
Lecture? 12
.

• HW 2 due tonight

• HWI - graded ( see gradescope)
* Submissions for regrading of HWI d-keb-yy-oc.to#59pm
Note : requesting a remark could make your

mark

-

go up_ or days or stay unchanged .

Min : 18160

Median : 49 160

Max : 60 160

Mean : 47.21 160

solutions to HWI are posted



Lecture? 12
.

• HW 2 due tonight

• HWI - graded ( see gradescope)
* Submissions for regrading of HWI dye by Oct26_

Note : requesting a remark could make your
mark

-

go up or days or stay unchanged .

• RLEEEEEI-andsestoe-IU.ms : posted

• Review session for test 1 : Saturday Oct 21 , 1- 2pm CSB 451

TÉpÉ be posted tuesday

• Today : Equiv . between CFG t PDA



-

Context - Free Languages & PushDown Automata

Now we will define a larger class of languages that inciud.es
all regular Languages plus New ones .

✓ ① we will first define CFL's to be those languages accepted
by PUSHDOWN AUTOMATA (PDA)

✓② then we give an alternative characterization of cF↳

Language/generation Model : context Free grammars Ccfgs)

→② We will prove these 2 characterizations are equivalent :
TODAY ! - PUSHDOWN AUTOMATA CPDA) = context Free grammars Ccfgs)
→É ¥ÉaÉodeI

✓③ PLmEÉnEEEI : used to prove that
some languages are Not Context Free Languages



④ Equivalence of PDA and CFG 's

Theoreme1_ If L has a LEG then there exists a PDA M accepting L .

theoremz_ If
L is accepted by a PDA

,
then L has a Ctg .



CF g ⇒ PDA

Theorem If L has a LEG then there exists a PDA M acceptingL.pro#etuh:Let g be a Cfg .
We show how to convert g into a PDA , Mg .

such that the language -4g) generated by g =L(Mg)

Informal description of Mg on input w ;

• Put '$
'

on stack

• Put start symbol , S,
of g on stack

• Repeat (until all of w is processed)

•
If top of stack is a

terminal symbol a c- E
,

read Next symbol from W
,
if they don't

match reject

• If top of stack is a
variable saymbol A EP Nondeterministically

guess a
rule for A

, say A→ u and substitute A on

the stack by U (in reverse order)
, g. p , , g,,, ,

,

,
,
an,, ayy, we ,



Say w is generated by G = ( Y E
,

R
,

S)

s → 00s I 1 Is / E
- w w

w=e§¥I_ti
SE 0--0-1→

00 I 1 5- → 00 1 1 00 § →0011 o o
-

☒¥U¥É¥¥=¥É¥¥U-☒



Cfg ⇒ PDA

Let g
= ( E

,
R
,

S
,
R )

Mg : states are Q={ Estart , Eioop , Eaccept } U E
T P

start state accept state

→

Estate,e→s$|
E
,
A→ ie for every rule A→ilt

☐ a ,a→É for terminal aeE

Goop T

E
,
$ →E)

ofaccept



Cfg ⇒ PDA

Let g
= ( E

,
M
,

S
,
R )

Mg : states are Q={ Estart , Eioop , Eaccept } U E
T P

start state accept state

✓
abbreviation ( see next slide)

→

Estate
,e→s$ /

E
,
A→ w for every rule A→wto

☐ a,a→e for terminal aeE

Goop T

E
,
$ →E)

Except



c.Fg ⇒ PDA

shorthandmotatioinmeans.it in state E
,

⑨aÉ④ next input symbol read is
a
,

and s is top symbol on stack
a c- Eu E

we pop s, push it . -Ya on stackA c- Eu r v e
and move to state r

Y , .
-

, Vic C- E v M u E

⑨1,s→±÷_①

Gangster EXIT
-⑨Toii*

input w = 01101

input w = 01101

EE ¥¥¥
stack



c.Fg ⇒ PDA

Implementing this transition :
means it in state E

,

⑨É④ Next input symbol read is
a
,

and s is top symbol on stack

a c- Eve we pop s, push it . .vn on stack
A c- curve and move to state r

Y , .
- if c- EUN u E

a. A -74, qe→v,

q- q
,

É qz q,
• •

•
→ 9.* ,→ r .

Émpl : qe→s
1- is→ 1st abbreviates : ②

→0
④→①



Let g
= ( E

,
R
,

S
,
R ) R : s→ e lost

Exampk_
Mg : states are Q={ Estart , Eioop , Except } U E E={r

, ,rz,r, }
A P

start state accept state

→?⃝aa ?⃝at→,e→$I ?⃝
f. GE

-75$

€ ,e→s

?⃝pze,s→e 7qs→e
e. 5-7051

/
1
,
I → c

'↳→ i

0,0 → [ ①
#→ s

GE-70
$→e

e.

Eaco④ to

qaa④
(see Example 2.14 in Book for another more complicated example)



Exanplli

s → ¥ I ↳s / E-

→ w = ☒O l l l l

see:-#
s → •⇒

.

