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Context-Free Grammar

G = (V,%, P, s) is a context free grammar

@ V is a set of variables or non-terminals

@ X is an alphabet of terminals or tokens where VnX = @

@ Pc Vx(VuZ) are a set of production rules

o s € V isthe start symbol

V = {expr, dig}
2 = {+)-’*3os1929354:53657a8’9}

s = expr

expr — expr + expr
expr — expr — expr

P =4 expr— expr* expr
expr — dig

dig — 0
dig — 1
dig — 2
dig — 3
dig — 4

dig— 5
dig — 6
dig — 7
dig — 8
dig— 9




expr — expr+ expr dig— 0 dig— 5
expr — expr - expr dig— 1 dig— 6
X =1{+-,%0,1,2,3,4,56,7,89} P=1{ expr— exprxexpr dig— 2 dig—17
s = expr expr — dig dig — 3 dig— 8

dig— 4 dig— 9

V = {expr, dig}

Rightmost Derivation; Expand Underlined

The Language of a Grammar expr Start symbol

A grammar derives a string by
starting from the start symbol and
replacing a non-terminal according
to a production rule.

The set of all strings of terminals
are exactly those that can be
derived.




expr — expr+ expr dig— 0 dig— 5
expr — expr - expr dig— 1 dig— 6
X =1{+-,%0,1,2,3,4,56,7,89} P=1{ expr— exprxexpr dig— 2 dig—17
s = expr expr — dig dig — 3 dig— 8

dig— 4 dig— 9

V = {expr, dig}

Rightmost Derivation; Expand Underlined
expr Start symbol
expr + expr expr — expr + expr

The Language of a Grammar

A grammar derives a string by
starting from the start symbol and
replacing a non-terminal according
to a production rule.

The set of all strings of terminals
are exactly those that can be
derived.




expr — expr+ expr dig— 0 dig— 5
expr — expr - expr dig— 1 dig— 6
X =1{+-,%0,1,2,3,4,56,7,89} P=1{ expr— exprxexpr dig— 2 dig—17
s = expr expr — dig dig — 3 dig— 8

dig— 4 dig— 9

V = {expr, dig}

Rightmost Derivation; Expand Underlined
expr Start symbol
exprTexpr expr — expr + expr
expr+ exprx expr  expr — expr* expr

The Language of a Grammar

A grammar derives a string by
starting from the start symbol and
replacing a non-terminal according
to a production rule.

The set of all strings of terminals
are exactly those that can be
derived.




expr — expr+ expr dig— 0 dig— 5
expr — expr - expr dig— 1 dig— 6
X =1{+-,%0,1,2,3,4,56,7,89} P=1{ expr— exprxexpr dig— 2 dig—17
s = expr expr — dig dig — 3 dig— 8

dig— 4 dig— 9

V = {expr, dig}

Rightmost Derivation; Expand Underlined
expr Start symbol
expr+ expr expr — expr + expr
expr+ expr* expr  expr — expr* expr
expr + expr *T@ expr — dig

The Language of a Grammar

A grammar derives a string by
starting from the start symbol and
replacing a non-terminal according
to a production rule.

The set of all strings of terminals
are exactly those that can be
derived.




expr — expr+ expr dig— 0 dig— 5
expr — expr - expr dig— 1 dig— 6
X =1{+-,%0,1,2,3,4,56,7,89} P=1{ expr— exprxexpr dig— 2 dig—17
s = expr expr — dig dig — 3 dig— 8

dig— 4 dig— 9

V = {expr, dig}

Rightmost Derivation; Expand Underlined
expr Start symbol
expr+ expr expr — expr + expr
expr+ expr* expr  expr — expr* expr
expr + expr *T@ expr — dig

The Language of a Grammar

A grammar derives a string by
starting from the start symbol and
replacing a non-terminal according
to a production rule. expr + expr* 3 dig — 3

The set of all strings of terminals
are exactly those that can be
derived.




