GENUS DISTRIBUTIONS OF STAR-LADDERS
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ABSTRACT. Star-ladder graphs were introduced by Gross in his development
of a quadratic-time algorithm for the genus distribution of a cubic outerplanar
graph. This paper derives a formula for the genus distribution of star-ladder
graphs, using Mohar’s overlap matrix and Chebyshev polynomials.

Newly developed methods have led to a number of recent papers that de-
rive genus distributions and total embedding distributions for various families
of graphs. Our focus here is on a family of graphs called star-ladders.

1. INTRODUCTION

Genus distributions problems have frequently been investigated in the past

quarter century, since the topic was inaugurated by Gross and Furst [6]. The
contributions include [1, 5, 8, 9, 10, 11, 12, 14,15, 16, 18, 19,20, 22,23, 21, 25, 20]
and [27]. Gross [11] presents a quadratic-time algorithm for computing the genus

distribution of any cubic outerplanar graph. He analyzes the structure of any cu-
bic outerplanar graph and finds that such a graph can be obtained by a series of
iterated edge-amalgamations of a new classes of graphs called star-ladders, so as
to form a tree of star-ladders. Thus, beyond the direct interest in a closed formula
for the genus distribution of star-ladders, such a formula is possibly a step toward
a closed formula for the genus distribution of the cubic outerplanar graphs. Our
closed formula in this paper for the genus distribution of star-ladders is derived
with the aid of Mohar’s overlap matrices [17].

1.1. Star-ladders. An n-rung closed-end ladder L, can be obtained by tak-
ing the graphical cartesian product of an n-verter path with the complete graph
K5, and then doubling both its end edges. The new rungs obtained thereby
are called end-rungs. Figure 1 presents a 4-rung closed-end ladder. In [5], Furst,

Gross, and Statman obtained a closed formula for the genus distribution of closed-
end ladders.
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F1GURE 1. The 4-rung closed-end ladder Ly.

For an k-tuple of non-negative integers U = (ny,ng,...,ni) the star-ladder
with signature U is the graph SL,, p,. . n», obtained from the cycle graph Cy, with
consecutive edges labeled ey, es, ..., e as follows:

(1) For each ¢ < k such that n; = 0, double the edge ey;.
(2) For each of the ladders L,,, L,, ..., Ly, such that n; > 0,
e subdivide one end rung of L,, into three parts, and take the middle
third as the root-edge;
e amalgamate L, across its newly created root edge to the edge ey;.

The star-ladder SLs 1 is shown in Figure 2.

FIGURE 2. The star-ladder SLs o.

1.2. Genus polynomial. It is assumed that the reader is somewhat familiar with
the basics of topological graph theory, as found in Gross and Tucker [7]. All graphs
considered in this paper are connected. A graph G = (V(G), E(G)) is permitted
to have both loops and multiple edges. A surface is a compact 2-manifold
without boundary. In topology, surfaces are classified into the orientable surfaces
Sy, with ¢ handles (g > 0), and the nonorientable surfaces Ny, with k crosscaps
(k > 0). A graph embedding into a surface means a cellular embedding. For
any spanning tree of (G, the number of co-tree edges is called the Betti number
of G, and is denoted by B(G).

A rotation at a vertexr v of a graph G is a cyclic order of all edge-ends
(or equivalently, half-edges) incident with v. A pure rotation system p of a
graph G is the collection of rotations at all vertices of G. An embedding of G
into an oriented surface .S induces a pure rotation system as follows: the rotation
at v is the cyclic permutation corresponding to the order in which the edge-
ends are traversed in an orientation-preserving tour around v. Conversely, by the
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Heffter-Edmonds principle, every rotation system induces a unique embedding
(up to homeomorphism) of GG into some orientable surface S. The bijection of this
correspondence implies that the total number of orientable embeddings is

IT @ -1y

veV(Q)
where d, is the degree of vertex v.

A general rotation system is a pair (p, ), where p is a pure rotation system
and A is a mapping E(G) — {0,1}. The edge e is said to be twisted (respectively,
untwisted) if \(e) = 1 (respectively, A(e) = 0). It is well-known that every oriented
embedding of a graph G can be described by a general rotation system (p, \)
with A(e) = 0 for all e € E(G). By allowing A to take non-zero values, we
can describe the nonorientable embeddings of G. For any spaning tree 7', a T'-
rotation system (p, \) of G is a general rotation system (p, A) such that A(e) = 0,
for all e € E(T).

