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Simply-Typed Lambda Calculus

Types t:u=bool |7 — 1
Values wv:=true|false|x|Ax: 7.t
Terms tu=v|tt|iftthentelset

Must annotate every function argument with a type

No polymorphism: expressions that don’t get stuck are not well-typed, e.g., (Ax:? . x) y



Principal type-schemes for functional programs

Luis Damas* and Robin Milner

Edinburgh University

1. Introduction of successful use of the language, both in LCF and
This paper is concerned with the polymorphic other research and in teaching to undergraduates,

type discipline of ML, which is a general purpose it has become important to answer these questions -

functional programming language, although it was particularly because the combination of flexibility

Symposium on Principles of Programming Languages (POPL), 1982

Also R. Hindley, The principal type-scheme of an object in Combinatory Logic,
Transactions of the American Mathematical Society, 146:29-60, December 1969.

So more like Damas-Hindley-Milner



Hindley-Milner Type System

e = X Variable
ee Application
Ax . e Abstraction

let x=eine  Letbinding

The Lambda calculus extended with let bindings
let x = M in N behaves like (Ax . N) M but with different typing rules



Hindley-Milner Type System

e = X Variable
ee Application
Ax . e Abstraction
let x=eine Letbinding

Tu=CrrT..

t  Type application
Type variable

7: A type, which is polymorphic if it contains type variables; it is monotype otherwise

a: A type variable that may be filled in later

C: A type constructor that takes zero or more type arguments (its arity)

E.g., bool, int, char, string € C with arity zero

list and set € C with arity one, e.g.,, 1list int

map and — € C with arity two, e.g., map string int, string — bool (infix)



Hindley-Milner Type System

e = x Variable = Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction =T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
o: A type scheme that can be instantiated
A quantifierVa . o introduces a local type variable a to the scope of o
Quantifiers may only occur at the top level, i.e, 0 =Vao; . Voo . ... . Vo, . T

Type scheme of the identity function: Ax . x : Voo . ¢« — «

Type scheme of a function that returns the length of a list: Ve . (l1ist &) — int

Type scheme of a function that returns the number of elements in a map:

Vag . Vay . (map (241 6{2) — int



Hindley-Milner Type System

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine  Letbinding Va.o Quantified Type

Types may include type variables a — «
Type schemes’ type variables may be quantified Voy . @ — o, or unquantified &y — o,
What is the difference?

You choose values for a quantified type, Vo . @y — o, may mean int — @, or
bool — .

An unquantified type variable may be chosen by something else, but not you.
a — a means a function from some type « to that same type, but you may not choose a.



Hindley-Milner Type System

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction T o= 7 Type
let x=eine  Letbinding Va.o Quantified Type

“o’ is more general than ¢” is written ¢’ £ o instantiate type variables in ¢’ to give o;
quantify over type variables that are not free in o, i.e., those that were bound in ¢ and
remain uninstantiated in the new type.

Va .o — acint — int o :=1int
Va . a — o c bool — bool o := bool
Va .a — o % bool — int Not consistent

Va.a — acVa.(a — a) > (a — ) a=vVa.a— «a



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine  Letbinding Va.o Quantified Type

x:crEl"W1r
I'x:0

As in simply-typed lambda calculus:
The type of variable x is what our enviroment says it is, a type scheme in general

Damas and Milner called this the tautology rule



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction T o= 7 Type
let x=eine  Letbinding Va.o Quantified Type

x:crEl"W1r 'Heg:p—>11 ThHe:

- TZapp
I'x:o0 I'Hee:n

As in simply-typed lambda calculus:
If e; : 5 — 17 is a function and e, : 7, is its argument, applying e, to e; gives 7

Note that these are just types, not type schemes



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
letx=eine Let binding Va.o Quantified Type
x:crel"ve1r 'He 1, —> 1y Fl—ezzrgapp I'x:nnke:n abs
I'x:o0 F'e e : 1 F'Ax.e:qg >0

Similar to simply-typed lambda calculus:
If we take x : 73 and conclude e : ©»,thenAx.e: 17 — 1
All just types, not type schemes

Big difference: the A term does not constrain the type of x. This is the inference part



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine  Letbinding Va.o Quantified Type
x:crel"Var 'He 1, —> 1y Fl—ezzrgapp I'x:nnke:n abs
I'x:o0 IF'e e :n I'-Ax.e:q —> 10

I'Heg:0 TIx:0oke: 1T

. let
rl—let.X':ellnezZT

Rule for let like app + abs: (Ax . ;) e; : 1 if e; : 7 and assuming x : 7y gives e; : T
Important distinction: e; and the variable x may have a type scheme

The key difference between A and let in the Hindley-Milner system: A arguments must
be types; let variables may have type schemes.



