
Lecture 22

Oday : NP
,

NP - completeness cont 'd



Clarifications/ Hints on HW3

(2.) Factor : Input : is a number ✗ in decimal

output : prime factorization of ✗

Example : ✗ = 60

output :
'

2,2, 3,5

Shay: P 's NP ⇒ FACTOR has a poly time algorithm fin 1×1 )



Clarifications/ Hints on HW3

(2.) Factor : Input : is a number ✗ in decimal

output : prime factorization of ✗

Shay: P 's NP ⇒ FACTOR has a poly time algorithm fin 1×1 )

¥11 : FIND FACTOR : Input is ✗

Output is ✗ if ✗ Is prime§ , ,Yz St 4,42=11 and

Y , Yz=x otherwise
show : If FIND FACTOR in polytime

then FACTOR in poly time



Clarifications/ Hints on HW3

(2.) Factor : Input : is a number ✗ in decimal

output : prime factorization of ✗

Shay: P 's NP ⇒ FACTOR has a poly time algorithm fin 1×1 )

¥2k : show P -

- NP ⇒ FIND FACTOR in pslyfime

Find a Loye L in NP such that

if L is in P then we can SNU FINDFACTOR

in pay time (by
"

binary search
" )



Say we want § a polynomial time
algorithm to solve

FIND-n-z-CUGVEFIND-k.CH
ONE : Input undirected graph of

on entices X
,
- -Xn

Output :

[
No clique of sie E

"
if
y doesnt

contain a ¥ - clique
☒ ow output a subset ✓su

* .
v1 is a clique ingshow :

If P=NP ⇒ Find
- I-ougu.EU in P



Let A-- {(g, k , ! 's v7 /
* g contains a G-clyne

including the cuties in v1]

g : find a E-dyke .

.

i. call A ( g
,
k
,

V' = { v☒ , } )



Clarifications/ Hints on HW3

⇐b) This is related to question 1
.

( P is closed under

complement )
Need to show :

For any L
that is NP

c.aplite,
I is NP hard

= For any L that
-

is NP-complete,
If I c- P then elf L

'
c- NP is also in P

Example : say his CLIQUE

show I = clique is NP hard





(5) K -men SAT

Recall ksst = { $ / 01 is a Ikari formulae
and 01 is satisfiable }

O O
P O l l O l

l 1

Example : Q = ( Xzvxy VI.4) ^(X,vÉ ) ( Xivxzvxy ) (Ezri)
Brute Force

-

. Try all possible I assignments (n= # vars ) §
→É-If 3s
→ 0 00 I

1<=2 → ooio %÷
,→ O O l l

then → o 100
→ O l 0 I

KMINSAT (011=1 → 0 I 10

O l l l

Iff 01 has → 1000

→ I 0 0 I

asut.NU
→ i 010

I 0 I 7Mth
I 21}

→ , , o o←
2 = 1100 satisfies

i

-

i 0 1
SO c- 3s AT

C l 7 O

l l l I



(5) K -mensst : input to k- mins AT Ts a 3-CNF formula

Recall KSAT = { Of / 10 is a INF formulae
and 01 is satisfiable }

3- MIN SAT := . { 01 1 01 is a 3cm' formulas and there is

an assignment ✗ with £3 y 's

that satisfies 0 }

E⇒: Q = Cxzvxyv ^(X,vÉ)CEv✗zvIy)(xjvxj)
✗ = 1 1 00 satisfies § and has ← 3 y 's

so 01 c- 3 MINSAT

Example of
'
= lyrics) (Xzvty) .li,vEvx

,) ( ✗ g) (IgE )
✗ =/ 1110 satisfies $

'

so ④ c- 3spT

But no assignment with £31's satisfies 01
'

so Q' $3mINSAT



Examples of Languages in NP

① Any LEP is also in NP

Verifier ✓ on input CW
, c) : ignore c and just

run polythene alg for L on input W .

③ CLIQUE = { ( g , k) I g is an undirected graph containing a site - k clique}

Ventiervoninput ( 19,14 ,
s ) :

• check that 5 encodes a subset Sev of

K vertices

• For all pairs of vertices
i,j c- V

'

check if

Ii ,j ) is an edge in E ( i.e
,
Ii,j- E)



Examples of Languages in NP

③ K - SAT = { 01 1 10 is a satisfiable K- CNF formula }

Input is a
Boolean formula over ×

,
. .
- ✗n in KENI

: form
.

KCNF form : C
,

n Cz r - - - ^Cm

Example : = (Xiv Xiv B) ^ ( Xsv ✗ 4) ^ ( Ii I, )^fXzvXs)

verifier on input lol
,
xD :

check that 2 is a Boolean satisfying assignment
for 01 . If yes → accept , otherwise -0 reject



Examples of Languages in NP

④ HisMPSTH = {Cgs, t) / g is a directed graph containing a Hamilton path
(visits all vertices once) from s to t }

Examples %÷←÷¥÷
Verifier V on input 1cg, s, t ), p ) :

check if p encodes a Hamiltonian path from s to t
.