¥§?É¥
→ 00.0 ! 's

PDA
→ 000 I 1 I 1

k¥ :D :# ¥U→U¥$¥*¥És¥¥



ct-g-PD.ro

Theoreme1_ If L has a LEG then there exists a PDA M accepting L .

theorem ( Proof of correctness)
Let g.

= ( E
,
R
,

S
,
R ) be a Cfg generating 4 ,

and Let M be the PDA defined in previous slides .

g

then : a v.we L
,
M
,
generates W

(2) ✓ w ☒ L ,
M
,
does not generate w

( proof omitted - see book)



PDA → CE g

theoremz_ If
L is accepted by a PDA

,
then L has a Ctg .

Pfskefch_ Assume M = (Q,
E
,
P
,

S
, Eo ,

{Eaccept } )
.

Modify M slightly so that it has these properties & still accepts
L :

M has a single accept
state

, ohaccept

M empties its
stack before accepting

Every transition
either p-vsh.es one symbol

onto stack or _pops one symbol

but Ndt tooth

constructing grammar gm from M :

For every pair of states p, q
e Q we had a variable Apq

Our rules will guarantee that Apq

will generate exactly the set of
all strings west

that can take M from state p Con empty stack same as

to state q (on empty stuck) }starting rending with
same stack

contents



Converting M to M
' that only

pushes or pops one symbol to / from stack

at each step .

Say initially
had transition

②a①

⑨
# becomes



PDA → Cfg

theoremz_ If
< is accepted by a PDA

,
then L has a Ctg .

Pf sketch Assume M = (Q,
E
,
P
,

S
, Eo ,

{Except} )
.

variables : { Ap, Ip ,qeQ }
Stare : Ago gauge

i. For each peQ add the rule App → e

2. For each p.gr c-Q add the rule Apq→ Apr Are

3. For each p, gas c- Q ,
add rule Apq→aArsb if

-7 (r
,
# c- 8 (p, a , e) a,e→tread a

, push u

→
Cq e) c- Scs , b. b- ) ?⃝→①m→⑤É.⑨

neadb
, pop in ☒

A"

-, p



Example L = { on in In = ,} →
q
¥1s

g.
79<-70

I 1,0 → E .

?⃝ <q$→e- G.21,0
→ e

ceg :
start variable : A

, ,

A
, ,
→ c ; Azz

→ E ; As>
→ E ; Ayy

→ E
.

-

A
, ,
-7 A

"
A

, ,
lAizAz, 1A , } As , / Are Ayl

A,z→ A
, ,
Az / A ,zAzz / Ai] A>z / AM A

42

A
,]
→ An A] / AizA⇒ ( Ars A]] 1 AM Ay]

¥
read 0 push ° read 1

, Popo
.

A
42
→ Ay, A,zl Ayztzz /Ay, A)21^-44

A
42

?⃝→④ ⑨→⑨]→AqxzA⇒ 1 Ay, A / Ayy Aus
µ,→ ,

,, µ, , µ, ,, , µ,,,,µyg→ ☐
, pun . read , pop ,

⑨→④ ④→⑤
Az] → 0 Azz I / 0 Az] I

Am → EA⇒E-{j"h$
read E

, pop $1

④→④



Example L -

- { on in In >_ i} →
q $q?9e→o

11,0.

→ e

Note : Any state Apq such that q is Not ?⃝€→e§ .pl,o→e
reachable at all from p can be removed .

Removing these useless vars and associated rules we are left with;
start var : Aly
A. → c ; Azz

→ E ; As>
→ E ; Ayy

→ E
.

-

A
, ,
-7 A

"
An Azz→ Azztzz As>→A}] A]} Ayy

→ Ayy Ayy
A,z→ A ,,AzlAnAzz
A

,>
→ An A] / AizA⇒ ( Ars A]]

Az]→ AHA -34 read 0 push ° read 1
, Popo

- Azy→ Az]
A
]y ?⃝→⑤ ⑤→⑨

Azy → ftp.Azy/A3yA44
y
,
, , ,
, , , , ,, ,
↳ o

, pun . read , pop ,
- ⑨→④ ④→⑤

AN → EA⇒E-{jg?⃝h$
reade

, pop $1

④→④



Example 2--90^1 " In >_ i} →
q $q?Qe→o

/ to.→e

Further simplifying G. g, A , ,→e( Ana , is same ?⃝¥→e% ? "°→E
as An→ E)

start var : Aly
A. → c ; Azz→E ;

As>
→ E j

.

Ayy → E

A
,>
→ A ,zA⇒ read 0 push ° read 1

, Popo

A2]→ A.zyA3y ?⃝→⑤ ④→⑨
. Azy→ Az] A]y

y
,
, , ,
, , , , ,, ,
↳ o.pu.no read , pop ,

⑨→④ ④→⑤
recede

,
push $ read E

, pop $1AA⇒E- {④→⑤ ④→④
←
left with just these