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Letbinding Va.o Quantified Type
x:crEl"Var 'He 1, —> 1y Fl—ezzrgapp ILx:nhke:np abs
I'x:o0 IF'e e :n I'-Ax.e:q —> 10

I'Heg:0 TIx:0oke: 1T

. let
F'letx=e ine : 7

Prelude> :t let f = \x -> x in (f True , f 'a')
let f = \x -=> x in (f True , f 'a') :: (Bool, Char)

Prelude> :t (\f => (f True , f 'a')) (\x —> x)
Couldn't match expected type Bool with actual type Char
In the first argument of f, namely 'a'



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
letx=eine Let binding Va.o Quantified Type
x:crel"ve1r 'He 1, —> 1y Fl—ezzrgapp I'x:nnke:n abs
I'x:o0 F'e e : 1 F'Ax.e:qg >0

I'Heg:0 TIx:0oke: 1T

. let
rl—let.X':ellnezZT

# let f = fun x -> x in (f true, f 'a');;
- : bool * char = (true, 'a'")

# (fun f > (f true, f 'a')) (fun x > x);;
Error: This expression has type char but expected an expr of type bool



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:crel"ve1r 'He 1, —> 1y Fl—ezzrgapp I'x:nnke:n abs
I'x:o0 F'e e : 1 I'Ax.e: 1 > 1w
I'e;:0 Ix:oke: 1 l'e:o/ od'co.
let inst

F'letx=e ine : 7 l'e:o

The rule for instantiating type schemes:
An expression with a type scheme ¢’ can be made more specific

This is how type schemes (e.g., for variables) can be reduced to types



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
letx=eine Let binding Va.o Quantified Type
x:crel"Var 'He 1, —> 1y Fl—ezzrgapp I'x:nnke:n abs
I'x:o0 F'e e : 1 I'-Ax.e:q —> 10
. . . . / .
I'e :o I“,x..crl—ez.rlet 'He:o Ggainstrl—e.a anFV(F)gen
F'letx=e ine : 7 l'e:o l'e:Va.o

Generalization rule:

You can always introduce a fresh type variable (not already appearing free in the
environment) to the type of an expression.

This may create or just extend a type scheme



Hindley-Milner Type System Deductive Rules

e = Xx Variable T = Crr..t Type application
ee Application (04 Type variable
Ax . e Abstraction o= T Type
let x=eine Let binding Va.o Quantified Type
x:o0€l' Trea:np—on Fl—ezzrzapp Lx:nke:n b
I'x:o0 I'e e :n '-Ax.e:qg — 10
o o o 5 / / .
e :o I‘,x..dr—ez.rlet F'e:o J;Ginstrl—e.o aeFV(F)gen
I'letx=e ine : T I'He:o I'e:Va.o

FV(I): set of free type variables in an environment

FV(a) = {a}
FV(Crty... 1) = FV(ry) u - UFV(1y)
FV(Vva . 0) = FV(o) - {a}
FV(T[,x : o) = FV(o) u FV(I)



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:crEl"W1r 'He 1, —> 1y Fl—ez:TZapp I'x:nnke:n abs
'x:o F'e e :n I'-Ax.e:q —> 10
. . . . / .
I'He : o I“,x..crl—ez.rlet I'He: o Ggainstrl—e.a ()(&ZFV(I“)gen
F'letx=e ine : 7 l'e:o l'e:Va.o

What is the type of “id n” assuming I' =n : int, id : Va . @ — a?



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:crel"ve1r 'He 1, —> 1y Fl—ez:rgapp I'x:nnke:n abs
I'x:o0 F'e e : 1 I'Ax.e: 1 > 1w
. . . . / .
I'He : o I“,x..crl—ez.rlet I'He: o Ggainstrl—e.a anFV(F)gen
F'letx=e ine : 7 l'e:o l'e:Va.o

What is the type of “id n” assuming I' =n : int, id : Va . @ — a?