If
yes → accept ; otherwise → reject



\

NP - Completeness

Definition Language A is polynomial-time (mapping) reducible to
B (written A =p B) if there

is a polynomial-time computable
function f : si →Et such that wet ⇒ flute B

f
• *

A
•

B
f

boo

Definition
• A language B a- { 0,13¥ is NP - hard if for every AENP there

is a polynomial time reduction from
A to B ( A Ep B)



\

NP - Completeness

Definition Language A is polynomial-time (mapping) reducible to
B (written A =p B) if there

is a polynomial-time computable
function f : St →Et such that wet ⇒ flute B

f
• *

A
•

B
f

boo

Definition
• A language B a- { 0,13¥ is NP - hard if for every AENP there

is a polynomial time reduction from
A to B ( A Ep B)

• Be { 0,17 is NP-complete if : d) B is in NP and

( ii) B is NP-hard



NP - completeness
ATWP

⑨→±⑤Cook - Levin theorem

For every K> 3 3-SAT is NP - complete

( Proof Next Week)

To show another language
# Np complete

we gust need to show :

(1) L c- NP

(2) Show 3 SAT £p L

f
f



NP - completeness vice Reductions

clique -_ { 19 ,k) / g contains
theorem CLIQUE is NP - complete a clique

qsiu " }Proof Cz steps]

(1) CLIQUE IS IN NF (we already showed
this]

7

Ci) CLIQUE is NP- HARD I Need to show 3.SAT Ip CLIQUE

3.SAT CLIQUE

i.



3-SATL-pCUQUEC-xan-pk.in
clauses

Let $=¥El^cñs)nlÉ4)^(xivIy) here m=4
TF

f : to →(go
,

k=m)

9¢ :
edge between 2÷.µ•, vertices if they

I
, ••

are in different

clause groups
and if theirCz ( E •• ••2 ↳

✗ : associated literals

are consistent
4=0 til ¥-1

×
, •• •

Xy
TT

pick k=m (the number

÷÷•_I
,
✗2×4 of clauses in 01)



3-SATG-pCUQUEC-xan-pbleto-lx.vn/rdnCxTrIzvXz)nlX,rXjvXy)n (xivxy )
×

,
✗a edge between 2

vertices if they
•

.
I

, ••
are in different

clause groups
and if theirI •• ••I

, associated literals

are consistent
✗
} •• •

Xy
•• ••

I Fy

2 : 4=1 , ✗2=0,5--0, ✗ 4=0 satisfies of

corresponding 4- clique in red



3-SATL-pCUQUEC-xan-pbleto-cx.vn/rdnCxirIzvIg-)nlYrXjv ✗4) ^ v73 )

×
,

✗a edge between 2

vertices if they
•

.
I

, ••
are in different

clause groups
and if theirI •• ••I

, associated literals

are consistent
* •• •

Xy3

÷• ÷
,

4=1×I2et anyway



We showed :

5- : 4 → (got
,

K)

such that of c- 3s AT ⇒ Cgp
,

/c) c- CLIQUE

- *correctness : sun

c) If of e- 3SAT ( of " Sati swab6)→ Cgp
,

K) has

a K - Clyne

e) jfcfo.li/hasak-clyie-Oissaf.-



NP - completeness vice Reductions

theorem HAMPATH
-

is NP - complete

Piotr
1. HAMPATH in NP (already did this)

2. We will show 3sstep HAMPATH (and thus HAMPATH IS Np-hard)

Let of = ( a. vb.ve , ) ^ (airbed ^^ -
.
^ ( amvbmvcm) each ai.bi.ci

-

is a literal
.

5- : 4 → ( go
,

s
,

t )

HAM PATH
= { (gst) / G -is a directed graph

with a hamiltonian path

(visits every vertex ing exactly ma)
from s to t }



Let 10=(44,5×4) ^(Xzvxjvxy .)^E9vXiX , )
& I ¥

a- # vars -_

y

m= # clauses =3
5- : to → ( go, ,

s
,

t )

$

Gq : ×
, o⇒⇒⇒→←⇒⇒⇒→

C
,

C
,

G

• &
C
,

LA

EOFF -→→←⇒⇒⇒•
☒ A Cz

×
,

F- Fo→←⇒⇒⇒•
↳

Be •

✗
y

⇒⇒⇒⇒⇒⇒

b-



Let it = (L¥f
^ Hints4.) ^ )

&
n- # vars =

y

m
-

- # clauses =3
5- : to → ( g p ,

s
,

t )

-

9¢ :
×
, ¥⇒⇒¥→→⇒

.
• A

• A:÷÷÷÷÷:÷÷÷÷G

:✗
y
•←→É¥→←⇒⇒⇒



Let it = ^ ! ^ )
a- * vars -- y

m= # clauses =3
5- : to → ( go

,

s
,

t )

go, : \

• • ☒

←

÷:÷:÷÷÷
.

"

b-



Let • = ÉH^ ! ^ '
a- # vars =

4
5- : 4 → ( go, ,

s
,

t ) m= # clauses =3

go, : \

☒ A::÷÷÷÷÷÷:÷÷÷÷÷÷÷¥E• A

• ☒
✗y*-É⇒→← ⇒⇒

b-

Claim $ is satisfiable
-

Iff got has a Hamiltonian path from s to f

a : ×
,

-

-1×2=0

×÷ ×÷?a-


