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#

Today :

&

-> Time Complexity :
P

,
NP

,
coNP

,
EXP

,
NP-completeness

Time hierarchy Theorem

-> space complexity
↑



#MS

Input tape (read only

Work tapes Cread/Write

Output type (write only



mComplexity (quick recap last class)
S

+ ImE (T(n)) = Set of all Languages L = 30
,
1)" that are

decided by a TM in time T(n)
I

I

Yetn P = U Time (nk) Languages decidable
in

10 polynomial time



Wondeterminism

Recall Normal TMsone detaministic : For every configuration-

there is exactly one possible transition

Nondeministic iMs generalge determinatic ↑Ms.

NTMs are not a realistic computational model.

But invented
to help understand a certain large class

-

of problems seemingly
Not in P

,

but Nonetheless solvs

can be efficiently verified

ondetTMs : Like Ordinary ↑Ms but now transition function

is "Nondeterministic" : S (a
,

a
,de .)-> E set of transitions 3

ex : S1gya; b) ->G zone worksa - input tape
example for a decision problem



Del A NTM M decides ( = So
, 1)

*
If :

xe = there exists a sequence of transitions (computationa
st M(x) halts & accepts

XXL => for all possible computation paths,
M(X) does not

halt + accept

Dyn Runtime of NTM MonX = Max runtime (Until we half)
over all computation paths of M on x

1)I NTIME(f(n)) = 3 L = (0
, 1)

* /ENTM M that deads h

andruntime & M(x) is = f((x)).



D NP : = U NTIME (nk)
10

--

AHernative"Verifier"definition of NP

Den LeNP - pol pln) = no and a deterministic TM . V

such that ↑
verifier

x) V(x
,
x) runs in time poly in 14/

(2) Ux < 50
, 13

*

XCLE) In such that V(X
,
u) = 1

↑
"witness"

Dam: Definitions 1
,

2 are equivalent



Example oNP Languages

① 3: Input : Sant formula F over Y
...., In

Output : 1 if there is an assignmentLe 30
, 13" thatsatisfies F

.

Example X,-X2V)(XvXy) -X 2VXy)
--

V (F
, 1) : check it f(x) =

if yes -> accept
else -> Reject

Ceck 2 defis of NP are satisfied for 35AT



Example oNP Languages

② MicuitSotput : Boolean circuit C witha inputs X
... X

Output: 1 luccept) if there exists a Boolean assignment

& 30
,
13" to X

...-xn
such that <(a) =

3CNF : is a type of circuit



F= (x
, vxz) - (vXyv Yy)

Example:
⑪

· y/ I
-



&ook --Levin thm

CIRCUIT-SAT : SC/C is a satisfiable Boolean circust3 is NP-complete

Profdea

1. Circuit-saTe NP : VCc
,
2) delo

, 1"

~ ( 2) : evaluate Con input /

and accept if <(2) outputs1

our reject

2. Circuit-SAT NP-hard : (See Sipser thm 7
.37)



Look--Levinhm

CIRCUIT-SAT = SC/C is a satisfiable Boolean circuit 3

2. Circuit-SAT NP-hard : (See Sipser thm 7
.37)

Idea : Let LEND-let V be verifier for L :
S

XL = by s . t . V(x
, y) accepts

xxL = Vy v(x
,y) rejects

runtone of v(X
, y) = O(IX1 * )

given (V ,
x) -> (Dz ... Em) arcuit

such that I an assignment y st V(X
,
Y(accepts 2)

-> setting to 2 - -Em such that C17--7m) accepts

7-Em encodes "tableaux" of V on inputs XY



Other NP-complete Languages

#
. ST : Juget is BCNF formula c = <

,
11 ... 1Cm

each is size 3 cause

Ex
.

C = (x
, v zvnXz) - (x

, -xy -xj) - (xyvoxy-Xy)

accept iff t assignment de 50
,
1)

"
to X... -Xn

S
.
t

- <(d) = 1

1. ISAT ENP

2
.

ISAT Is NP hand.