expr — expr+ expr dig— 0 dig— 5
expr — expr - expr dig— 1 dig— 6
X =1{+-,%0,1,2,3,4,56,7,89} P=1{ expr— exprxexpr dig— 2 dig—17
s = expr expr — dig dig — 3 dig— 8

dig— 4 dig— 9

V = {expr, dig}

Rightmost Derivation; Expand Underlined
expr Start symbol
expr+ expr expr — expr + expr
expr+ expr* expr  expr — expr* expr
expr + expr *T@ expr — dig

The Language of a Grammar

A grammar derives a string by
starting from the start symbol and
replacing a non-terminal according
to a production rule. expr + expr* 3 dig — 3

expr+ dig * 3 expr — di
The set of all strings of terminals P & P &

are exactly those that can be
derived.




expr — expr+ expr dig— 0 dig— 5
expr — expr - expr dig— 1 dig— 6
X =1{+-,%0,1,2,3,4,56,7,89} P=1{ expr— exprxexpr dig— 2 dig—17
s = expr expr — dig dig— 3 dig— 8

dig — 4 dig— 9

V = {expr, dig}

Rightmost Derivation; Expand Underlined
expr Start symbol
expr+ expr expr — expr + expr
expr+ expr* expr  expr — expr* expr
expr + expr *T@ expr — dig

The Language of a Grammar

A grammar derives a string by
starting from the start symbol and
replacing a non-terminal according
to a production rule. expr + expr* 3 dig — 3
expr + dig * 3 expr — dig

The set of all strings of terminals expr+2 %3 dig — 2

are exactly those that can be
derived.




expr — expr+ expr dig— 0 dig— 5
expr — expr - expr dig— 1 dig— 6
X =1{+-,%0,1,2,3,4,56,7,89} P=1{ expr— exprxexpr dig— 2 dig—17
s = expr expr — dig dig— 3 dig— 8

dig — 4 dig— 9

V = {expr, dig}

Rightmost Derivation; Expand Underlined
expr Start symbol
expr+ expr expr — expr + expr
expr+ expr* expr  expr — expr* expr
expr + expr *T@ expr — dig

The Language of a Grammar

A grammar derives a string by
starting from the start symbol and
replacing a non-terminal according

to a production rule. expr + expr* 3 dig — 3

) . expr+ dig* 3 expr — dig
The set olf alil strmis of terll)mnals expr+ 2 %3 dig — 2
are exactly those that can be 7dig +2%3 expr — dig

derived.




expr — expr+ expr dig— 0 dig— 5
expr — expr - expr dig— 1 dig— 6
Y =1{+,-,%0,1,2,3,4,56,7,89} P=1{ expr— exprxexpr dig— 2 dig—17
s = expr expr — dig dig— 3 dig— 8

dig — 4 dig— 9

V = {expr, dig}

Rightmost Derivation; Expand Underlined
expr Start symbol
expr+ expr expr — expr+ expr
expr+ expr* expr  expr — expr* expr
expr + expr *T@ expr — dig
expr + expr *3 dig — 3
expr +d7ig* 3 expr — dig
expr +2%3 dig — 2
T@+ 2%3 expr — dig
1+2%3 dig — 1

The Language of a Grammar

A grammar derives a string by
starting from the start symbol and
replacing a non-terminal according
to a production rule.

The set of all strings of terminals
are exactly those that can be
derived.




expr — expr+ expr dig— 0 dig— 5
expr — expr - expr dig— 1 dig— 6
Y =1{+,-,%0,1,2,3,4,56,7,89} P=1{ expr— exprxexpr dig— 2 dig—17
s = expr expr — dig dig— 3 dig— 8

dig— 4 dig— 9

V = {expr, dig}

Backus-Naur Notation

(adding operator) ::= +|—
(multiplying operator) ::= X|/|+
(primary) ::= (unsigned number)|{variable)|
{function designator)|({arithmetic expression))
(factor) ::= (primary)|(factor)](primary)
(term) ::= (factor)|(term){multiplying opreator){factor)
{simple arithmetic expression) ::= (term)|
(adding operator)(term)|{(simple arithmetic expression)
(adding operator){term)

Peter Naur, John Backus et al., Report on the Algorithmic Language ALGOL 60.