By the genus polynomial of a graph GG, we mean the polynomial
Fa(z) = Z%(G)Zi’
=0

where g;(G) means the number of embeddings of G into the orientable surface S;,
for i > 0.

1.3. Overlap matrices. Mohar [17] introduced an invariant that has subse-
quently been used numerous times (e.g., [2, 3, 41]) in the calculation of distri-
butions of graph embeddings, including non-orientable embeddings. We use Mo-
har’s invariant here in our derivation of a formula for the genus distribution of
star-ladders.

Let T be a spanning tree of a graph G and let (p, A) be a T-rotation system.
Let e1,e,...,e30) be the cotree edges of T', where 5(G) is the cycle rank of G.
The overlap matrix of (p, ) is the B(G) x 5(G) matrix M = [m;;] over Zy such
that

1, if7 =7 and e; is twisted;
1, if i # 7 and the restriction of the underlying pure
rotation system to the subgraph 7" + e; + ¢; is nonplanar;
0, otherwise.
When the restriction of the underlying pure rotation system to the subgraph

T + e; + e; is nonplanar, we say that edges e; and e; overlap. The importance of
overlap matrices is indicated by this theorem of Mohar [17]:
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Theorem 1.1. Let (p, \) be a general rotation system for a graph. Then the rank
of any overlap matrixz M for the corresponding embedding equals twice the genus
of the embedding surface, if that surface is orientable, and it equals the crosscap
number otherwise. The rank is independent of the choice of a spanning tree.

For drawing a planar representation of a rotation system on a cubic graph,
we adopt the graphic convention introduced by Gustin [13], and used extensively
by Ringel and Youngs (see [21]) in their solution to the Heawood map-coloring
problem. There are two possible cyclic orderings of each trivalent vertex. Under
this convention, we color a vertex black, if the rotation of the edge-ends incident
on it is clockwise, and we color it white if the rotation is counterclockwise. We call
any drawing of a graph that uses this convention to indicate a rotation system a
Gustin representation of that rotation system.

The approach here is similar approach to that used for ladders in [5]. In a Gustin
representation of a rotation system for a graph, an edge is called matched if it
has the same color at both endpoints; otherwise, it is called unmatched. In
Figure 3, we have indicated our choice of a spanning tree for a generic ladder
L,_1 by thicker lines and a partial choice of rotations at the vertices.

bn-l

J

a, a, as an.1 a,

FIGURE 3. A spanning tree and some rotations for the ladder L,, ;.

The following proposition facilitates the calculation of an overlap matrix for
a ladder graph. The proof is simply to apply the Heffter-Edmonds face-tracing
algorithm.

Proposition 1.2. In the ladder L, 1, we choose all of the edges on one side of
the ladder plus all of the rungs, except for the two created by doubling, as the
edges of a spanning tree. We label the cotree edges aq,...,a,, from one end of
the ladder to the other, and we label the tree rungs by, ..., b,, from one end of the
ladder to the other (as shown in Figure 3). Then two cotree edges a; and a1,
with 1 < i <n—1, overlap if and only if the rung edge b; is unmatched.
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By Proposition 1.2, the overlap matrix M, of L, 1 can be written as

1 N
Y1 T2 Yo 0
M. o= MXY — Y2 T3 Y3
O Yn—2 Tpn—-1 Yn—1

Yn—1 Tn

where X = (21,29, ...,7,) € Z5 and Y = (y1, ¥, .-, Yn_1) € Z5~'. Our notation
MZXY indicates not only that this is a tridiagonal n x n matrix, but also that the
diagonal arrays just below and just above the main diagonal are identical. We say
that such a matrix is symmetrically tridiagonal.

Corollary 1.3. Each symmetrically tridiagonal matriz MY corresponds to ex-
actly 21 different T-rotation systems for the ladder L,,_., where T is the span-
ning tree of L,_1 given in Figure 5.

Proof. According to Proposition 1.2, changing the rotations at both endpoints of
any or all of the rungs b; does not change any of the coefficients in the overlap
matrix. Moreover, any other change of rotations in p does change the overlap
matrix. [

1.4. The rank-distribution polynomial. We now consider the set
A, = {MXY | X €Z)and Y € Z5'},

of all symmetrically tridiagonal n x n matrices over Zs;. We define the rank-
distribution polynomzial of the set A, to be the polynomial

Pu(z) = Z C’n(j)zj,

where C,,(j) is the number of different assignments of the variables z; and y,
with 1 <i<nand 1<k <n—1, for which the matrix M:*Y in A,, has rank j.
Similarly, we consider the set

On = {M" | Y €Z37'},

and we define the rank-distribution polynomszial of O, to be the polynomial
(1) Ou(2) = Y Buli)?,
=0

where B,,(j) is the number of different assignment of the variables y1, ..., y,_; for
which the matrix MY = M%Y in O,, has rank j.
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We recall that the Chebyshev polynomaials of the second kind are defined
by

(2) Un(t) = 2tUn 1 (1) — Un_slt), Up(t) =1, Uy(t) = 2t.

