
Lecture
.

• HWZ due Monday Oct 16

Today : Practice Problems

( Pumping Lemma, PDA , Cfg
's )

Next {MON : Equivalence Between PDA and Ctgs
Week

Wed : Review for Test 1

10/23 {Mon : Test 1 ( in class)



Pumping Lemma for Context Free Languages

Lemmy Let L be a CFL
,
LEE

then there exists a number p7o such that for any

string WEL , 1W /=p ,
3- strings u,v, 44,7 C- {

*
such that :

⑧ w = uvixyz and

① lvxyl =p and Ivy 1>-1 and
I

② For every i
>o

,

w
'

= Uvixyiz is also in L
.

-

pumping Lemma for regular Languages
: Fp . .

. . /w/ =p

can write w= ✗ y 2- , lxyl =p, ly / 31

such that ti we L iff Wi = ✗yiz EL



Example1_ We will show L= lamb
"

il n > 0] is not a CEL
.

Let w = a
" b" EP

,

where p is from
the pumping lemma

then By pumping lemma
w=U✓×Y7

,
lvxy/ ⇐ p

,
Ivy / ± ,

ca
: V and y

contain only a 's .
Then uihy.z.mil

contain too many a 's

case 2 : v and y contain only
b's or only C's

.

Same arg as case 1

CASI V and y
together contain

both a's and bls
.

then uvzxyzz vii.
contain too few c's .

Similar if u and y
together contain

chis rds

there are no other cases since lvxyl < p so

vxy can't contain
all three symbols a. b , c



Exampled L
-( { rlt-sfr.se { 0,1 }* and r

-

is a sub string Is }

Let p
be pumping length ;

let we OPIP tf oPzP c- L
.

then W = Ulvxyz , lvxyl Ep , Ivy /
←

tease✓ contains # .

Then VVZ __ uihxyz has 2--11's so ☒ 2

Casey y
' ' # .

Same argument as Casey

Casey it contains #
. then W°=UV°×y°t

has fewer

symbols after the
# than before so woah

Casey 2- contains # then Ñ=ui×y't has more than zp

symbols before
" 1€

" and zp after
"

#
' so ☒ (

caste X contains #

case 15A : ✓ =\ E

Casecsb) : ✓=E .

then y -4C .

So w°=uv°xy° -2 has more

symbols to left of
'

# than to right



Exantus L = { o? 1m on 1m I am 30 }
^

Let p
be pumping length ; W=oP1PoPyP

.

I

then W = uvxyZ , lvxy Itp lvyl £ ,

Casey vxy
in some 0

-block or in some 1- block ( vxy cello 's or all gls)

then WZ has 3 blocks of length p and one block of
w?uJ✗y{_

length sp .

Casey ✓ in
two blocks

,
or y in

two blocks,

then WZ - = uixyzz has 6 blocks of alternating
0's and as's

.

case3_ N in one block
, y

in Next block .

then since either ✓ or yis Nonempty , eitherthe
2

blocks of 0's in uihxy -2 have different lengths
or the 12 blocks of 1's in ieviyiz have different lengths



Exampte-4L-Ewlw-s-s.sc-Eo.ci }

:w=oP 101>1 e- L
.

--

suppose w = 000 . -
. 01000 . -

- 01

÷¥Yz-

then Wi c- L for all i
,

so this choice of W

won't work to prove L Not CFL



-

Exampte_4L-Ewls5.sc-Eqizte3@try.W= OP 1-POP IP .

then w can be written as w = uvxyz, Wxyt =p , Ivy /31

write w = a bed
,
a=o

"

,

b-- IP
,
c-- OP

,
D= IP

cased vxy is a substring of a .

Then Ñ=uixy't is of the
form a' bed

,
where lcilcp so Not in L

Same argument if vxy is a substring
of C

Ca vxy is a substring of b. Then
we cs of the form abled

where 1$11 < p , so Not in L
.

same argument if vxy is a

sub string of d

Cased vxy is ashstring of ab (contain )
at least one or one 1)

then WZ = uitxy't has too many groups of 1
's

similar ang
- if vxy aslsstniy of be , or if

cd

Note this corers all cases since WXY / ← p .



Another way to prove that a Language is not

context - free is by using Closter properties .

① context free Languages are closed under union :

If L
,
and Lz are both context-free

then so is L =L
, ulz

② CFL's are closed under intersection WITH a- regier

Language : If L
,
is a CFL

,
and Lz is a regular

language, then L =L
,
n Lz is also CFL .

③ CFL's closed under concatenation



① For L
,
V Lz

Proof for PDA ( closed under union)

essentially same as proof Reg Lang 's closed under
union .

M
,

PDA for 4

for

^

→→L : Mz PDA for Lz



Q : suppose L
,
is generated by 9=8 9=14,912 , ,S ,)

Lz "

92=42
, ↳Rz

,
E)

How do we

construct a cog , g ,
for 404 ?

g-- ( V , Z, R ,
S )

✓ = Yuvzu { s }

R = { s → S
,
Is
,
] v13 u Rz



But CFL's are not closed under :
-

- .

