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Figure 1: Attention is much like a soft lookup table. Queries are softly matched with
keys (by dot product and subsequent softmax) and outputs are the resulting weighted
sum of values.

Much of the course so far has been secretly introducing you to the intuitions that led
to the most successful neural network architecture so far: the transformer. We know
we want an architecture that can make gainful use of lots of parameters. We want
residual connections and other optimization-helping tricks, to help train very very deep
networks. We want compute efficiency, especially making use of the great parallelization
properties of GPUs that we’ve just learned about. And we have intuitions about building
up representations of tokens in a sequence via attention, looking at various places for
information useful to the representation at hand.

Here’s what we’ll do:

• Review attention and introduce its multi-headed variant.
• Discuss future masking again.
• Discuss the other Transformer subcomponents, the feed-forward layer and layer
normalization.

• Put together the Transformer block.
• Discuss sampling vs. prefill.
• Introduce variants for improving sampling memory usage, as well as RoPE.
• Maybe we’ll get to linear attention, efficient non-materialization of the attention
matrix (flash attention) and some other goodies.

Notation and Simple attention (again)

As we have come to know and love, let x1, . . . , xn be a sequence over finite vocabulary
V. As usual, we embed the sequence as Ex1, . . . , Exn. Perhaps we encode our position
embeddings as we have before (though as we’ll see, we may use a different position
representation). That is,

Ex1 + p1, . . . , Exn + pn (1)

We’ll call this sequence h1, . . . ,hn. Recall that before, we were computing self-attention,
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Figure 2: Diagram showing how a query may lead to varying attention weights across
the rest of the sequence, and a plausible attention map for translation. At left, higher
bars mean more attention. At right, darker blue means more attention.

as follows:

oi =

i∑
j=1

αij hj (2)

αij =
exp( hi

⊤ hj )∑i
k=1 exp( hi

⊤ hk )
(3)

So, this uses the vector h as three things: First, a query: the query is used to search
for information in the sequence. Second, a key: the key is like a key in a dictionary,
determining what types of queries should access the vector. Finally, a value: the value
is what appears in the weighted sum; it’s the information that gets passed.

The simplest thing we change first is to allow the keys, queries, and values to be different
by linearly transforming each hi separately for the three roles. That is, we set

qi = Wqhi (4)

ki = Wkhi (5)

vi = Wvhi (6)

for linear transformations Wq,Wk,Wv ∈ Rd×d. So now, we compute:

oi =

i∑
j=1

αij vj (7)

αij =
exp( qi

⊤ kj )∑i
k=1 exp( qi

⊤ kk )
(8)

This allows a representation hi of a token to be used differently for its different roles.
Intuitively, the reason why I might want to look at hi (i.e., the key) often times should
differ from the content I want from hi (i.e., the value.) And then both of these certainly
might differ from how hi might want to pull in information from previous tokens (the
query.)

2



COMS 4705: Intro to Natural
Language Processing Lecs 8,9: Self-Attention and Transformers

Zuko made his uncle tea

Zuko

made

his

uncle

tea

−∞ −∞

−∞

−∞

−∞

−∞

−∞

−∞

−∞

−∞

Figure 3: Diagram of autoregressive future masking in self-attention. Words in each
row have words in the future masked out (e.g., “Zuko” can only attend to “Zuko”, while
“made” can attend to “Zuko” and “made”.)

For a single head, let h1:n ∈ Rn×d be the matrix with h⊤
i as its rows. Because qi = Wqhi,

stacking the queries as rows gives Q = h1:nW
⊤
q (in code, H @ W q.T), and likewise for

keys and values:

Q = h1:nW
⊤
q , K = h1:nW

⊤
k , V = h1:nW

⊤
v ∈ Rn×d. (9)

To compute self-attention, we can compute our weights in matrix operations:

α = softmax(QK⊤) ∈ Rn×n (10)

This α is n × n: every query is dotted with every key. In the per-position equations
above, the sums ran only up to i. Here those limits have to be enforced explicitly,
because nothing in the matrix multiply stops index i from looking at j > i.

When performing language modeling like we’ve seen in this course (often called autore-
gressive modeling), we predict a word given all words so far:

wt ∼ softmax(f(w1:t−1)). (11)

where f is function to map a sequence to a vector in R|V|.

One crucial aspect of this process is that we can’t look at the future when predicting
it—otherwise the problem becomes trivial.