expr — expr+ expr dig— 0 dig— 5

V = {expr, dig} expr — expr - expr dig— 1 dig— 6
Y =1{+-,%0,1,2,3,456,7,89} P=1{ expr— exprxexpr dig— 2 dig—7
s = expr expr — dig dig — 3 dig— 8

dig— 4 dig— 9

Backus-Naur Notation
expr = expr + expr

| expr - expr
| expr * expr
| dig

dig ==0|1|2[3|4|5/6|7|8|9




expr — expr+ expr dig— 0 dig— 5

V = {expr, dig} expr — expr - expr dig— 1 dig— 6
Y =1{+-,%0,1,2,3,456,7,89} P=1{ expr— exprxexpr dig— 2 dig—7
s = expr expr — dig dig — 3 dig— 8

dig— 4 dig— 9

Backus-Naur Notation
expr = expr + expr

expr — expr
expr * expr
dig

dig == 0[1]...]9




dig:=0]1]...]9

expr == dig | expr + expr | expr — expr | expr * expr

nine

0 dig 1dig 7 9dig




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

nine

o dig 1 dig T odig




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

nine

o dig 1 dig 7 9dig

d dig . e; expr e exprplus
d expr e1 + e; expr




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

nine

o dig 1 dig 7 9dig

eLexpr e expr o e expr e expr
plu
d expr e; + ey expr e; - ey expr

e; expr ey expr

minus

er * ey expr

times




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

zZero ______one . nine
0 dig 1 dig 9 dig
d dig dig e; expr e exprplus I
d expr e; + ey expr €1 — ey expr

e1expr ey expr..

er * ey expr

1+ 2 % 3expr




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

__zero _____one . — nine
0 dig 1 dig 9 dig
d di
g dig e; expr e exprplus €1 expr e expr . o €1eXpr e expr. .
d expr e; + ey expr e; — ey expr e; * ey expr
1 expr 2 * 3expr
P P plus

1+ 2 % 3expr




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

Z€ero one . nine

0 dig 1 dig 9 dig
ddi

dig dig e; expr e exprplus €1 expr e expr . o €1eXpr e expr. .
d expr e; + ey expr e; — ey expr e; * ey expr
1di

dig dig
1 expr 2 * 3expr

plus
1+ 2 % 3expr




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

Z€ero one . nine

0 dig 1 dig 9 dig
d di

ig dig e; expr e exprplus €1 expr e expr . o €1eXpr e expr. .
d expr e; + ey expr e; — ey expr e; * ey expr
Tone
1di

' dig
1 expr 2 * 3expr

plus
1+ 2 % 3expr




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

———zero. ____one | nine
0 dig 1 dig 9 dig
d dig dig e; expr e exprplus eLexpr epexpr .o e1expr e expr. .
d expr e + ey expr e1 — ey expr e1 * ey expr
—two three
- one 22 dig e 33 dig dig
1 '8 di exzpr* 3 EXPY times
expr expr plus

1+ 2 % 3expr




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

e; expr ey expr

Zero _one ., nine
0 dig 1 dig 9 dig
d dig dig e1 expr e exprplus eLexpr epexpr .
d expr e1 + e; expr e1 - e expr

er * ey expr

times

— two
one 2dig e 3 dig
1 dig 4 2 expr 3 expr
1 expr 2 * 3expr

times

plus

1+ 2 % 3expr 1+ 2 % 3expr




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

—zero —_one . nine
0 dig 1 dig 9 dig
d dig dig e1 expr e exprplus eLexpr epexpr .o e1expr e expr. .
d expr e1 + e; expr e1 - e expr e1 * e; expr
— two three
- one 22 dig e 33 dig dig
: ig dig exzpr* 5 expr . - ;
expr expr plus expr expr .