I'idn : ?
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e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:crel"ve1r 'He 1, —> 1y Fl—ezzrgapp I'x:nnke:n abs
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. . . . / .
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F'letx=e ine : 7 l'e:o l'e:Va.o

What is the type of “id n” assuming I' =n : int, id : Va . @ — a?

'id:? —? I'tn:?
I'~idn :?

app
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e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
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-2
n:? GFvar

'id:? —? I'tn:?
I'~idn :?

app
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e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
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n:intGI‘Var
'id:? —? I'tn:?

I'idn :?

app
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e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:crel"ve1r 'He 1, —> 1y Fl—ezzrgapp I'x:nnke:n abs
I'x:o0 F'e e : 1 I'Ax.e: 1 > 1w
. . . . / .
I'He : o I“,x..crl—ez.rlet I'He: o Ggainstrl—e.a anFV(F)gen
F'letx=e ine : 7 l'e:o l'e:Va.o

What is the type of “id n” assuming I' =n : int, id : Va . @ — a?

n:intGFV
'id:? —? I'n:int
I'idn :?

ar

app
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e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
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app
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e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
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F'—id:? ? cint —»>? n:inteTl
inst v

'—id : int — ? I'n: int
I'~idn :?
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app
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e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
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Fundamental trick: pick a new type variable « as the type of the argument

let
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ar
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F'Axx:? a SozeFV(l")gen
F'Axx:? Ti:? i ?

let

THleti=Axxinii:?
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e = x Variable T == Ctr..t Typeapplication
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Ax . e Abstraction o= T Type
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I'x:akx:a
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I'+leti=Axxinii:?

ar

let

Generalize the type of i into a type scheme; we will need this later
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Both environments get the same type scheme for i; they will instantiate it differently

apj
let
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ins
apj
let



Hindley-Milner Type System Deductive Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:crel"Var 'He 1, —> 1y FI—eZ:TZapp I'x:nnke:n abs
I'x:o0 F'e e : 1 I'-Ax.e:q —> 10
. . . . / .
I'He : o I“,x..crl—ez.rlet I'He: o Ggainstrl—e.a LMZFV(I“)gen
F'letx=e ine : 7 l'e:o l'e:Va.o
i:? el,i:Va.a—a var
x:(xGI‘,x:avar Ii:Vaa—atki:?
I'x:akx:«a b ? c? .
TExx:a—a u ¢ FV(T) gen Ii:Vaa—ati:? —? Ti:Vaa—ati:? apy
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I

ins
apj
let
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A key step: we can instantiate the type scheme however we like
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€

THleti=Axxinii:?

We now know a little about the the type of i we want on the left
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This time, we instantiate the type scheme differently
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Hindley-Milner Type System Syntax-Directed Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction T o= 7 Type
let x=eine  Letbinding Va.o Quantified Type

Clément, Despeyroux, Despeyroux, and Kahn. A Simple Applicative Language: Mini-ML,
LISP and Functional Programming, 1986.

Expressions, types, and type schemes as before
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e = X Variable
ee Application
Ax . e Abstraction

let x=eine Letbinding

x:0€Tl OCT ..
I'x:1

T == Ctr..t Typeapplication

a Type variable
o =T Type
Va.o Quantified Type

Type instantiation now done only as part of the var rule

All expressions, including variables, now only take on types

Type schemes only appear in I' and instantiated when their variable appears
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? 9= 5 Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction T o= 7 Type
let x=eine  Letbinding Va.o Quantified Type

I'x:nnke:n
'-Ax.e:q —> 10

x:0€l occr I'e:m—>1 ThHe T
= var Fe i n L 1€t Ty, abs

l'-x:7 I'Hee:n

app and abs rules as before

All expressions take on types
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e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction T o= 7 Type
let x=eine  Letbinding Va.o Quantified Type

x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np

b
I'x:1 IT'ee:n I‘I—Ax.e:rl—>1'2as

IF'e:p Tox:gen(l,n) ke : n
I'letx=e ine : 1

let gen(l,7)=V{FV(r)-FV(I)} .t

A variable’s type is generalized to a scheme when the let rule adds it to the context

