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Turingrlachines " on computable Numbers , with an

application to the Entsuheidungsproblem
"

1936

- Concept of 1st general model of

computation .
- Proved there is no algorithm for deciding

truth in mathematics

- codebreaking of
Nazi ciphers WWI

- also worked in
mathematical biology

- prosecuted in '52 for homosexuality
1912 - 1954



Turingmachines Input ✗ = 011011

lÉ3ÉBBBBBÉB
p
⑥•
• Every cell

of tape contains
an element of r

* at every point in
time
, tape head points

to some tape

• Initially head points to left most cell of tape ,
and

start state is qo

• Initially input ✗ = X, X, - . - ✗n in ist n cells; rest

of cells contain - B '



Turingmachines Input ✗ = 011011

OIotBBIB.li#tFBBB--.--q

• at every
time step

,

M makes me transition according to S

S : ( hi , a) → (Ej , b, LIR )

if at state q,
and head reads

' a'
,

replace
' a' by

' b'
,
more head one cell

Left or Rt
,
and move to state Ej

• If we reach state qacc ,
Halt and accept ✗

• If we reach Erej , Halt and reject ✗
• otherwise ( if we Never reach grace or Erej ) loop forever



Turingmachines

M = { Q
,
E
,

M
,
S
,
EOEQ, EaccEQ , Greg EQ } {a Erej

Q :{% , . . ,q ,,} states
,
1<>-2

{ = finite input alphabet (does not include
' B ' )

r = finite tape alphabet ,
EEP

,
includes

'

B
'

(blank symbol)

9 ,
: start state

Eau
,
qre,

: halt states Khan -- accept state , qrg= reject state

S : Q ✗ n → Q ✗ M ✗ {Lx R }



Turingmachines Input ✗ = 011011

ÉPÉE
q
Eo M:{ Q, E,

M
,
S
,

Q = {Esq ,Ez,q, ] 2=10,13
, ,

P :{0,1 , B }

here qz= accept stateS : (o
, q,) → 10,90 ,

R )
E,

= reject state( 1
, ,
Gt → ( 1

, 9$ ,
R)

(0,9 , )
→ ( 0,9, , R)

( liq ) → ( 1
, Eo , R)

( B
, %) → ( B

, 92,12 )
(B
, 9)→ ( B, 93 , R)



Turingmachines Input ✗ = 011011

lÉÉBBBBÉBB
7 7

90 %

S : (o
, q,) → 10,90 ,

R )
( 1
, ,
Gt → ( 1

, 9$ ,
R)

(0,9 , )
→ ( 0,9, , R)

( I ,q,) → ( 1
, Eo , R)

( B
, %) → ( B

, 92,12 )
(B
, 9)→ ( B, 93 , R)



Turingmachines Input ✗ = 011011

lÉÉBBBBÉBB
IT T
% % E,

S : (o
, q,) → 10,90 ,

R )
( 1
, ,
Gt → ( 1

, 9$ ,
R)

(0,9 , )
→ ( 0,9, , R)

( I ,q,) → ( 1
, Eo , R)

( B
, %) → ( B

, 92,12 )
(B
, 9)→ ( B, 93 , R)



Turingmachines Input ✗ = 011011

ÉBBBBBÉBB
It + Tt THEo Eo Ep Go % % Lz

q

since M on ✗
S : (0

, go) → 10
, go , R ) halts in state

(1,92 → ( 1
, 9$ ,

R)
Ez

,

M accepts ✗(0,9 , )
→ ( 0,9, ,R)

( liq ) → 11,90 , R)
( B

, %) → ( B
, 92,12 )

(B
, 9)→ ( B, 9s , R)



Turing Machine configurations
- -

- A configuration describes entire memory content of a TM at some
point in time

example : Here 2={9-1,2} ,
P = { 0

, 1,2, B} , Q
= { 90,9, , - . - , Es }

127456¥

40ÉBBB
p ¥7
④

Configuration : 01229,010 I



Tu-ringma-h.ie configurations

start configuration on input w = 01220101

I 27 4 5 6 7 8 9 10 11

ÉBBB
p ¥7
④

start

qoo , 220101 = 90WConfiguration I



turing Machine configurations

start configuration on input w = 01220 I 01

127456¥

tIBI-p.az
④

start configuration I 9,00 1 22010 I = 90W

accept configuration : Uqacciv ( the state is qaa )
Reject configuration : Uqrejv ( the state is qrej )



turning Machine Configurations

Definition Configuration C
, yields Cz ( C ,

⇒ cz)
if the TM can go from C

,
to Cz in one step

more formally : Let M= ( Q , E , P , S , Eo , Eacc , Erej )
Let a,b c- P

,
U
,
✓ c- P*

, Ei ,q; C-Q

then

wuaqyyby
⇒ uaaqjv if scqi

,
b) =/qj.GR)

