9¢ : ×
,
0 ⇒⇒⇒⇒⇒⇒→

C
, Cz G

• &
C
,

as

✗
z 07-7<=0-2 ⇒¥

• A Cz

×
,
#→_⇒⇒⇒⇒⇒⇒•

↳
Be •

✗
y

⇒⇒⇒⇒⇒⇒

A- vertices = At It znt 2hm + mb-



Let it = (ÉH
^ Kiniski I ^ )

↳
a- # vars =

y

m= # clauses =3
5- : to → ( g p ,

s
,

t )

go, :

×
. *⇒⇒⇒=→→⇒

.
• A

Xz
• A

×
.

:

:✗
y
•←→É⇒→←⇒⇒⇒



Let it = ^ ! ^ )
a- * vars -- y

m= # clauses =3
5- : to → ( go

,

s
,

t )

go, : \

A

÷÷÷÷÷÷÷÷:G

÷



a- # vars =

4
5- : 4 → ( go

,

s
,

t ) m= # clauses =3

go, : \

" ""

.

A

✗
z 07-7<=0-2 ⇒⇒

• ÷☒
Claim $ is satisfiable

-

Iff go has a Hamiltonian path from s to f

a : ×
,

-

-1×2=0

¥-1a-



3 SAT IS NP - COMPLETE

• Today we will prole the cook - Levin Theorem

showing that 350T is NP-complete
( actually we will only prove here that CNF- Sst

-

is NP-complete

although
-

it can also be shown that 3CNF-SAT ( =3SST) is
also NP - capture)

• This is the first language shown to be NP-complete
so ul need to prove

(1) 3sAT ONP ( easy
,
already dig)

* (2) JSAT is NP heed ?

foreign 4- NP L Ep 3 SAT



cook - Levin Theorem : KSAT is NP - complete

1. KSAT C- NP ( already did)

2. To prove KSST
-

is NP - hard we hail to prove
:

For every language A c- NP
, Atp KSAT

Let A c- NP . We want to define a pslyfim f : I → Et such that :

①



cook - Levin Theorem : KSAT is NP - complete

1. KSAT C- NP ( already did)

2. To prove KSST
-

is NP - hard we hail to prove
:

For every language A c- NP
, Atp KSAT

Let A c- NP and let
N be a Nondet . TM accepting A in polynomial time, ri , c >o .

A tableaux for N on input w :

←÷:÷÷÷÷÷.⇐ .

" I"

y,
,,,,m

,,. ., ,, , , ,

← n'→



cook - Levin Theorem : KSAT is NP - complete

Let A c- NP and let
N be a Nondet . TM accepting A in polynomial time, n' ,

c >o
.

A tableaux for N on input w :

t ← configuration at time t=2
""⇒÷.

111111111111^^

, y ,, g.gum
,,, a, ,.me , , n,

A tableaux is accepting if for some ten
'

configuration at time t is accepting
( the state at time t -

is an accept state

we want f :{
*

→ Et such that tweet

w has an accepting tableaux of N Iff f(w) = $ is satisfiable



cook - Levin Theorem : KSAT is NP - complete
we want f : w→ of such that ¢ is satisfiable iff there is an accepting

tableaux of N on input W .

'

§
#É# ← start configuration
# ← configuration at t=2 fx.gg#Zy3Q--EqoE

,
Ez}/ / / / / / / / / / / / ma :$ } #

11% "
7-

i

← configuration at t=ñ

÷¥→ ×i÷i*iiiÉi
,;variables of 10 : Xi

,
; ,s ,

i ,j c- { 1, . . >n' } , SEQUPUE# 3
' if Ci,j ) has symbol

( Xi,j,
=L iff tell a;D contains symbol s )

qz in it
,

=
cell

^
start

^

move
^ $accept

then
Xegj
,
3=1

✓ - W - Q
-

- states of N and Ukir = tape alphabet
✗
YIK

= 0



cook - Levin Theorem : KSAT is NP - complete

%
← """" ""

"""

Variables of § : ✗
i ,j

,
, ,

i ,j c- { 1, . . >n' } ,
SE Qu Mu { # } # # ← configuration at t=z

( Xi,j,
= I iff tell a;D contains symbol s ) na " " " " I=

cell
^
start

^

move
^ $accept |

← on ,, gum
, ,n a, , , n,

% , ,
: states that every

cell contains exactly one

symbol s c- Quru {A }

of start :
start config is # qow, . - wn$ .

- $ #

& accept
: some cell contains an accept state

qaag.to/mae
: each row

(configuration at time t) follows from previous

row ( config at time t - 1) by a valid transition according to N
's transition function

.



cook - Levin Theorem : KSAT is NP - complete

&
← """" ""

"""

Variables of 10 : Xi
,
; ,s ,

i ,j c- { 1, . . >n' } ,
SE QU P UE # 3

n
,

← configuration at t=z

( Xi,j,
=L iff tell a;D contains symbol s )

¥0 HIM=
cell

^
start

^

move
^ $accept |

← on ,, gum
, ,n a, , , n,

% , ,
: states that every

cell contains exactly one

symbol s c- Quru {A }

= A ( ( V ✗
ii.s) ^ ( A × - ×i]SEC

{TEC
ki ,j ← n

'

Stt



cook - Levin Theorem : KSAT is NP - complete
°

"*"*
← """" ""

"""

variables of § : Xi
,
; ,s ,

i ,j c- { 1, . . >n' } ,
SE Qu Mu Eft } |¥#¥

← configuration at t=z

( Xi,j,
=L iff tell a;D contains symbol s ) n

' 11111111111=
cell

^
start

^

move
^ $accept |

← configuration at t=n
'

of start :
start config is # qow, . - wn$ .

