
Week 3
-

Announcements :

& HW] posted Wed Sep 23

DUE : Oct 1 11 : 59 PM

& Practice problems for Test I will be posted Next Week

③ Test 1 : 1st 50 mins of class 09



Today

1. Polytime Hierarchy

2
. Space complexity : (See Ch3 can Lectures in Comp . Complexity]

Define classes L
,
NL

, Pspace

Relationships between classes
Savich's thm

complete problems for NL, Pspace
Space Hierarchy Thm

Next time : Williams surprising thm& NL=ONL



&oly time Hierarchy

Recall Ventier DefNs of NP + coNP :

# LeNP iff E Verifier v(y)suchthat↑

y : extra input
① XeL ( By V(x, y) = 1

② V(X
,
4) runs in time poly (x1)

&: Le coNT iff Everitien V(x, y) such that

DxxL()Vyv(y , y) = 1

② V(X
,
4) runs in time poly(ix)



Coequivalentlydefine as :
-

: Le NP iff A polytime Verifier V(X
,
y) such that :

XOL < Jy + 10, 13poly(x) (v(x, y) = 1]

&: Le coNT iff Epolytime Verifier V(x
, y) such that

xL =) Ny = 90, 13 poly(x)(v(x
, y) = 1)



Coequivalentlydefine as :
-

: Le NP iff A polytime Verifier V(X
,
y) such that :

alsto called XOL (> Jy + 10, 13
Poly(ix1) (v(x

, y) = 1]
EP

&: Le coNT iff Epolytime Verifier V(x
, y) such that

↑
also xLE) Vy((0 , 13poy(x1)(v(x

, y) = 1)
called

TP



Example

35AT = [F/F is a satisfiable 3CNF formula]

3UNsaTest = 3 F1 F is unSATISFIABLE 3CNF formula]

· 3SAT IS NP-COMPLETE

· bunsar is comp-complete why ? UNP LF time f

Fr

·↑
strings in L



PolytinicHierarchy (see < section 2
.3)

& Le*s iff Ipolytime Verifier VI,Y) such that

*X x2(7y
,
630

,
1344(41) Vyz6(0, 13484(x1) V(X, Y, 142) = 1

⑫ =113* if Ipolytime Verifier VW,Y) such that

Yx x((()Vy
,
30

, 1344(141)8y6(0, 13484(x1)V(X, Y, 142) = 1



PolytinicHierarchy (see < section 2
.3)

⑭ L = 113* En iff Ipolytime Verifier VI,Y,
- tis) such that

Xxx( L *) 5y
,
%42543 : &

[V(X , y1, Y21 :Y,) = 1]
-

k alternations where all 1: I are poly bounded in 1
starting with S

: L 2013
*

et iff I polytime Verifier VI,Y- ya) such that :

XX xeL() Xy
, 74zVYz -. [V(X , y1 , Y21 · Yx) = 1]
-

↓ alternations
where all 1: I are poly bounded in 1

startingwith



Def (PH) PH : = U[ = YT
Pictorially : ⑧

↑

- : &

&

P
2 TP
3 3

44p2 T
2

*
P-

2

NP = E #P = cNP

4 * I

P



ampleof complete problem for =QBFS
-

Boolean vars* are-

Input : Quantified formula G
over vars & , Tri-Fr) ,

=partitioned into 2 blocks

G : V F(* (- F CNE
G alternations -

↑

GeQBESAT # 7469013/ UCS01) F(, /
↓entier : V(g

,
Y

,
*2) : check if g( , ) is satisfiable

Similarly E-PBFSAT is complete for E



-pacecomplexity

Recall A TM for deciding a Language L=90 , 13
*
has

- a read-only input tapes (with Input tape head)
- K read/write work types

Defn A TM M has space complexity scn) if

XX
,
(x) =m

,
M scans & Scn) cells an every work tape

on input X (Need not half)



-pacecomplexity

Defn A TM M has space complexity scn) if

XX
,
(x) =m

,
M scans & Scn) cells an every work tape

on input X (Need not half)

Dee LeSPACE(S(ul) if J a deterministic TM M that Ldecides
~

and has SPACE O(S(n)) always halts

Note space canbe length of input
Den LogsPACE = SPACE (Logn)

PSPACE = U SPACE (nk)
1>0



-pacecomplexity

wondet wondetL
Dejn Au M has space complexity scn) if

XX
,
(x) =m

,
M scans & Scn) cells an every work tape

on input X (Need not half)

Deg LeNSPACE(Scal) if 5 termistic TM M that decides L

and has NSPACE O(S(n))

Note space canbe length of input

Defn "L" = LogsPACE = SPACE (Logn) "NL" = NSPACE (logn)
PSPACE = U SPACE (nk) NPSPACE = UNSPAcE(n")

1>0 1 8



The Reachability Problem & Space Bded TMs

· Let M be a NSPACE (S(ul) TM
, deciding L = 10 . 13

*

Then we can formulate whether XL

by a directed graph reachability problem ,
on a graph GM

,
x



# : directed graph

vertices &
· logn bits to specify input head location

-
· O(1) bits to specify state
· O(s(ni) bits to specify contents of

work

tape(s) and head
locations

-

I head at posi -, work head posn
1
,Vo = start config : V : Inpu

state = 20

work tape all blank

Vacc-accept config :
merge all vertices with state-gaccept

#vertices = 20(scn1) (since scn) = logn)

* Note the input tape always contains X /since input tape is read only
so x is "hard-coded" and doesn't Need to be

part of description of configurations/vertices of gm
, x



⑭
Edges : edge from v -> v

iff M(x) can transition from configu
to config v' in one transition

since M is Nondataministic
,
can have more than

one edge out of any vertex

Thus we have ?