1+ 2 % 3expr 1+ 2 % 3expr




dig:=0]1]...]9

expr = dig | expr + expr | expr = expr | expr * expr

Zero one nin
0 dig 1 dig 9 dig ©
d dig dig e; expr e exprplus eLexpr ey expr .o e expr epexpr.
d expr e + e; expr e — e expr ey * e; expr
—two three __one __two

Tdi one 22 el di; 33 dig dig 11 iz dig 22 dig dig i three
1 1g i exzpr* 3 eXprtimes e):pr+ - expr lus 3 1g dlg

expr expr plus expr expr times

1+ 2 % 3expr

1+ 2 % 3expr




dig:=0]1]...|9

expr = dig | expr + expr | expr = expr | expr * expr

Zero one 1
0 dig 1 dig 9dig
d dig i GORE GO GO BORT L GOET GOG.
d expr e + ey expr e1 — ey expr er * ey expr
two three one two
2 di : :
—one dlg di 3d & dig n L dlg dig 2 dlg dig — three
1 dig 4 2 expr 3 eXPr s /A 1 expr 2 expr 1 dig " /*\
us 1
1 expr 2 * 3expr * 1 + 2expr 3 expr N + 3
plus /\ times ./ \
1+ 2 % 3expr 2 3 1+ 2 % 3expr




Resolving Ambiguity Through Restructuring

expr = expr + expr

expr = expr
expr * expr
dig

dig == 0|1]...|9

ONONOND

dig dig dig dig



Resolving Ambiguity Through Restructuring

expr = expr + expr

expr = expr
expr * expr
dig

dig == 0|1]...|9

expr expr expr expr

ONONOXNO

dig dig dig dig



Resolving Ambiguity Through Restructuring

expr = expr + expr

expr = expr
expr * expr
dig

dig == 0|1]...|9

expr expr expr

/- N\
expr expr expr expr
dig dig dig dig




Resolving Ambiguity Through Restructuring

expr =

dig ==

expr + expr
expr = expr
expr * expr
dig

0|1]...]9

expr expr

expr

expr expr
expr expT expr expr




Resolving Ambiguity Through Restructuring

expr = expr + expr expr = expr + expr
expr = expr expr - expr
expr * expr term
dig term ::= term * term
dig == 0|1]...|9 dig

dig == 0|1]|...|9




Resolving Ambiguity Through Restructuring
expr = expr + expr expr = expr + expr
expr = expr expr = expr
expr * expr term
dig term ::= term * term
dig == 0[1]...|9 dig
dig == 0|1]|...|9

expr expr

term term term




Resolving Ambiguity Through Restructuring

expr = expr + expr expr = expr + expr
expr = expr expr - expr
expr * expr term
dig term := term * term
dig == 0|1]...|9 dig

dig == 0|1]|...|9

expr expr

expr expr

term term term



Resolving Ambiguity Through Restructuring

expr = expr + expr expr ::= expr + expr
expr = expr expr - expr
expr * expr term
dig term := term * term
dig == 0|1]...|9 dig

dig == 0|1]|...|9

expr ::= expr + term
expr — term
term

term ::= term * dig
dig

dig == 0|1]...|9

ONOLONO

term term

term




Resolving Ambiguity Through Restructuring

expr == expr + expr expr == expr + expr expr == expr + term
expr — expr expr = expr expr — term
expr * expr term term
dig term ::= term * term term ::= term * dig
dig == 0|1]...|9 dig dig
dig == 0|1]...]9 dig == 0|1]...]9
expr

JOHORO

term term term




Resolving Ambiguity Through Restructuring

expr == expr + expr expr == expr + expr expr == expr + term
expr — expr expr = expr expr — term
expr * expr term term
dig term ::= term * term term ::= term * dig
dig == 0|1]...|9 dig dig
dig == 0|1]|...|9 dig == 0|1]...|9
expr

expr

JonoNo

term term term




Resolving Ambiguity Through Restructuring

expr == expr + expr expr == expr + expr expr == expr + term

expr — expr expr = expr expr — term

expr * expr term term

dig term ::= term * term term ::= term * dig
dig == 0|1]...|9 dig dig

dig == 0|1]|...|9 dig == 0|1]...|9
expr
expr

expr
+ : * +

term term term




dig == 0|1]...|9
term ::= term * dig | dig

expr == expr + term | expr - term | term

nine

0 dig 1dig T 9dig




dig

x=0]1]...]9

term ::= term * dig | dig

expr == expr + term | expr - term | term

Hine tterm ddig
1 dig 7 9dig t* dterm

term-times

dd
d term

ig

term-dig




dig == 0|1]...|9

term ::= term * dig | dig

expr = expr + term | expr - term | term

Zero one nine w
0 dig 1 dig 9 dig t* dterm
eexpr [term eexpr [term .
expr-plus expr-minus
e+ texpr e - texpr