SHOW CIRCUITAT E SAT



# Let C be a circuit our X... Xn

⑭

Ci to
-

-

* 2X
, X2Y Yz

Create 3CNF F:

Variables : X... Xn plus new vans one per intermediate

gate of C

clauses : express that
value ofY: is correct" for each yo

and output is I



# Let C be a circuit our X... Xn

① Y5

Ci Y
-

- -

%
04. 0

-0-Y
* 2X

, X2Y Yz

Create 3CNF F:

Variables : X... Xn plus new vans one per intermediate

gate of C Convert to CNF

↓
clauses : Y

,

=
X

, vXz => ( .
- X

,vxz) - (x
, vxz + y

,) ( y
,
-X

,VXz) -

Y
=

= -X
, 11Xz (ax

, vy,
) + (aXzY , )

Yz = Yz Y3

Yy = Y ,
Vyz

Y5
= Yy1Y3

45 = 1



# Let C be a circuit our X... Xn

① Y5

Ci Y
-

-
%
04. 0

-0
-

-Y
* 2X

, X2Y Yz

Create 3CNF F:

Variables : X... Xn plus new vans one per intermediate

gate of C

clauses : Y, X
,Xe) (Y,xUX) - (2x

, vy,
) - (XaY , )

Y
=

= -X
, v -Xz((-z - X

, v(Xz) - (xX
, v7xz = yz)()

Yz = Yz Y3 (Yavax , )(ayyvnxz)(y
, vXyVYz)

Yy = Y ,
Vyz

Y5
= Yy1Y3

45 = 1



# Let C be a circuit our X... Xn

① Y5

Ci Y
-

- -

%
04. 0

-0-Y
* 2X

, X2Y Yz

Create 3CNF F:

Variables : X... Xn plus new vans one per intermediate

gate of C

clauses : Y= X
,Xe) (Y,xx) - (2x

, vy,
) + (aXaY , )

Ye = -X
, v2xz =)(yavax , )19ayzv2x2)(yvXyVYz)

43 = Ya X
g #) (rYg + YeVxs) +(2yz * 4) 1(2xy24s)

Ye = Y ,
242 =) (rYy -Y

, -Ye) + (ay
, -Yy)2(242244)

45
: Yaryy =)(245 Ye) + (145243)n(044 - 343-45)

45 = 1 E (45)



Other NP-complete Languages

#
.
3201 Input : undirected graph g = (v

,
El

-

Onput : 1 If g is scolorable

*
↑

Yes ! S-colorable No. Not socolorable

IVl-n : input size(4)



Other NP-complete Languages

#
. 3h Input : undirected graph g = (v

,
El

Onput : 1 If g is scolorable

1
.

In NP : Ventier V(g ,
5): ERB,

g)
check ifI is a valid 3 coloring of 9

2 .

NP-hand : Show 35AT Ep 3C0L



Example F - Juv -- WiGv -wax)
#

u-

P 2

①Tu

-7v- o
connect to 000· connect to 0 & 0

· ID nvivviw

p- ↑·One
-

-

-

Literals
clause gadgets



Example F = JuvvwiGvvwux)
#

u-

P 2

* Each clause
-

gadget is

·3-colorable

least one of

O o
connect to

iff at

·
000

The input Ox Un-V

Literals is I 1
-a

-

colored O 10 Uvivviw

⑭

-
-
-

↑ connect to 0 & 0

-- -VvwvX⑪ ⑧-
-

-

Literals
clause gadgets -

-



Example F = JuvvwiGvvwux)
#

u-

P 2

* Each clause

gadget is O
3-colorable

least one of o
connect to

iff at

· 000The input Ox Un-V

Literals is OaI- -

colored O 10 Uvivviw

⑭

-
-
-

↑ connect to 0 & 0

-- -VvwvX⑪ ⑧-
-

-

Literals
clause gadgets -

-



Example F = JuvvwiGvvwux)
#

u-

P 2
n = 1

W = 1 -I
v = 1

.

I
o

connect to

·
000

Un-V

· -ID nvivviw

⑭

-
-

↑ connect to 0 & 0

p-Onwa⑰ O
-

-

-

Literals
clause gadgets



#PANP :

LeNP if there is a

-

verifier V(X
,
y) such that

NP

p
CONP

x+L Jyv(x, y) = 1

&

NP Tecomp if tree is a
complete

recifie v(X
,y) S

.

t.

xe7 e) by V(x, y) #
3UNSAT

Lener'sthm : If PANP then there are languages in NP

but not in P and not NP-complete
example : Decision version of Factoring : L-()N,

i)/ in dit of largest factor of N is 23



IND :

-

NP = COND = P

-



Tiehierarchy Theorem (sipser 9 1)

TimE(n) Time (n3)

(there is a problem 1 = 10 .13 solvable in time Ocri Cbut Not in time O(n 2 ).