Proposition Let M be an NSPACE (S(n)) TM accepting L.
-

Let x be an input . M accepts X iff

there is a path fromNo to vace in gux



-Meachabilirected graph 9 ,
vertices st

Accept iff there is a (directed) path from stot mig

=> g
= (VE)Min then 191 = n2 (adjacency matiy)

so input <9.
5
, t) has length 2 + zlogn = OCu2)

Emma Reachability + T/ ME (poy (n)

PE: By depth-first search



Theorem For any scn) =login)-

NSPACE (scuD-D TIME (20(sinI)(

# Let M decide Lin NSPACE(s(n))
.

on input X
,
create directed graph gMx on 2015) vertices

Run time poly (201scll) = 201 (ul) reachability alg (Cemma of
on (GMx1 Vo , Vacc) . Accept if va reachable from y

Correctness by proposition.



Theorem (savitch) Let S(n) > logm· Then

-

NSPACE (Scull - SPACE (sY (n))

P key idea :

Reachability solvable in space OCCloyn))
,

n =# vertices

* Note DFS alg uses space n



Lemmal Reachability E SPACE(login) < determinatic login space

ProfAsanch's im from Lem1 Let M be SPACE(sCl) TM

given M
, X Note : Gr

,
x
is

Run Reachability aly from Lemma 2 - given implicitly on
on (9mx > Vax , Vac)

input tape by M, x

Since(9mx) = 20(scn) alg runs in space

· (log (19mx1)7) = 0 (scns2(



Lemma2 Reachability e SPACE(login) - deterministic login space

Flea: Dinde and conquer/recursive algorithm
=> path from smst of length = iff

-> vertex x such that : (i) I path sox of length & and

(ii) - path xtpt
"n <

↑ ↑

can be implemented using Ollogin) space
Main tape 1 : stack that stores recursive history of calls



&eachDuThen
# (uru) or (v)E = accept
Else = reject

If +> 1 then

For each vertex x In 9 :

# [Reach (u
,
X
,
42) + Reach (X , v, 42)] => accept

# haven't yet accepted -> reject

#

Enikaily call Path (S, t , n)



&eachDem
↑

# (uru) or (v)E = accept
Else = reject

If +> 1 then

For each vertex x In 9 :

# [Reach (u
,
X
,
42) + Reach (X , v, 42)] => accept

# haven't yet accepted -> reject

complexityof Reach (5
,
t
,
n) :

Recursion depth logn
stack needs to store info about logn recursive calls

Each call : stora u, 4 t
,
X used in that call Jollogn)

: 0((logn)2) space



-aceComplexity - Relationships
· Recall space(time fin)

means O(f(n)
① SPACECt(n)) eNSPACE (f (n)

② TimE(f(n) =NTimE)f(n)

③.

NTIME (f(n)) -TIME (20lfin) -

① TIME (f(nI =SPACE (f(n) easy

ronger : NTIME (f(n)) = SPACE (f(n)) ?

Simulation in a only needs space off (n))



-aceComplexity - Relationships
① SPACE)) eNSPACE (f (n)

② TIME(f(n) NTimE)f(n)

③ NTIME (f(n)) -TIME (20lful) -

④ TIME(f(UD ESPACE (f(n)

Enger : NTIME (f(n)) = SPACE (f(n))

⑤ For finelogn : NSPACE(f(n)) & TIME (20cfcull)
⑥ For f(n) = logn : NSPACE (f(n)) - SPACE (f(n)' Savich '70



① SPACE(n)) ENSPACE (f (n)

② TIME(f(n) NTimE)f(n)

③ NTIME (f(n)) -TIME (20lful)
-

④ TIME(f(UD ESPACE (f(n)

Stronger : NTIME(f(n)) < SPACE (f(n))
-

& For finelogn : NSPACE(f(n)) & TIME (20CfCull)
⑥ For f(n) = logn : NSPACE (f(n)) - SPACE (f(n)' Savich '70

requencesof 0-0 :

LENLEPENP EPSPACE-NPSPACE E EXPTIME

⑪ ⑭ ⑤
H

⑯



-CESURPRISES ! (Next Class)

⑦ Immerman
,
Szelepsenyi (1988)

NSPACE)f(n)) = coNPSPACE (f(n))

⑧ Williams (2025)

Time (f(n)) = SPACE (in) (

X
We'll do this Next class



Ncompleteness

Tim
(Directed) graph reachability is complete for NL

Lunder log space reductions)

That is : VLE LOGSPACE E loyspace function fy
: 10

,
13
*

+ 10
,
13
*

such that UX XCL #) f(x) e Reach
mu

Input (9 , 5, t) to Reach

*



BACECOMPLETENESS

① Any LEPH is in PSPACE (exercise

② QBF-SAT is PSPACE-complete

Input : QBF : QXQXzQT3 . - Quin J generalisesY EQBF SAT
each Q ; either V or 5 Here number of

alternations can

be as large as n

Ex: -x , 5 xm VXy5xy F(x,,Y ,
Xy
, Xy)

accept if 52
,
4013 -de <013 Vdy + (9, 13 54y + 10, 13 F(d,n , 42 , 4y) = /



-pacehierarchy thm : Let tin) = o(T(nl)
,
tin)-logn,

and tT are "Nice" : TheN SPACE (T(ull & SPACECE(n))

Proof similar to timehouchy thm

consequences : PSPACE LOGSPACE-

EXPSPACE & PSPACE