. d dig )
term-times term-dig
d term
t term
expr-term
t expr




Zero

one

0 dig 1 dig

eexpr [term

e+ texpr

expr-plus

nine
9 dig t* dterm
eexpr [term .
—————————— eXpr-minus
e - texpr

tterm d dig

term-times £l term-dig
d term
tterm
expr-term
t expr

1+ 2% 3+ 4expr




— Z€ro —one — nine wterm—times d dlg term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
expr-plus expr-minus expr-term
e+ texpr e - texpr t expr
1+ 2 % 3expr 4 term
expr-plus

1+ 2 *% 3+ 4expr




_ Z€ro —one ., — nine wterm—times dlg term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
————expr-plus ————— expr-minus expr-term
e+ texpr e - texpr t expr
1 expr 2 * 3term
expr-plus
1+ 2 % 3expr 4 term
expr-plus

1+ 2 *% 3+ 4expr




_ Z€ro —one ., — nine wterm—times '8 term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
————expr-plus ————— expr-minus expr-term
et texpr e - texpr t expr
1 term
expr-term
1 expr 2 * 3term
expr-plus
1+ 2 % 3expr 4 term
expr-plus

1+ 2 *% 3+ 4expr




Zero

- —one — nine wterm—times d dlg term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
————expr-plus ————— expr-minus expr-term

et texpr e - texpr t expr
1 di

'8 term-dig
1 term

expr-term
1 expr 2 * 3term
expr-plus
1+ 2 % 3expr 4 term
1+ 2 *% 3+ 4expr

expr-plus




Zero

_ __one ., — nine dienn @6l term-times £l term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
————expr-plus ————— expr-minus expr-term

et texpr e - texpr t expr
d' one
'8 term-dig
1 term
expr-term
1 expr 2 * 3term
expr-plus
1+ 2 % 3expr 4 term
expr-plus
1+ 2 *% 3+ 4expr




Zero

tterm ddi d di
_ __one ., — nine g term-times & term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
——————————expr-plus ——————— expr-minus expr-term
et texpr e - texpr t expr
one
di
& term-dig .
1 term 2 term 3 dig ,
expr-term term-times
1 expr 2 * 3term
expr-plus
1+ 2 % 3expr 4 term
expr-plus
1+ 2 *% 3+ 4expr




Zero

tterm ddi d di
_ __one ., — nine g term-times & term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
——————————expr-plus ——————— expr-minus expr-term
et texpr e - texpr t expr
one
di 2 di
& term-dig & term-dig .
1 term 2 term 3 dig ,
expr-term term-times
1 expr 2 * 3term
expr-plus
1+ 2 % 3expr 4 term
expr-plus
1+ 2 *% 3+ 4expr




Zero

tterm ddi d di
_ __one ., — nine g term-times & term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
——————————expr-plus ——————— expr-minus expr-term
et texpr e - texpr t expr
one two
di di
& term-dig & term-dig .
1 term 2 term 3 dig ,
expr-term term-times
1 expr 2 * 3term
expr-plus
1+ 2 % 3expr 4 term
expr-plus
1+ 2 *% 3+ 4expr




Zero

tterm ddi d di
_ __one ., — nine g term-times & term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
——————————expr-plus ——————— expr-minus expr-term
et texpr e - texpr t expr
one two
di 2 di
& term-dig & term-dig — three
1 term 2 term 3di ,
expr-term term-times
1 expr 2 * 3term
expr-plus
1+ 2 % 3expr 4 term
expr-plus
1+ 2 *% 3+ 4expr




Zero

tterm ddi di
- —one — nine —gterm—times 5 term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
expr-plus expr-minus expr-term
et texpr e - texpr t expr
one two
di 2 di
& term-dig & term-dig — three
1 term 2 term 3di ,
expr-term term-times .
1 expr 2 * 3term 4 dig )
expr-plus term-dig
1+ 2 % 3expr 4 term
expr-plus
1+ 2% 3+ 4expr