The gen(I', ) function generalizes the type 7 to a scheme that quantifies all type
variables that are free in 7 and not free in I:
Vay . ....Va, .t when FV(r) - FV() = {ay,..., an}

gen(l'7) = {T when FV(r) - FV(I') = @
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e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction T o= 7 Type
let x=eine  Letbinding Va.o Quantified Type

ILx:nhke:np
'-Ax.e:q —> 10

x:0€l occr I'e:m—>1 ThHe T
= var Fe i n L 1€t Ty, abs

l'x:1 I'Hee:n

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

One rule each for variables, applications, abstractions, and let bindings
Proof tree structure is now set by the syntax of the program

No choices about where and how many inst/gen rules to apply
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F'-x:7 I'ee:n '-Ax.e:q —> 10

IF'e :1p T,x:genl, n) ke :
I'letx=e ine : 1

abs

Z1et  gen(T, 7) = V{FV(r) - FV(D)} . r

I'leti=Axxinii:?
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F'Axx:? I,i: gen(T,? YHii:? let.
F'leti=Axxinii:?
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x:0€l occr I'e:m—>1 ThHe T
= var Fe i n L 1€t Ty, abs

l'x:1 I'Hee:n

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

Lx:?2Fx:7?
F'Axx:?

abs . .
I,i: gen(T,? YHii:? let.
F'leti=Axxinii:?




Hindley-Milner Type System Syntax-Directed Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction T o= 7 Type
let x=eine  Letbinding Va.o Quantified Type

ILx:nhke:np
'-Ax.e:q —> 10

x:0€l occr I'e:m—>1 ThHe T
= var Fe i n L 1€t Ty, abs

l'x:1 I'Hee:n

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

.2 2 c?
x:?7€l ' E? ar
Lx:?2Fx:7?
F'Axx:?

abs . .
I,i: gen(T,? YHii:? let.
F'leti=Axxinii:?
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e = x Variable T == Ctr..t Typeapplication
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Ax . e Abstraction T o= 7 Type
let x=eine  Letbinding Va.o Quantified Type

ILx:nhke:np
'-Ax.e:q —> 10

x:0€l occr I'e:m—>1 ThHe T
= var Fe i n L 1€t Ty, abs

l'x:1 I'Hee:n

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

x:?7€l ?I;?Var

Iix:? 2 ? r j: ? ? T j 2 ?
, X = x abs 11 ' - _ 11 app
F'Axx:? I,i: gen(T,? YHii:? let.
e

I'leti=Axxinii:?

Iy =T,i: gen(,? )
Just an abbreviation
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let x=eine  Letbinding Va.o Quantified Type

ILx:nhke:np
'-Ax.e:q —> 10

x:0€l occr I'e:m—>1 ThHe T
= var Fe i n L 1€t Ty, abs

l'x:1 I'Hee:n

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

? 2 Cc? ? i:?? €l
x:?7€l ' e? ar C C 7 var
Iix:? 2 ? r j:? —7? T j 2 ?
, X = x abs 11 ' _ 11 app
F'Axx:? I,i: gen(T,? YHii:? let.
e

I'leti=Axxinii:?
Iy =T,i: gen(,? )



Hindley-Milner Type System Syntax-Directed Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction T o= 7 Type
let x=eine  Letbinding Va.o Quantified Type

ILx:nhke:np
'-Ax.e:q —> 10

x:0€l occr I'e:m—>1 ThHe T
= var Fe i n L 1€t Ty, abs

l'x:1 I'Hee:n

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:? el i:? el
.7 2 c? ? ? ? ?
x:?2el ?2e? . 7 c var - £ 7 var
l“,x:?l—x:?abS i=i:? —? TyHi:? app
I'=Axx:? I,i:gen(,? YHii:? et
€

I'leti=Axxinii:?
Iy =T,i: gen(T,? )



Hindley-Milner Type System Syntax-Directed Rules

e = x Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction T o= 7 Type
let x=eine  Letbinding Va.o Quantified Type

ILx:nhke:np
F'Ax.e:11 —> 1

x:0€l occr I'e:m—>1 ThHe T
= var Fe i n L 1€t Ty, abs

I'x:1 I'Hee:n

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:? el i:? el
.7 2 c? ? ? 2 ?
x:?2el ?2e? . 7 c var - £ 7 var
l“,x:?l—x:?abs i=i:? —? Fii:? app
I'=Axx:? I,i:gen(,? YHii:? et
€

I'leti=Axxinii:?