Actually shows : ↑ & E S EXP

↑ ↑
time (2014) time (2poy)



I miHierarchy thm

Assume t
,
(n)[(n) ·

Ex tin)-nt)=

Then5LETime(tz(n)) ,
but LATImE(t (n)

Notation (encoding)
Z

an object of type
T

1) := standard encoding of z

EX1z = N (E)in binary encoding of z

# Z : all TMs <Zy
= binary encoding of TM z

-



#sketch high level is diagonalization

will be

L defined by a time tylal TM
,
D

,

that decides it

columns : all TMs
*

Xz
rows : all Xc90 ,

13 " that encode

X3# a TM
,

Y

so entry (X: ,
Mil :

M, encoded by X:

that is
, (MiliX :

&



#sketch high level is diagonalization Xz

will be iX3

,

L defined by a time tylal TM
,
D

,

that decides it
Y

oninpuihi "X :
(ifX

=
is not code of any th,

half a reject)

(2) Use t(xil) time to simulate Mix) for as many
steps as it can

(3) If Mi(Xi) finishes and accepts in this much time =>> D(Xi) halts + rejects

(4) Else[Miltil rejects or doesn't finish in this much time => D(Xi) halts + accepts



on
input

·

Let <MiSpu"Xi (if Xi is not code of any th,
half a reject)

2) Use(xil) time to simulate Mix) for as many
steps as it can

3) If Mi(Xi) finishes and accepts in this much time =>> D(Xi) halts + rejects

(4) Else[Miltil rejects or doesn't finish in this much time => D(Xi) halts + accepts

Define L = Ex/D(x) accepts 3

# aim1 : LE TIME (ty(n)) by construction

#aim2 LATIME(t ,
(n)) for +(n) tein)



-
> L * TimE(t

, (n)) for t
,
(n) < ty(n)Claim

4D(x) runs in time t (1X1) .

· Asumption : VX: D(xi) is able to simulate TM M =Nilim for

at least t
,
(IX: 1) steps .

· Assumption implies LATIME(t ,
(n)) since V M; that halts in t,

(n) time,
& (xi) halts and D(xi) & Mi(Xi) by construction

Assumption is true : overhead of simulating M on x for t
, CX1) Steps :

say
t

,
(n) = n

Don X
: ( <M

. L = xi) :

Tape 1 : "clock" : stores time step on tapeI

Tape
2 : store contents f M; tapes

Tape 3 : store program X
: Sencoding Mi

Tape 4 : Workspace for D



Assumption is true : overhead of simulating M on x for t
, CX1) Steps :

say
t

,
(n) = n

Don X
: ( <M

. L = xi) :

Tape 1 : "clock" : stores time step on tapeI

Tape
2 : store contents f M; tapes

Tape 3 : store program X
: Sencoding Mi

Tape 4 : Workspace for D

To simulate one step of Mim X::

·Scan tape 2 to write on tape 4 the symbols under Mi's heads

· Scan Types 3
,
4 to figure out M's Next transition and update Tape 2

6 Increment clock <Tope1) by +1



Assumption is true : overhead of simulating M on x for t
, CX1) Steps :

say
t

,
(n) = n

Don X
: ( <M

. L = xi) :

Tape 1 : "clock" : stores time step on tapeI

Tape
2 : store contents f M; tapes

Tape 3 : store program X
: Sencoding Mi

Tape 4 : Workspace for D

To simulate one step of Mim X::
O(t

,
(x

, 1)2)
2/

·Scan tape 2 to write on tape 4 the symbols under Mi's heads

·Scon Types 3
,
4 to figure out M's Next transition and update Tape 20-0lt,#. ll2)

6 Increment clock <Tope1) by +1 c- o(t
,
((x

,1)")

· can simulate one step of M
.

in time OCt
,
(i)2) E t,

(IX : 1) 3
so if t

,
(n) = n can pick t-* = n



Lettersimulation is possible ;

↑ t
,
(n) = n and te(n) t, (n) · log (t (n)