Lemma 1.4. The rank-distribution polynomial O, (2) for symmetrically tridiago-
nal n X n matrices satisfies the recurrence relation

(3) On(2) = Op_1(2) + 22°0,_5(2)
with the initial conditions
(4) Oo(2) = O1(2) =1 and Oy(2) = 2> + 1.
Moreover,
1 1 1
(5) Ou(2) = (izV2)" [Un (W) + 5Un (Wﬂ
where 12 = —1, and where U, is the m'" Chebyshev polynomial of the second kind.

Proof. 1t is directly ascertainable that the sequence of functions B, (j) satisfies
the recurrence system

By(j) = 0 forj#0
B,(0) = 1 foralln=0,1,...
B(2) = 1

(6) Ba(j) = Buslj) + 2Bus(j—2)

It follows, in turn, from its definition (1) that the polynomial O,(z) satisfies
the recursion (3) and the initial conditions (4). Applying induction on n to the
recursion (3), while using the Chebyshev recursion (2), we obtain equation (5):

1 1 1
On(2) = (i2V2)" |Up | ——= | + = Un- <—)]
(2) = (i2v2) { (mﬁ) 2 7"\ 2022
which completes the proof. |

Theorem 1.5. (Furst et al.[5]) The number of embeddings of the closed-end ladder
L, _1 into the orientable surface S; is

gn—2+i (”_i) 2n_3i when i < %]

gi(Lnfl) — { 0 3 n—i

otherwise.

Proof. Let the genus polynomial of the ladder L,,_; be

Coa() = S alLur)?"

1>0
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By Formula (5) of Lemma 1.4 and Corollary 1.3, we have
[r, . (2) = 2"7'0n(2)
n— n=7\ui .2 n—=2=7\o; 2j+2
(7) =2 1{2( _ )2327—2( , )23,2J }
=0 N 7 720 J

Note that g;(L,_1) is equal to the coefficient of z*. By (7), we have

o/ (Ls) = 2n1{(n;j>2j B (n J—iz 1)211}.

("™ 1), the theorem follows. O
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2. RANK-DISTRIBUTION POLYNOMIAL OF STAR-LLADDERS

We fix a spanning tree 1" of SLy,, n,...n,, sShown by thicker lines in Figure 4, with
cotree edges €,€10,€1,15---5,€1nyy €20,€6215---3,€2n95 -y €0, Ck 15, Chny also as
shown.

Property 2.1. The cotree edge e overlaps the cotree edge e;q if and only if the
edge b; o is unmatched, fori=1,2,--- k.

Property 2.2. The cotree edges e;;; and e;; ;11 overlap if and only if the edge
bii;+1 18 unmatched, fori=1,2,--- ki; =0,1,--- ,n; — L.

ek,nk
FIGURE 4. A spanning tree for the star-ladder SL,, ,, n,

€1
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Let W = (wi,wa,...,wy) € Zy and Y; = (Yir, Yin, -+ Yiy,) € Zh for i =
1,2,--- k. Then the overlap matrix of a star-ladder SL,, », . n, can be written
in the following form:

k

W, Y1,Ye, Yy
ni,n2,...,Ng

Ow, 0O O -~ 0 wy OO0 --- 0 -+-w, 0O 0 --- 0
wy 0 Y11

0wyi1 0 yi2

0 Yig -

' Yiny

0 Yina, 0 0

Wo 0 0 w2

0 Y21 0 y2o

0 Yoo -

: ' Y2,ny

0 y?,ng 0

Wi 0 Yr1

0 Yk O Yro
0 Yk

N yk,nk
0 Yk, 0
where w; = 1, for ¢ = 1,2,...,k, if and only if b;y is unmatched, and where
Vi, =1, fori=1,2,... . kand iy =1,2,...,n,, if only if b;;, is unmatched.

.- . W, Y1,Ya, Y,
Proposition 2.3. For a fized overlap matriz of the form M50 2"k = corre-

sponding to the spanning tree T in a star-ladder graph SLy, n,.. n,., there are
exactly 9% (nit1) different T-rotation systems corresponding to that matriz.