Zero

tterm ddi d di
- —one — nine —gterm—times 5 term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr [term eexpr [term . t term
expr-plus expr-minus expr-term
et texpr e - texpr t expr
one two
di 2 di
& term-dig —gterm—dig — three
1 term 2 term 3di .
expr-term term-times ——— four
1 expr 2 * 3term 4d .
expr-plus term-dig
1+ 2 % 3expr 4 term
expr-plus
1+ 2 % 3+ 4expr




—_zero  _____one — nine —t term d dlg term-times dlg term-dig
0 dig 1 dig 9 dig t* dterm d term
eexpr tterm eexpr tterm . t term
—————expr-plus ———————— expr-minus expr-term

et texpr e - Lexpr L expr
data Token = Num Int | Plus | Minus | Times
term :: [Token] -> Bool
term [Num n] = True
term tks = case reverse tks of

Num n : Times : tks' -> term (reverse tks')

_ -> False
expr :: [Token] -> Bool
expr tks = case reverse tks of
-- a term followed by + and an expr Left Recursion
-- a term followed by - and an expr Is Really Annoying



Reversing the Recursion
dig == 0|1]...]9

term ::

dig * term | dig

expr ::

term + expr | term - expr | term

Judgments: d3g ¢ Ty e 2B “parses to”
Variables: d t e

Symbols: @ 1 2...9+-*add sublitmul(,)01...9



Reversing the Recursion
dig == 0|1]...]9

term ::

dig * term | dig

expr ::

term + expr | term - expr | term

Judgments: d38 ¢ Ty 2B “parses to”
Variables: d t e

Symbols: @ 1 2...9+-*add sublitmul(,)01...9



Reversing the Recursion

dig == 0|1]...]9

term ::= dig * term | dig

expr == term + expr | term — expr | term
— Z€T0 —g nine

0 =5 1it(0) 9 =&, 1it(9)

term ex
S d t35¢ e ¢

Judgments: RN
Variables: d t e

Symbols: @ 1 2...9+-*add sublitmul (,)01

13 »
parses to




Reversing the Recursion

dig == 0|1]...]9

term == dig * term | dig
expr == term + expr | term — expr | term
dig 5 term dig. 4
, d—=>d t—t . d—>d .
dx—zero ... T gz _hine — term-times Wterm—dlg
0 =5, 1it(0) 9 =&, 1it(9) d*t =5 mul(d’, t') d=5 &
Judgments: d38 ¢ Ty 2B “parses to”

Variables: d t e
Symbols: @ 1 2...9+-*add sublitmul(,)01...9



Reversing the Recursion
dig == 0|1]...]9
term ::= dig * term | dig

expr == term + expr | term — expr | term

dig 5 term , dig
dx—zero ... T g nhine £ tercrln ! ! term-times %term—dig
=5, 1it(0) 9 =&, 1it(9) d*t =5 mul(d’, t') d=5 &
¢ term t/ . expr e/ ¢ term t, e expr e, . t term
expr-plus expr-minus  —— o — expr-term
t+e 25 add(?, ¢) t-e 25 sub(t, ¢) t—t
Judgments: d3g ¢ Ty e 2B “parses to”

Variables: d t e
Symbols: @ 1 2...9+-*add sublitmul(,)01...9



data AST = Lit Int | Add AST AST | Sub AST AST | Mul AST AST

dig :: [Token] -> (AST, [Token])
dig (Num n : t@) = (Lit n, to)
dig _ = error "expected a digit”

term :: [Token] -> (AST, [Tokenl])
term t0 = let (d, t1) = dig t@ in
case t1 of
Times : t2 -> let (t, t3)
_ -> (d, t1)

term t2 in (Mul d t, t3)

expr :: [Token] -> (AST, [Tokenl])

expr tks = let (t, t1) = term tks in
case t1 of
Plus : t2 -> let (e, t3) expr t2 in (Add t e, t3)
Minus : t2 -> let (e, t3) = expr t2 in (Sub t e, t3)
_ -> (t, t1)



import Control.Monad.State

peek :: State [Token] Token

peek = do tks <- get ; case tks of t

]

eat :: State [Token] ()
eat = do tks <- get ; case tks of _ :
[1

dig :: State [Token] AST
dig = do d <- peek

_ ->return t
-> return EOF

t -> put t
-> return ()

case d of Num n -> do eat ; return

term :: State [Token] AST
term = do d <- dig ; op <- peek

case op of Times -> do eat

-> return

expr :: State [Token] AST
expr = do t <- term ; op <- peek

case op of Plus -> do eat
Minus -> do eat

-> return

-> error "expected

e <-
e <-

(Lit n)

a digit”

term

expr ;

expr

)

