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What about the type of an argument? The then and else branches? Not good enough




Q: Can we statically characterize terms that will never get stuck?
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Type Safety

Progress: If e is well-typed, then either e is a value or there exists ¢’ such that e — ¢’.

Preservation: If e is well-typed and e — ¢/, then ¢’ is well-typed.




Simply-Typed Lambda Calculus

Types 7:u=bool |7 — 7T

Types are either bool or functions from type to type, e.g., bool — bool
The — operator associates right-to-left: curried functions are unparenthesized
bool — bool — bool means bool — (bool — bool)

2]

This is opposite from application to make unparenthesized sequences “match up’

fab means (fa)b



Simply-Typed Lambda Calculus

Types 7:u=bool |7 — 7T

Values wv:=true|false|x|Ax: 7.t

Types of function arguments are annotated

Ax : 7.t means x is an argument of type 7 in the body ¢



Simply-Typed Lambda Calculus

Types 7:u=bool |7 — 7T
Values wv:=true|false|x|Ax: 7.t
Terms tz=wv|tt|iftthentelset

t : 7 indicates term (or value) ¢ is a well-typed with type ¢



Simply-Typed Lambda Calculus

Types 7:u=bool |7 — 7T

Values wv:=true|false|x|Ax: 7.t

Terms tz=wv|tt|iftthentelset
Context T'u=@|T,x: 1

A context T' is a partial map from variables to types.
@ is the empty map

I, x : 7 adds the mapping from variable x to type 7z, replacing any existing mapping of x



Simply-Typed Lambda Calculus

t-true

Types 7:u=bool |7 — 7T I' - true : bool
Values wv:=true|false|x|Ax: 7.t t-false
. I' - false : bool
Terms tz=wv|tt|iftthentelset
Context T'u=@|T,x: 1

Type judgments: Tt : 7 means term ¢ has type 7 in context I'

Base cases: true and false have type bool in any context
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t-true

Types 7:u=bool |7 — 7T I' - true : bool
Values wv:=true|false|x|Ax: 7.t ol Lert_var
. I' - false : bool 'x:1
Terms tz=wv|tt|iftthentelset
Context T'u=@|T,x: 1

x: 7€l holds true when variable x maps to type 7inT

This is the only purpose (or use) of a context: to tell us the type of an argument
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Types 7:u=bool |7 — 7T

Values wv:=true|false|x|Ax: 7.t

Terms tz=wv|tt|iftthentelset
Context T'u=@|T,x: 1

t-true

T + true : bool

x: 7€l
t-false —  — t-var
I' - false : bool 'x:r1

Lx:gkHt:n
T'(Ax:m.t): 0 > 0

t-abs

The type of Ax . 7y : t
is a function from 7; to 7

provided its body t has type 7,

when you assume the argument x has type 7.

This is the only time the context is extended
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Types 7:u=bool |7 — 7T
Values wv:=true|false|x|Ax: 7.t
Terms tz=wv|tt|iftthentelset
Context T'u=@|T,x: 1
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T'(Ax:m.t): 0 > 0

t-var

Applying t; to t;
returns a type 7
provided t; is a function of type 77 —

and t, is of type 7y
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t-true
Types 7:u=bool |7 — 7T I' - true : bool
Values v:=true|false|x|Ax: 7.t plke XS CCT, o
. I' - false : bool 'x:1
Terms tz=wv|tt|iftthentelset
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I'tt: o I'ift thent,elset; : 7

The type of a if-then-else term is a type
provided the predicate is a bool

and the then and else branches are of type
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t-true
Types 7:u=bool |7 — 7T I' - true : bool
Values v:=true|false|x|Ax: 7.t plke XS CCT, o
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This type system is safe but rejects programs that work under call-by-value:

(Af:?. ff true)(Ax:? . x)

Note that the call-by-value semantics ignores types (statically typed)



What is the type of (Ax . x x) (Ay . y y)?
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What is the type of (Ax . x x) (Ay . y y)?
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t-abs

Apply t-app



What is the type of (Ax . x x) (Ay . y y)?

Ix:noqbxx:?

t-ab.
'-r(Ax:n.xx): g —7? o I“I—(/lyirz.yy)iﬁt_app
FT-FAx:.xx)Ay:n.yy) :?
Type Judgments
BEGEW ., UEhfa—wp IEGI@, . LXinElin g,
F'-x:1 I'tty: o IT'(Ax:1.t): 0 >

The left term Ax : 77 . x x is an abstraction: apply t-abs
Add the type of the (annotated) argument to the context

Note that the type of the argument fixes part of the type of the abstraction and its
argument
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Apply t-app to x x



What is the type of (Ax . x x) (Ay . y y)?

x:n€lx: o tvar
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Consider the right term x first
Apply t-var to the variable x

The extended contextT', x : 7; tellsus x : 7
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t-var tells us x is well-typed with the type ©;
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t-app tells us the type of the body must be a function from the type of the argument
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The left term is x, so t-var applies

The context tells us x is well-typed with type ¢y
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But because our types are finite, there is no type such that oy = 74 —

It follows (Ax . x x) (Ax . x x) is not well-typed
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x:n€lx:n x:n€lx: o
t-var t-var
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Ix:qbxx:?
t-abs
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More powerfully, this simply typed lambda calculus is strongly normalizing:

IfT + t : 7 then there is a value v such that t —* v.

Well-typed terms always terminate; this simply typed lambda calculus is not
Turing-complete