I

- general intersection
(F CFL's L,

and Lz
,
but < =L,nLz is Not CFL)

- Complement

( 3 Lest that is CFL , but I ☒ CFL)



More Practice Problems on CFL's

( 1.) Prove that L = { on # 02^11=03
" l n 30 } is not a CFL

Let p be the pumping Length , and Let w=oP # ON # OP
.

we will write w = attb # a
..

Let w= uvxyt
, lvxylsp , Ivy /=/

Case (1) if vxy is a substring of a, then W°= uvoxyoz
is not in ↳ since W° = a' ttbttc where la ' / < p .

Case ) vxy is a substring of b. Then w? uvzxy'Z
since W' = a # b' ttc

,

where b ' has too
many

0 's

case Iii ) vxy is a substrate of c. Again W'☒ L

Case Qu) vxy is a substring of a # b. Then w° is not

of proper form (either is missing a A-
,
or has

too few 0 's in a-part or b-part

case .lv) vxy is a substring of BHC . Similar to Civ)



(a) L s { 0h1m In 2m / him > 03
. we saw before

-

Is L CFL ? [ = 071m04 1m
is not CFL

L={onzntmzmln.in > of



e) L s { 0
"

Im In 2m 1 mm 303 .

Yes ! L is a CEL L = { on 1Mt
"

zm]

Push
'

X' when we see a 0

Then pop
off 0 When we see a 1

If we reach bottom of stack ( ' $ ' ) when reading a 0
,

start pushing Y's ( nondeterministicHy guess when
to pop X's or when to push y 's )

when reading is , pop them with Y symbols
If stack is empty ( 1$ ) when we reach end of string , accept



C) L s { 0h1m 1h2m / him 303 .

yes ! Lis
a CFL L = { on 1Mt

"

zm]

e
,
e → $

÷g .

.

q$→e→
qs % É q

,

Éa
Ez
→

Eaa

00 U
O,e→✗ ↳ ✗ → c 2,Y→E

I,e→y

W =

0¥ 1¥eZZMZZ-F.p.FIEFT.FIPush
'

✗
'

on ' O' on
'

l
' on

'

1
"

on 12



(3) Is L= { 0^1^2" 1m 1min30 } a CFL ? .NO !
0h1m on 1m

Let p be pumping length .

let W= ☐PIP zP ,
P

.
We <

.

By PL
,

can write W= WXYZ, I xytsp
,
Ivy / =\ and

Hi uvixyit 6L
Write w= abcb

'

case (1) : vxy contained in a .

then w° = Uv°xy°z_ = ux-2 has too few a's so woah

similarly if vxy contained in b
,
or contained in C

,
or ainbl

Case e) vxy contained in ab (but not in a or in b)
w° = Uxy .

If / v13 , then w° ? On
'

iiznom n' < n
If 141=1 then Wo - o

"
1m
'

Tom m

'

< m

similar argument -if my contained in bc or in ed



Another argument for why L= 0^1^2" 1m is not a CFL ;

suppose that
L -

is a CFL and let g = ( V
,
E
,
R s)

be a Cig generating L .

Then Let of = (W
,
E
,
R

'

,
s ) be obtained from

9 by replacing every occurrence of
'

2
'

in the

rules of R by a
'

0
'
to get the new rules R !

Can prove (by induction on IWI) that this gives
-

is a 1-to-1
,
onto mapping from strings W = on , mzn ,

m

generated by 9 to strings w
'

= on Imo
" Im generated by g !

i. L (g) = { on in on 1m I am> 0 } is also a CFL
.

But this contradicts fact that he already proved that

Lcg
' ) - is Not a CFL

. ✓
-



€4) gut a Cig for :

↳ = { WHY I ✗ = WRY ,

for some yea,
it ]

↳
= { w .# ✗ I ✗ = WR}

Li { w # ✗ I × contains the sub stung WR}

Lp contains 0011 # ÷¥o÷=

↳ eensains

0%1
#

¥ÉY "°wE~"÷> string



↳ = {w # WR 1 we so
, it }

A → OJAI IAI I #
-

↳ = { w # wry I yc-EO.it }
generates

1

A → 0h04 1st / ##
{WHWR]

B → El Bo / BI← generates
✓

all
strings in {o

, ,]*g → AB ← generates all
strings in

g



I

↳ = { w # wry I yc-EO.it }
a

1

A → 0h04 1st / #
.

B → El Bo / BI
.

. .
✓

s → AB

t-ywyyyÉ
At :-D OAO / IAI I # B
B → El 1301131
s → A'B



L
,
:

S;→ A- B

A → OAO I 1A I / # ← generates
W#WR

, , , , , , , , , , , , - ,
gag
,{Qi}☒↳

:(* →
A' B

•
→Otl IAI 1*73← generates
B → same W# cot ,j*wR

.
=

W¥5wR
* EE# iÉicfr



(5) gie a PDA for :

L = { WHY I WR is a substring of ×}

I

-



(6) Describe the language generated by G ,
in English .

s → TTIU

1- → hit , / * ]←
generates {Patton / may

g :

U → 0h00 I #) ← generates
- {on # out no}

n

s generates the language
<=L

,
u Lz

4 = { 1*-1--11^1
"

# in 1 am > ← %LeY¥
Lz= # o

"

/ nzo} ← strings generated
by U