)

)

return $ Mul d t

return $ Add t e
return $ Sub t e



Test Cases

1

1

1

1
(1 2)
(I + (28 %3))
(1 *2) +3)
(1 +(2+3)
(1 -(@2-3)»
-4 (+2*3)-4)

-1 x2-1-3+4x%5
(P *(@2*3) -1 *2)-(0-@+(4*5))))




Test Cases
1

(1 * 2)
Py o B

(1 * (2 * 3)) expr-minus
t-e 5 sub(?, ¢)

(1 *2) +3)
(1 +(2+3)
(1 -(@2-3)

-4 O+ 2*3)-4)

-1 x2-1-3+4x5
(P *x(@2*3) -1 *2)-(0-@+(4*5))))




Left Factoring

dig ==0|1]...]9

expr = term exprt
term == dig termt

exprt == + term exprt | - term exprt | €
termt ::= * dig termt | €




Left Factoring

dig

01]...]9
dig termt

expr = term exprt

term ::

exprt == + term exprt | - term exprt | €
termt ::= * dig termt | €

Zero

0 28 Lito) T 9 & Ji(9)

nine




Left Factoring

dig ==0|1]...]9
expr = term exprt
term == dig termt
exprt == + term exprt | - term exprt | €
termt ::= * dig termt | €
d.—ZCI'O d'—nine
0 =5 1it(0) 9 =5, 1it(9)
d d_l) d termt
d’ term termt

termt
dt=S ¢ BN
t/




Left Factoring

dig ==0|1]...]9
expr = term exprt
term == dig termt
exprt == + term exprt | - term exprt | €
termt ::= * dig termt | €
di—zero d;—nine
0 =& 1it(0) =5, 1it(9)
d % d’ termt d ﬁ) d, termt 7
& term mul(t’,d’) mult
term termt termt termt
dt— 1t — xdt——t”

t/

t




Left Factoring

dig == 0]1]...|9
expr = term exprt
term == dig termt
exprt == + term exprt | - term exprt | €
termt = * dig termt | €
Zero nine ———exprt
di di exprt
=%, 1it(0) =%, 1it(9) —
4
d dig d termt d dig d termt /7
& term — mul(#,d’) mult
t termt termt
dt =5t t *xdt——t”
4 v
t exprt
term , exprt tterm 7 e Eqpin 7/ tterm Y ooe 1/
E== 06— ¢ epr add(¢,r)  add sub(e/,t') __sub
exprt exprt
te PY o o Prt Prt

te—— ¢
4

—-te—— e




i t t
N LN
& term

d ¢ term t/

term :: State [Token] AST
term = dig >>= termt

termt :: AST -> State [Token]
termt t = do op <- peek
case op of Times

expr :: State [Token] AST
expr = term >>= exprt

exprt :: AST -> State [Token]
exprt e = do op <- peek

case op of Plus

Minus

d dig d, termt 7
mul(’,d’) mult
termt

*xdt—— t”’

AST

-> do eat ; d <- dig ; termt $ Mul t d
-> return t

AST

-> do eat ; t <- term ; exprt $ Add e t
-> do eat ; t <- term ; exprt $ Sub e t
-> return e

t/

termt ,
_ t

termt



Working Test Cases

1 1

1 % 2 (1 * 2)

1 %2 %3 ((1 % 2) * 3)

1 %2+ 3 (1 %= 2) +3)
1+2+ 3 ((1 +2) +3) 0K
1-2-3 ((1 -2) -3) K

1T+2%3 -4 ((0+@%*3)) -4

T*2%x3-1%x2-1-3+4%5
CCCCC * 2) x 3) - (1 % 2)) - 1) -3) + (4*5)) K