In a Transformer, there’s nothing explicit in the self-attention weight α that says not to
look at indices j > i when representing token i. In practice, we enforce this constraint
simply adding a large negative constant to the input to the softmax1

eij,masked =

{
eij j ≤ i

−c otherwise, for c very large / ∞
(12)

In a diagram, it looks like Figure 3. We’ll write that additive logit mask as M , with
Mij = 0 if j ≤ i and Mij = −∞ (or a large negative constant) otherwise:

α = softmax( Q K ⊤ +M) ∈ Rn×n. (13)

1It might seem like one should use −∞ as the constant, to “really” ensure that you can’t see the
future. However, this is often avoided; a modest constant within even the float range of the ‘float16‘
encoding is used instead, like −104. Using infinity can lead to NaNs and it’s sort of undefined how each
library should treat infinite inputs, so we tend to avoid using it. And because of finite precision, a large
enough negative constant will still set the attention weight to exactly zero.
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Then the self-attention operation for all positions is:

o1:n = α V = softmax(QK⊤ +M)V ∈ Rn×d. (14)

Here’s a pair of diagrams showing the matrix ops, laid out so you can see what gets
dotted with what. For the scores, Q is to the left of QK⊤, sharing its n query rows,
and K⊤ is above, sharing its n key columns; the inner dimension d meets at the corner
and is summed out:

Q

K⊤

QK⊤

qi

kj

n× d

d× n

n× n

key kj

d

(QK⊤)ij = q⊤
i kj

keys (softmax over this axis)

q
u
e
ri
e
s

Then for the weighted sum, row i of α (how query i weights every key) dots with column
j of V (dimension j of every value), producing dimension j of the output oi. Because
of the causal mask, entries j > i of that row are already 0, so those value rows do not
contribute:

0 0 0

0 0

0

α

V

o1:n

αi:

n× n

n× d

n× d

dim j

n

(oi)j =

i∑
k=1

αik(vk)j

keys (future masked to 0)

q
u
e
ri
e
s

Multi-head Self-Attention

Intuitively, a single call of self-attention is best at picking out a single value (on average)
from the input value set. It does so softly, by averaging over all of the values, but it
requires a balancing game in the key-query dot products in order to carefully average
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two or more things. In one of your homeworks, you’ll work through a bit of this intu-
ition more carefully. What we’ll present now, multi-head self-attention, intuitively
applies self-attention multiple times at once, each with different key, query, and value
transformations of the same input, and then combines the outputs.

For an integer number of heads H, we define per-head maps W
(ℓ)
q ,W

(ℓ)
k ,W

(ℓ)
v ∈ Rdh×d

for ℓ in {1, . . . , H}, where dh = d/H is the head dimensionality. (We’ll see why we have
the dimensionality reduction to dh soon.) These are the query, key, and value matrices
for each head. Correspondingly, we get queries, keys, and values as in single-head self-
attention,

q
(ℓ)
i = W (ℓ)

q hi (15)

k
(ℓ)
i = W

(ℓ)
k hi (16)

v
(ℓ)
i = W (ℓ)

v hi, (17)

each now in Rdh .

We then perform self-attention with each head:

o
(ℓ)
i =

i∑
j=1

α
(ℓ)
ij v

(ℓ)
j (18)

α
(ℓ)
ij =

exp( q
(ℓ)
i

⊤ k
(ℓ)
j )∑i

j′=1 exp( q
(ℓ)
i

⊤ k
(ℓ)
j′ )

(19)

Note that the output o
(ℓ)
i of each head is in reduced dimension dh. Finally, we define

the output of multi-head self-attention as a linear transformation of the concatenation
of the head outputs, letting Wo ∈ Rd×d:

oi = Wo

[
o
(1)
i ; · · · ;o(H)

i

]
, (20)

where we concatenate the H head outputs, each in Rdh , into a single vector in Rd.

Sequence-tensor form. To understand why we have the reduced dimension of each
head output, it’s instructive to get a bit closer to how multi-head self-attention is im-
plemented in code. In practice, multi-head self-attention is no more expensive
than single-head due to the low-rankness of the transformations we apply.

When we perform multi-head self-attention in this matrix form, we pack the per-head

maps into a single Wq ∈ Rd×d (the vertical concatenation of the W
(ℓ)
q ), so Q =

h1:nW
⊤
q ∈ Rn×d as in single-head, and likewise for K and V. We first reshape Q,

K, and V each into a tensor of shape Rn,H,dh , splitting the model dimensionality into
two axes, for the number of heads and the number of dimensions per head. We can then
transpose the tensors to RH,n,dh , which intuitively should look likeH sequences of length
n and dimensionality dh. This allows us to perform the batched softmax operation in
parallel across the heads, using the number of heads kind of like a batch axis (and indeed
in practice we’ll also have a separate batch axis.) So, the total computation (except the
last linear transformation to combine the heads) is the same, just distributed across the
(each lower-rank) heads. Here’s a diagram like the single-head diagrams, demonstrating
how the multi-head operation ends up much like the single-head operation. Each color
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denotes one head (here H = 2): after the reshape, head ℓ’s slice of a query row only
ever dots with head ℓ’s slice of a key column, producing one n× n attention matrix per
head:

α(2)