- $ # a- n'→

= ✗
1,1 , #

^ ✗
1,2 , go

^ ✗
1,3 ,w ,

^ 4,4 ,wz^ - -
-

^ ✗
',nt2 , Wn

^ ✗
I ,nt3,b^ - -

-

^ ✗
In
'

-1,4
^ ✗
;ng#

- --.÷- -
starts with A-

then % then W
,
. - -Wn

last symbol
is#



cook - Levin Theorem : KSAT is NP - complete

variables of 10 : Xi
,
; ,s ,

i ,j c- { 1, . . >n' } ,
SE Qu Mu Eft } # ← configuration at t=z

iii.i. ⇒ *
* " Domain. sambas )

&
"

÷
.

⇒=
cell

^
start

^

move
^ $accept

← n'→

& accept
: some cell contains an accept state qac.pt

= V ✗
ii. 9. accept

4- i. jane



cook - Levin Theorem : KSAT is NP - complete
•#.# ← start configuration

| ← configuration at t=z

Variables of 10 : Xi
,
; ,s ,

i ,j c- { 1, . . >n' } , SEQUPUE # 3

( ×
,, ,

= , iff ee, , a;D contains symbol s ) ) ) ) ) ) ) ) ) ) ) ) )%÷#€Mea; ;)window

=
cell

^
start

^

move
^ $accept

# ← configuration at 1- = nc

← n'→

4mm : A ( the Ci,j ) window is legal )
K-i.j.cn '

that is
,
Ha;D the cell %) is consistent with a legal transition

from the configuration at time i -1

it



co-ok-cevintheorem-a.RSAT is NP - complete
•¥...# ← start configuration

|¥¥
← configuration at t=z

Variables of 10 : Xi
,
; ,s ,

i ,j c- { 1, . . >n' } ,
SE QU P UE # 3

n
' 111111111111( ✗ i

, ;,
=\ iff tell a;D contains symbol s )

µ_#i,j
) window

=
cell

^
start

^

move
^ $accept

← configuration at t=n
'

← n'→

^&more :

, , , , ⇐ ne
( the Ci,j ) window is legal )

ke#a : we can check that entire tableaux -

is legal by locate checking every 2×3
window

A 2×3 window is legal if it doesnt violate N 's transition function
.

I



cook - Levin Theorem : KSAT is NP - complete
←### ← start configuration

| ← configuration at t=z

Variables of 10 : Xi
,
; ,s ,

i ,j c- { 1, . . >n' } , SEQUPUE # 3
n
'HINK( ✗ i

, ;,
=\ iff tell a;D contains symbol s ) f)9- (Yj ) window

=
cell

^
start

^

move
^ $accept |

"

← on ,, gum
, ,n a, , ,n,

A (the Ci,j ) window
-

is legal)move
:
ia-i.j.cn

f⇒ scq
, ,
a) = { Cq

, ,b,R) } , 819
, >
b) = { cqz,c, D. Cqz , a,R)}

-Leyulwmd0ws- :

somes-llegalwindows-ikaq.baa,
b a ace

, §{9µ@g. a c a b [a a qz a a b ab a a E
,
b ?⃝ .

a a a E
,
a a Gb__ Ez

# b a( # is a

• b a b b b
a b Ez c b b §

☐
also illegal9

,

corresponds to : .la#-



cook - Levin theorem : KSAT is NP - complete
^t€# ← start configuration

← configuration at t=z

Variables of 10 : Xi
,
; ,s ,

i ,j c- El, . . >n' } , SEQUPUE # 3

( ×
,, ,

= , iff ee, , a;D contains symbols ) / / / / / / / / / / / //
Hi) window

=
cell

^
start

^

move
^

accept
# ← configuration at t.nl

A
← n'→

move
:

, , ,; ← na
(the lij ) window

-

is legal)

cell a;D

move
= A (the Li,j)th window is legal ) ¥ÉwidowKi,j±nc

= n v ( ✗ i-bj.at/i,j,aiXiti,J , 93 ^ ✗ it ,jµ
, ay

^ ✗i,jti , as
^ ✗
iii. jtjag)1 Ei,j<_ n

'
a,U~ --96 /

is a legal
window



Claim ( claim 7.31 in book )

If top now ( i =D is the start configuration and every
window in the table -

is legal , then
at

every time i >0
,

the ith row is a configuration that legally
follows from the previous one Cat time i - i )

.



look - Levin Theorem : KSAT is NP - complete

we want to show : ✓ AENP d- Ep 3 SAT

Let AENP
.
We need to define a poly -hire function f :& → {

*

f- (w) → Of?⃝'
"""" " & " "" " "

"" "" " "" "
"" ^ ""

F
← """" ""

"""

( ×
,;j
,
,
=\ iff tell a;D contains symbol s ) ← configuration at t=2

=
cell

^
start

^

move
^ $accept 1111111fi ☐← a;D window

"

← a.ng.gu.am a, , , ,