= Le TIME(t(n))
,
LETIME (t

,
(n))

↑
says for example : for any KI KEN

there exists LetimE(nk( but

LATimE (n"")



-pacecomplexity

Defn A TM M has space complexity scn) if

XX
,
(x) =m

,
M scans & Scn) cells an every work tape

on input X (Need not half)

De LeSPACE(Scal) if J a deterministic TM M that decides L

and has SPACE O(S(n))

Note space canbe length of input
Den LogsPACE = SPACE (Logn)

PSPACE = U SPACE (nk)
1>0



-pacecomplexity

wondet wondetL
Dejn Au M has space complexity scn) if

XX
,
(x) =m

,
M scans & Scn) cells an every work tape

on input X (Need not half)

Deg LeNSPACE(Scal) if 5 termistic TM M that decides L

and has NSPACE O(S(n))

Note space canbe length of input

Defn "L" = LogsPACE = SPACE (Logn) "NL" = NSPACE (logn)
PSPACE = U SPACE (nk)

1>0



Example Reachability
*ut : Directed graph g ,

vertices sit

Accept iff there is a (directed) path from stot mig

=> g
= (VE)Min then 191 = n2 (adjacency matiy)

so input <9.
5

, t) has length 2 + zlogn = OCu2)

emmal Reachability a NSPACE (logn)

Nondeterministic SPACE logh algorithm :

# : "guess" path from s tot. Do guesses online to keep space OClogm)

Worktape 1 : stores current vertex visited (logn bits)
initially tapeI contains

Workape 2 : guessNext Vertex to visit (logn bis)

Workape 3 : counter in binary (halt when counter >n)



Nondeterministic SPACE logh algorithm :
-dea : "guess" path from s tot. Do guesses online to keep space OClogm)
-

Worktape 1 : stores current vertex visited (logn bits)
initially tapeI contains

Workape 2 : guess Next Vertex to visit (logn bis)

Workape 3 : counter in binary (halt when counter >n)
Initially t = 1

op:
* . If ton+ halfa reject
· Let v

,
be vertax Name stored on tope I

· guess a vertex Vz a store Name in binary on type 2

& # edge (V
,2)9 their half a reject

&

&

Ie ? rep lace v
,
with van tapeI

# U2 = t half a accept
t = t+ 1



Lemma2 Reachability e SPACE(login) - deterministic login space

Flea: Dinde and conquer/recursive algorithm
=> path from smst of length = iff

-> vertex x such that : (i) I path sox of length & and

(ii) - path sust
"n < 1

&

↑ ↑

can be implemented using Ollogin) space
Main tape 1 : stack that stores recursive history of calls



&ecursive Alg :

PATH (x , y,
i) :

If i = 0 Then if (
, Y) @E return TRUE

else => return FALSE

else (120) : for each zeV :

#+ PATH(X,
z

,
i1) = True

and PATH (2
, y,
L =TRUE => return TRUE

else= return FALSE



Theorem (savitch) Let S(n) > logm ·

Then

-

NSPACE (Scull - SPACE (sY (n))

#key idea : a wonder spaces aly can be viewed as

reachability problem on an directed graph with 2015) vertices)
Let L be decided by a space scr) wonder TM

, M

Let In be "configuration
* graph of M Cassume M has one work tape)

A "configuration" condentsaf work type ,

location of work head,
Location of input head and value

since M uses spaceScn), there are - 20(scn)) distinct
↑ configurations

Vertices of In = & all possible configurations 3
(+2) iff M can transition from configu

to v' on one step.



Theorem (savitch) Let S(n) > logm ·

Then

-

NSPACE (Scull - SPACE (sY (n))

#key idea : a wonder space sin) algorithm
can be viewed ass a

reachability problem on an directed graph with Oksc)) vertices2

Let L be decided by a space scr) wonder TM
, M

Let In be "configuration
* graph of M Cassume M has one work tape)

A "configuration" condents of work type ,

location of work head,
Location of input head and value

since M uses spaceScn)
,

there are - 20(scn)) distinct
configurations

Vertices of In = I all possible configurations ?
(+2) iff M can transition from configu

to v' on one step.

Let v : start config on input X
,
and let vace-accept cong.

Then X-LE) Vace is reachable from u in
In

By Lemma 2
,
there is a deterministic space sin) algorithm &