Iy =T,i: gen(T,? )
Proof structure set by syntax. Start with unconstrained argument type.



Hindley-Milner Type System Syntax-Directed Rules

? o= 3% Variable T == Ctr..t Typeapplication

ee Application a Type variable

Ax . e Abstraction o= T Type

let x=eine  Letbinding Va.o Quantified Type

x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n

1 - - ,
I Tetx=c ing : 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:? el i:? el
. ? ? ? ? ?
x:a€l ac? o C 7 var - E7 var
1",x:0¢|—x:?abS iHi:? —7? IiHi:? app
F'Axx:? I,i: gen(T,? YHii:? et
e

I'leti=Axxinii:?

Iy =T,i: gen(T,? )
Choose a fresh type variable; this is the most general type of an argument



Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e = X Variable
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n

1 - - ,
I Tetx=c ing : 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:? el i:? el
: ? ? ? ?
x:a€l aca,, . 7? c var - £ 7 var
x:akFx:7? i=i:? —? TyHi:?
abs - — app
F'-Axx:? I,i: gen(T,? YHii:? et
€

F'+leti=Axxinii:?
Iy =T,i: gen(T,? )
Instantiate without change for now



Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e u= X Variable
ee Application a Type variable
Ax . e Abstraction o oem Type
let x=eine  Letbinding Va.o Quantified Type
x:0€l ocr ThHea:np—on Fl—eg:rzapp ILx:nhke:n .
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n

1 —3 -_— .
I letxze ing : 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:? el i:? el
: ? ? ? ?
x:a€l aca, ? c var - £ 7 var
x:akx:«a Ei:? —? TyHi:?
abs - — app
F'-Axx:? I,i: gen(T,? YHii:? et
€

I'—leti=Axxinii:?
Iy =T,i: gen(T,? )
Type of body



Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e u= X Variable
ee Application a Type variable
Ax . e Abstraction o oem Type
let x=eine  Letbinding Va.o Quantified Type
x:0€l ocr ThHea:np—on Fl—eg:rzapp ILx:nhke:n .
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n

1 - - ,
I Tetx=c ing : 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:? el i:? el
: ? ? ? ?
x:a€l aca, ? c var - £ 7 var
x:akbx:a i=i:? —? TyHi:?
abs - — app
I'-Axx: a—a I,i:gen,? )i ? et
€

F'+leti=Axxinii:?
Iy =T,i: gen(T,? )
Type of i, the A expression



Hindley-Milner Type System Syntax-Directed Rules

? o= 3% Variable T == Ctr..t Typeapplication

ee Application a Type variable

Ax . e Abstraction o= T Type

let x=eine  Letbinding Va.o Quantified Type

x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n

1 - - ,
I Tetx=c ing : 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:? el i:? el
: ? ? ? ?
x:a€l aca, ? c var - £ 7 var
x:akbx:a i=i:? —? TyHi:?
abs - — app
I'Axx: a—a Ii:genT,a—a)ii:? et
€

F'+leti=Axxinii:?
I=T,i:gen(T,a — @)
Generalize the type of i



Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e = X Variable
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n

1 - - ,
I Tetx=c ing : 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:? el i ? el
. ? ? ? ?
x:a€el aca . c? var - c 7 var
I x: : T 2 ? ? T j 2 ?
X abx x 1+ ' — _ 1 app
I'-Axx: a—a Ii:Va.a—a Hii:? et
e

F'+leti=Axxinii:?
I'N=Ti:Va.a — «
Type scheme for i: generalize by quantifying the free type variables in « — «



Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e = X Variable
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:Va.a—a€ely i:Vaa—aely
: ? ? ? ?
x:a€l aca . c 7 var ¢ E 7 var
Ix: : r j: ? ? T j: ?
X1 akEx aabs 11 ' — _ 11 app
I'-Axx: a—a Ii:Va.a—a Hii:? et
e

F'+leti=Axxinii:?
I'N=Ti:Va.a — «
Type scheme for i is in the context I'y



Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e = X Variable
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:Va.a—a€ely i:Vaa—aely
: ? ?
x:a€l aca, . Voeoa—ac? var Va.a—ac? var
Tx: : r j: ? ? r j: ?
X1 akEx aabs 11 ' — _ 11 app
I'-Axx:a—a Ii:Va.a—a Hii:? et
e

