
Lecture 17

HW 3 Out ( Due Nov 20)



Recapfromlastweek : Proving there are Languages not re.

idea : show there are
more Languages than me . Languages .

To compare sizes
of infinite sets we use the Notion of

countable/uncountable .

Deff A set 5 is countable if there is a 1-to-1 mapping from S→ IN

Exam_pU z = { . . .

-3
,
-2

, -1,0 , 1,2, - - }

So f- ( o) --0 t.TL
"""

Define f- (E) = {
-¥ if i is even

f- (2) ⇒ - I
f- (3) = 2

f-(4) = -2 i¥ if i is odd
f- (5) =3

f- (6) =-3 §
:

maps IN → integers-

onto



d-oniamna.ve
A mapping f : D → R is l - l if →

. :}•µ±rfor every element xyeR ,
there is

⇐This
at most one ✗ c- ⑥ that maps to y •

;
6

map f
is 1- to -1

(Wyeth D- at most one ✗ c- D S
. E . fcx)=y)

\*N

-

A mapping g :D→ R is onto it

for every yer there is d- least one g
:-#•
•→• R

✗c- D that maps to y
ie:¥t(Hye R Z at least one ✗ c- D s.t.fr)=y)

this mpg is onto



hominin nrasnge

A mapping f : D → R is l - l if →
.

D

for every element xyeR ,
there is • y R

at most one ✗ c- ⑥ that maps to y

↳ •A ☒ atmostonexe@s.e.fw.y,
Ñ!?¥ ⇐ this

map f
is 1- to -1

-

A mapping g :D→ R is onto if this mpg is onto

for every yer there is at least one g : R
✗c- D that maps to y
G-YER 3- at least one ✗ c- D s.t.fr)=y) É

HW3 Question : Prove for any infinite set S
-3 a function f : S → IN that -is l- l if and only if
I a function g : IN→s that is onto



idea : show there are way
more Languages than me . Languages .

To compare sizes
of infinite sets we use the Notion of

countable
vs uncountable

.

Deff A set 5 is countable if there
is a 1-1 mapping from 5→ IN

mom-C-xamp-ksofcountab-e.es
① Any finite

set s is countable
⇐ni☒¥t*i,② The set of all pairs (i. j) c- IN ✗ IN 2

I. 11111-1
③ Q -

- { Ma l m
,
n c- IN }

Lenny ( HW3 problem)
s countable ⇒ 3- an onto mapping g : IN → s



Deff A set 5 is countable if there
is a 1-1 mapping from 5→ IN

How to show that some
(infinite ) set is Not countable ?

Root Diagnnanitatwin argument

( similar to Cantor's argument showing that

the set of all real
numbers is uncountable

by showing there is NO 1-1 map from R ⇒ IN )in

reals



Exampled the set of all real numbers
in 10,1] is Not countable .

Suppose Ifor contradiction
3- a 1-1 mapping 9 from R → IN

By HW 3 problem this implies
7 an onto mapping f : IN→ py

' R
.
IN

i= 0
•⑥ I 7- 4 3 9 8 -

- . ← f-(o)
" " • °O°" ° ° " ° ° ° ' " ' ← ""

i=z .
I 1 ⑧ 4 0 0 -

. :

[=3 .
I 1 2③ ' -

'

g

÷
:

@

Construct real number ✗ = . Xox , Xz. :. .: such that Xi=f
e.g. Let Xi ={0 if f- (

'

Dito ✗= . 1100 . - -

1 if fli)i=o

Since ✗ Not any row of table Cby construction, f is Not
onto mapping . #



Exam_pk2_ The set of all languages over {0,15 is Not countable
.

Suppose lforeontmdiction
Fan onto mapping f: IN → { LI Le {out }

enumeration

←
of all

E O l 00 01 10 11 000 001 010 - - -
-

WE {0,1$

i=o 0/711 I 0 O l l l l l - -

← f-(o)

i -- 1 1 07
"

l l l O l I 0 0 . .
.

←Fli)

⇐ | , , µ , , .
.

.

←µ,

i. l l v §
"

O
' i.

Row i of table is the ith language (according to the

ordering given by f)

Let L = { w I w is the ith string over 90,1T
and f- (i.io }

L -

is a language Not in range of f. #



Exam_pk2_ The set of all languages over {0,15 is Not countable
.

Suppose Ifor contradiction
3- an onto mapping f: IN → { LI Le {out }

enumeration

←
of all

E O l 00 01 10 11 000 001 010 - - -
-

WE {0,1]☒

i=o 0/711 I 0 O l l l l l - -

← f- (o)

i -- 1 1 07
"

l l l O l l 0 0 . .
.