α(1)

Q

K⊤

q
(1)
i

k
(1)
j

head 1 head 2

dh columns each

head 1

head 2

d× n

n× n per head

q
(1)⊤
i k

(1)
j

Feed-forward (MLP) Layer

Imagine if we were to stack self-attention layers. Would this be sufficient for a re-
placement for stacked LSTM layers? Intuitively, there’s one thing that’s missing: the
elementwise nonlinearities that we’ve come to expect in standard deep learning archi-
tectures. In fact, if we stack two self-attention layers, we get something that looks a lot
like a single self-attention layer:

oi =

n∑
j=1

α
(2)
ij W (2)

v

(
n∑

k=1

α
(1)
jk W

(1)
v xk

)
(21)

=

n∑
k=1

 n∑
j=1

α
(2)
ij α

(1)
jk

W (2)
v W (1)

v xk (22)

=

n∑
k=1

α∗
ikW

∗
v xk, (23)

where α∗
ik =

∑n
j=1 α

(2)
ij α

(1)
jk = (α(2)α(1))ik, and W ∗

v = W
(2)
v W

(1)
v . So, this is just a

linear combination of a linear transformation of the input, much like a single layer of
self-attention! Is this good enough?2

In practice, after a layer of self-attention, it’s common to apply a feed-forward network
independently to each word representation:

hFF = W2 ReLU(W1hself-attention + b1) + b2, (24)

where often, W1 ∈ R5d×d, and W2 ∈ Rd×5d. That is, the hidden dimension of the
feed-forward network is substantially larger than the hidden dimension of the network,
d—this is done because this matrix multiply is an efficiently parallelizable operation, so
it’s an efficient place to put a lot of computation and parameters.

2This question ends up having a nuanced answer that’s out-of-scope for this note; ask me if you’re
interested in knowing more!
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Layer Norm

One important learning aid in Transformers is layer normalization [Ba et al., 2016]. The
intuition of layer norm is to reduce uninformative variation in the activations at a layer,
providing a more stable input to the next layer. Further work shows that this may be
most useful not in normalizing the forward pass, but actually in improving gradients in
the backward pass [Xu et al., 2019].

To do this, layer norm (1) computes statistics across the activations at a layer to esti-
mate the mean and variance of the activations, and (2) normalizes the activations with
respect to those estimates, while (3) optionally learning (as parameters) an elementwise
additive bias and multiplicative gain by which to sort of de-normalize the activations in
a predictable way. The third part seems not to be crucial, and may even be harmful
[Xu et al., 2019], so we omit it in our presentation.

One question to ask when understanding how layer norm affects a network is, “computing
statistics over what?” That is, what constitutes a layer? In Transformers, the answer
is always that statistics computed independently for a single index into the sequence
length (and a single example in the batch) and shared across the d hidden dimensions.
Put another way, the statistics for the token at index i won’t affect the token at index
j ̸= i.

So, we compute the statistics for a single index i ∈ {1, . . . , n} as

µ̂i =
1

d

d∑
j=1

hij σ̂i =

√√√√1

d

d∑
j=1

(hij − µ̂i)2, (25)

where (as a reminder), µ̂i and σ̂i are scalars, and we compute the layer norm as

LN(hi) =
hi − µ̂i

σ̂i
, (26)

where we’ve broadcasted the µ̂i and σ̂i across the d dimensions of hi. Layer normaliza-
tion is a great tool to have in your deep learning toolbox more generally.

Residual Connections

Residual connections simply add the input of a layer to the output of that layer:

fresidual(h1:n) = f(h1:n) + h1:n, (27)

the intuition being that (1) the gradient flow of the identity function is great (the local
gradient is 1 everywhere!) so the connection allows for learning much deeper networks,
and (2) it is easier to learn the difference of a function from the identity function than it
is to learn the function from scratch. As simple as these seem, they’re massively useful
in deep learning, not just in Transformers!

Add & Norm. In the Transformer diagrams you’ll see, including Figure 4, the ap-
plication of layer normalization and residual connection are often combined in a single
visual block labeled Add & Norm. Such a layer might look like:

hpre-norm = f(LN(h)) + h, (28)

where f is either a feed-forward operation or a self-attention operation, (this is known
as pre-normalization), or like:

hpost-norm = LN(f(h) + h), (29)
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Figure 4: One layer of a Transformer decoder (pre-norm). The input is layer-normed and
fed through masked multi-head self-attention (providing the queries, keys, and values),
and the result is added back to the residual stream; the same pattern then repeats with
the feed-forward network.

which is known as post-normalization. It turns out that the gradients of pre-normalization
are much better at initialization, leading to much faster training [Xiong et al., 2020].