=
and ⇒

uqga-z.eu
if scqi > b) = (Ej , c , L)



turing Machine configurations

special end cases (when head is pointing to Left or rt
end of configuration ) :

If head at

Left end :
Eibv ⇒ Ejcv if SCEI ,b) = ( g. p, L )

qibv ⇒ cqjv if Ski ,b)
= (q; ,

C
,
R ))

if tape head
tries to go Left from

leftmost cell
,
head

just stays in place



Language L e É accepted by a TM

Deff A TM M accepts an input we ↳ iff

F a sequence of configurations 9 , Cz
,

. .
. -

, Ck such that :

① C
,

is the start config of Mon input w

② Each Ci yields Cit ,

③ Ck is an accept configuration

LCM) = { West / w is accepted by M}



,RecurswifTvringDebLangages
Recursiielypfznymerablsturingtecogniéablelanguages

Note that when we run M on w either :

it M halts and accepts W

Cii ) M halts and rejects w

cii) M Never halts on W (goes into infinite loop,
never reaching the accept
or reject state )

L is RE (Turing Recognizable) if 3-TM M st LCM) =L
*
recursively
enumerable

L is Recursive (Turing Decidable if FTM M St LCM) =L

and M halts on every input we {
*



Example : L = {on 1^2" l n > i }

fatin : {EiÉoE; If head reads o or 1 go R one cell and move to q;
(dont change symbol on tape)

q.gg,

qiqj IF head reads 0 or 1-
, change symbol to tt, more R one celland move to state qj

I -71
,
R( No out edge :

transition to Erej

0,7-712 Alf
→ R

↳

%×→y⇒q ,>
19%2 → L

y →RI
v ✗→ R

yz→RG 94
☒→ Rf
Es

.

qs
= accept state



Example : L = {0^1^2" l n > i }

0,7-712 Alf
→ R

%:÷→→q ,
> "oil ,> → L

Y →Rf ✗→ R

yz→RGE4
☒→ Rf
Eg 0 O l l 2 2 13

✗ O l l 2 2 13

✗ 0 Y l 2 2 13

✗ O y
l 2- 2 B

X X y l Z 2 B

✗ ✗ y Y Z 2 B

✗ ✗ y y Z Z B



Exampki.L-EWH-wlwc-so.is#

Pseudocode :

On input w :

① Scan input to make sure It has one A symbol . If not reject

② go back
and forth across tape to corresponding pair of potions
on

either side of
"

tt " symbol

If they dont
match reject .

Ow
,

cross off matched-symbs.rs

③ If all symbols
to left Irt of

'

tt
'

are crossed

off
,

check if any symbols to rf Of ☒

If any symbols remain → reject
0W accept



Exampki.L-EWH-W-w-o.it
To

=É
] I remember 0 )

l1001/
] (matches ! )

01001/

Fifo
&

ÑE00
I. Cremember 1)

Etta
2 (matches)

ÉÉ00

}Yi"
z remember 1)

É$
I matches

ÉÉ
- q -



y ,, ,

£×ampk:L={w#wlwe{qi

"R * →< 6p°i→Rpa
E- Ey¥> E, -13% Ég#→qoµ,

① →YR

→q(?R z-B-É, En, Eaa

µ ☒13,12

% FEES⇒ E>⇒→q+⇒g ,

✗→ "

'

✗→
① 0,1,x,#¥L ⇒YR

0%→r §⇒ -0o,µ→,g,→r×
① #→ R

q,
- q, :

scan input replace 1st cell By B and remember 0 (g) or 1 ( Ef) .
Scan

to find one # , then go back left .

79g 9,09
. ,z

: scan to # then to 1st 011 after # If it matches (a) continue
and overwrite with ✗%q 9

, , 9,,
: same as qg-q. but remember

'

1
' and match it a 1

,
overwrite w/ ✗

(q, q,} : scan Left and repeat9

⑦③