← Fli)

⇐ | , , µ , , .
.

.

←µ,

i.i. 1 I r §
"

O

L :{ E , 0,00 > . -

- }

Row E of table is the ith language (according to the

ordering given by f)

Let L = { w I w is the ith string over 90,1T
and fli) :-O }

§ L -

is a language Not in range of f. #

L= bob
,
bz . . - - -

-
- bi :{ diff fci)i=o }
① -



what goes wrong if I try to show

the set of integers E. :B
,

-2
, -1,0, 1

,
.
. - } is uncountable?

I

assume fsoc Ff : IN ⑤
← integers

1
- 7-

← C-G)÷÷¥÷←%10
:it "

:
••

4



theorem there exists languages over {0,1$ that are not re.

P¥- Let E :{0,1$

the set of all Turing - recognizable Languages
is countable

•

• But on the other hand by Example 2 , the set of
all languages

over {0,1}* is uncountable

• since { r. e. Languages} a- ALL Le Et

7- a language LEE that
-is not me.



theorem there exists a Language L a- {0,15 that is not me
. (recognizable)

PI (more explicit
)

Fix an enumeration of all TMS
over {0,1} using our encoding of

Tms

Mi ) MZ ) M3 , - -
^

order lexicographically by their encodings
(so 4M

,)< smile .
.
. )



7

1 if Mi accepts 4M; >
Entry (Mi , <Mi) = & otherwise

µ,<Mi><Mz><Mz>hMy>#
ÉfM

>
(<My})
"*

:
Let I = {4M > Ism > encodes a TM

,
M and

Man>) accepts }



Define D= { am> I <M2 encodes TMM
,
and M does not accept an> }
←

D is called

the "diagonal

µM>og%><M">''- language
"

A I 0 0 since it does

the opposite of
what was on

⑥ 1 the diagonal

:
D ( SM;)) = 0 if Miami)) accepts

otherwise

⑤ KM>) :{ ' if
MKMD accepts

0 otherwise



theorem there exists a Language L a- {0,15 that is not me
. (recognizable)

Pt (diagonal itatiim)

Fix an enumeration of all TMS
over {0,1} using our encoding of

Tms

Mi ) MZ ) M3 , - -
^

order lexicographically by their encodings (
so 4M

,)< smile .
.
. )

Define D= { am> I <M2 encodes TMM
,
and M on input <MY ← the

does not halt and accept } Diagonal
language

claim D is not re. (recognizable)

PI By construction ,
for all TMS Mi over E ,

LCM;) =\ D since <Mi> ED if and only if <Mi> * LCM;)



Recall Ñ = I <m> 1 Mom>) accepts }

Note : Ñ is similar to A
TM

Atm {saw> / Maaeptsw}
Claim I is recognizable /ne .

PI : TM for Ñ on input <M
,>

• Check to see if input is legal encoding of ATM
if not , reject

• otherwise run it on 4M> :

If simulation halts and accepts → halt • accept



A note on D
,
and vs B

D= { am> 1 Man>) does not accept }

I = complement of D Ng

g. am, man, a.em,
→

Illegal = {WI w does not encode a

legal TM }

→
No_t : I recursive Iff D- recursive
since D- = I u Illegal and Illegal is recursive .

Thus we will sometimes write
Ñ as complement

of D ( since distinction Not that important)



D is Not me .

ThÉE 5 is me
.

Question Is Ñ recursive (decidable) ?

Remember by closure property ne hare :

② L [ L is decidable Iff
I is decidable}

•D not
re



Ñ is r
. e. ,

Not recursive
thusÉ

☐ is not me . ← by dtagonafadjh
Question Is Ñ recursive (decidable) ?

No ! Since decidable languages are closed under

complement ,
D- is Not decidable .

In more detail :

☐ = { <m> I M codes TMM and MUM> ) does not accept

D- = {÷÷Ytm3u{<m>l<m;gesmandmku>)accept#
i.
.
I Not decidable since if it were

,
D would be decidable

.

•: nods decidable since if it were 5 would be decidable



other Languages that are Not Decidable

• Recall A,m= { CM, ×> / w=CM> encodes some TM M
,

and M accepts ×}

• We saw that Atm
'

Is me. /recognizable .

Pf that Atm is not decidable :
--

Assume for sake of contradiction there is a defiler N for A
,µ

.

We will use M to construct a decider N
'

for Ñ :

N
'

: on input <m> :

check if input
-

is a legal encoding of a TM . If not reject
otherwise Run N on TM

,
<m>)

If N accepts → reject
If N rejects → accept

since N always halts, N
'

always halts .

Also N
'

accepts 15
.
Contradiction since I is not decidable

i. Atm -

is not decidable