Attention logit scaling

Another trick introduced in [Vaswani et al., 2017] they dub scaled dot product attention.
The dot product part comes from the fact that we’re computing dot products q⊤

i kj .
The intuition of scaling is that, when the dimensionality dh of the vectors we’re dotting
grows large, the standard deviation of the dot product of even random vectors (e.g., at
initialization) grows roughly as

√
dh. So, we normalize the dot products by

√
dh to stop

this scaling:

α = softmax

(
QK⊤
√
dh

)
∈ Rn×n (30)

Stacking layers

Putting the pieces together, Figure 4 shows one decoder layer: layer norm, then masked
multi-head self-attention, then a residual connection; then layer norm, then the MLP,
then another residual connection. A Transformer decoder is a stack of L of these layers

(each with its own parameters), with the output h
(ℓ)
1:n of layer ℓ serving as the input to

layer ℓ+ 1.

Sampling vs prefill

Often in practice, we think of two different ways of running a transformer on a GPU:
sampling and prefill. Sampling means generating tokens one at a time (according to
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our usual autoregressive process) and prefill means building the representations for a
whole sequence of tokens at once. The math is the same in both—the equations we’ve
written don’t change. However, the information we have access to differs depending
on whether we’re sampling (by our intention, we don’t know the future tokens yet) or
prefilling (we know the whole sequence and want to run the model all at once.) As
a concrete motivation, you’ll notice that input tokens are much cheaper than output
tokens in common LLM API pricing schemes (like those of OpenAI or Anthropic.) This
motivates why.

When performing prefill (say, to compute the log-likelihood of a known sequence,) we
get to run our batched attention operation basically as written here. A few very large
matrix multiplies. However, when sampling, the lack of knowledge of future tokens
means that whenever a new token is generated, we’re constructing the activations just
for that one token at each layer, and computing attention computations for all previous
tokens. We thus need to have cached the activations for previous tokens, in order to
go back and reference them when computing attention. In practice, we cache key and
value vectors, calling it a KV-cache. At each layer of the transformer, we thus
apply our residual connections and MLPs (those only depend on the current timestep
activation) and then use our KV-cache to compute our attention scores over the history.
Figure 5 shows the sampling-time picture: keys and values for the prefix live in the
KV-cache, the current token’s key kt and value vt are appended to it, and the current
query qt is dotted against every key in the cache (including its own, since the mask
allows j ≤ t).

K⊤

V⊤

q⊤
t K

⊤

kj

vj

kt

vt

qt

K
V
-c
a
ch

e

d× 1

(q⊤
t K

⊤)j = q⊤
t kj

scores over all t keys (1 × t)

Zuko made his uncle tea

tea

Figure 5: Sampling-time attention scores. The KV-cache holds keys and values for the
prefix (here, Zuko made his uncle); the current token tea computes its own key kt and
value vt and appends them (hatched). The current query qt is to the right and is dotted
against every key in the cache, including its own, producing a 1× t row of scores. Keys
and values are drawn as columns, so the cached matrices appear transposed.

Grouped Query and Latent Attention

At sampling time, the KV-cache grows over time as we sample. Our sampled sequences
may become very long (thousands to millions of tokens,) meaning the GPU memory cost
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of keeping the KV cache around becomes prohibitive. There are a ton of systems-level
ideas for computing (or approximating) this efficiently while limiting memory usage,
but here we’ll talk about two popular model architecture tweaks that reduce the total
necessary memory for the KV-cache.

The first is grouped query attention [Ainslie et al., 2023], which keeps the number
of queries as the number of heads H, but computes fewer keys and values, assigning
multiple queries to each key/value pair. Intuitively, this approximates full multi-head
attention by allowing for a lot of reasons to look up information (queries) but reduces
the storage (and thus possible independent types of information.) Figure 6 (left) shows
the grouping: pairs of query heads share a key and value, so the KV-cache stores G
heads instead of H.

The second is multi-head latent attention (MLA) [DeepSeek-AI, 2024]. Instead of
explicitly producing and storing keys and values, MLA computes and stores a single
memory vector c = WDKVh for an activation h. The dimensionality ddkv should be
much less than the total dimensionalities of keys and values, (heads times dimensions
per head times two, 2hdh.) At inference time, the memory vector is linearly transformed
back up to 2hdh (and reshaped) to be used as keys and values. Cool! Figure 6 (right)
shows this: keys and values are not cached; only the compressed latent is.

Queries

Keys

Values

KV-cache

Grouped-Query Attention
(GQA)

ccached projection

Multi-head Latent Attention
(MLA)

Figure 6: Grouped-query attention (left) caches grouped keys and values. Multi-head
latent attention (right) caches a single context vector c per token, then projects it
back to keys and values (solid arrows mark the last token). Adapted from Figure 3 of
[DeepSeek-AI, 2024].

RoPE: Rotary Position Embeddings

tbd

Recurrence, linear attention

tbd

Efficient (non)-materialization

tbd
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