F'+leti=Axxinii:?
I'N=Ti:Va.a — «
Instantiate the type of the argument e;: i



Hindley-Milner Type System Syntax-Directed Rules

? o= 3% Variable T == Ctr..t Typeapplication
ee Application a Type variable
Ax . e Abstraction o oem Type
let x=eine  Letbinding Va.o Quantified Type
x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs

I'x:1 I'Hee:n

I'He ' 1y
Fl—letx=el ineZITZ

F'Ax.e:11 —> 1

Lx:genhn) ez, gen(T, 7) = V{FV(r) - FV(D)} . r

i:Va.a—a €Ty

: C —arc?
x:a€el aca, . Voeoa—ac?

i:Vaa—a el

—>aCEa—
var Va.a—ac o a ar

Ix:akx:a ri—i:? —7?

j 2 ?
rll—l app

abs

I'-Axx: a—a Ii:Va.a—a

—ii:?
let

F'+leti=Axxinii:?
I'N=Ti:Va.a — «
Instantiate to the type a — «




Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e = X Variable
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:Va.a—a€ely i:Vaa—aely
. ?
x:a€ll ac A oy Va.a—a var Va.a—oaca—a var
T x: : T j ? T j :
xrabxa 11 (a—'m)—» _ ihira—a
I'-Axx:a—a Ii:Va.a—a Hii:? et
e

F'+leti=Axxinii:?
I'N=Ti:Va.a — «
Sets the type of the argument to i i



Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e = X Variable
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs
l'x:1 IF'e e :n I'tAx.e:q > 1w

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:Va.a—a€ely i:Vaa—aely
: ?
x:a€ll ac A oy Va.a—ac var Va.a—oaca—a var
T x: : T j ? T j :
xrabxa 11 ((Z—'NZ)—) _ ihira—a
I'-Axx:a—a Ii:Va.a—a Hii:? et
e

I'leti=Axxinii:?
I'N=Ti:Va.a — «
A Unification Problem: V& . @« — a £ (¢ — a) —7?



Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e = X Variable
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n
let = = o
Irletx=e ing 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:Va.a—a€ely i:Vaa—aely
x:a€l aca = Vaa—ac(a—a)—(a—a) . Vaa—oaca—oa o
Tx: : r j ? T j
xrabxa 11 ((Z—'NZ)—) _ ihira—a
I'-Axx:a—a Ii:Va.a—a Hii:? let.
€

I'leti=Axxinii:?
I'N=Ti:Va.a — «
Solution: o :=a — «



Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e = X Variable
ee Application a Type variable
Ax . e Abstraction o= T Type
let x=eine Let bll’ldll’lg Ya.o Quantiﬁed Type
x:0€Tl OCT .. I'He:p—> 1y Fl—eg:rzapp ILx:nhke:np abs
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n

1 - - ,
I Tetx=c ing : 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:Va.a—a€ely i:Vaa—aely
x:a€l aca = Vaa—ac(a—a)—(a—a) . Vaa—oaca—oa o
x:akFx:a abs I'ri:(a—a)—(a—a) IM+i:a—>a app
I'-Axx: a—a Ii:Va.a—a Fii: a—a let.
€

F'+leti=Axxinii:?
I'N=Ti:Va.a — «
Now we know the type of the body i i



Hindley-Milner Type System Syntax-Directed Rules
T == Ctr..t Typeapplication

e u= X Variable
ee Application a Type variable
Ax . e Abstraction o oem Type
let x=eine  Letbinding Va.o Quantified Type
x:0€l ocr ThHea:np—on Fl—eg:rzapp ILx:nhke:n .
I'x:1 IT'ee:n '-Ax.e:q —> 10

IF'e:p Tox:gen(l,n) ke : n

1 - - ,
I Tetx=c ing : 5 et gen(l,7) =V{FV(r)-FV(D)}.r

i:Va.a—a el i:Vaa—a €l
x:a€l aca = Vaa—ac(a—a)—(a—a) . Vaa—oaca—oa o
x:akFx:a abs I'ri:(a—a)—(a—a) IM+i:a—>a app
I'-Axx: a—a Ii:Va.a—a Hii: a—a let.
I'leti=Axxinii: a—«

I'N=Ti:Va.a — «
The expression is well-typed