Proof. This proof is like that of Property 1.3. OJ

We let Sy, 1,0, denote the set of all matrices over Z, that are of the type

oY Y We let D(j) denote the number of different assignments of the

variables wj, y;;, for which the matrix M)V };;’@nk Yo in S,y ny.m,, has rank 7,
where j =1,2,--- n;i=1,2,--- k;and 1, = 1,2,...,n;.
Additionally, We define the rank-distribution polynomial
ni+ng+-+ng+k+1
(8) St ng,emn (2) = Z D(j)2".

J=0
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Theorem 2.4. The rank-distribution polynomial 8, n,.. n.(2) of the overlap ma-
trices of a star-ladder graph SLy, p, . n,satisfies the recurrence relation

8n1,n2,...,nk(z) - Snl,ng,...,nkfl(z) +2228n1,n2,‘..,nk72<2)

with the initial conditions

‘Smmz,m,nkq,o(z) - 8n1,n27~-~7nk71(z) + 2k_1220n1+1<z)0n2+1(z) e Onkfﬁ-l (Z)
and
877«1,”27-“’”1@—171(2) - Snl,nz,m,nkﬂ,o('z) + 2228711,712,...,711@71(2)7

where Op,(z) is the rank distribution polynomial of the overlap matrices of the
ladder graph L,,—1, as defined in Equation (1).

Proof. There are two cases.
Case 1. For y,, = 0. It is clear that

W,Y1,Ya, Y\ W.Y1,Y2, Yy
Ta’nk<Mn1,n2 ..... ngk ) - ra’nk(Mnl,ng,.‘.,nk—l)

so it contributes a term 8,, n,. . n,—1(2).
Case 2. For y,, = 1. If y,,_1 = 0, then

WY1,Ya, Y\ W.Y1,Ya, Yy
rank (M, b0 ) = 2+ rank (M, %0 ).

Otherwise y,,—1 = 1, under which circumstance we add the last row and last
column, respectively, to row ny+nqs+...+ni+k and to column ny+nqo+. . .+ng+k.
We see thereby that rank(MWV:Y1.Y2-- i) is equal to 2 plus the rank of the upper-

n1,M2,...,Nk

left matrix, which has the form of MKZ;YZW_YS, that is,

WY1,Ya, Y\ WY1,Ya, Yy
rank(]\/[nhnzmnk ) =2+ rank(Mm’n%“nk_Q).

In total, it contributes a term 2228, n,  n.—2(2).
Hence, the polynomials 8, n,.. n,.(2) satisfy the recurrence relation
Snlﬂ%n-,nk(z) - Snl,m ,,,,, nk—l('z) +2Z28n1,n2,~--,nk—2<z)7

for all n, > 2 and k > 3. OJ

Note that for & = 2, the definition (8) implies that

ni1+n2+3

8n1,n2(z) = Z D(])Z] = On1+n2+2(z)7

Jj=0

where
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Moreover, for k = 3, Theorem 2.4 implies these three equations:

Sn1,n2,n3 (Z) - 8711,”2,713—1(2) + 22287117712,713—2(75)
Sm,nz,O(z) = Opnytnp2(2) + 4220n1+1(z>0n2+1(z)
thnz,l(z) - Snl,HQ,O(Z) + 222On1+n2+2(2)'

To solve the recursion of Theorem 2.4, we define

(9) S(tita, ity 2) = D Spymam (2) Gt
ni,ng,...,np>0

and

(10) Ot,z) = Y On(2)t".

n>1

Rewriting the recurrence relation in the statement of Lemma 1.4 in terms of a
generating function, we obtain

(14 2%t)t

Rewriting the recurrence in the statement of Theorem 2.4 as a generating function,
we obtain

S(tl,tg, ce ,tk, Z) == S(tl, t2, e 7tk;—17 Z)
k—1
+ 22 T[40, 2) + 2248t o, -ty 2)
j=1
+ 18ty ta, .oyt 2) + 22238 (t, tay -ty 2),
which, by (11), is equivalent to

1 —|—222tk
1 —t), — 22282
ok—1 2 TTh-1 1+ 2%t;
IS0
Hj:1(1 —1; — 22 tj)

(12) S(tl,tg,...,tk,2> = S(tl,tg,...,tk_hZ)
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Using the fact that 8,, »,(2) = Opn,4n,+2(2), we obtain

S(tlatZ?Z) = Z On1+n2+2(2)t7111t7212
ni,n2>0
= D Ou(2) TP+ g -+t 15
n>2
t'f’L 2 _ tTL 2
- You:
n>2 tl N t2

O(tl, Z) — 1t _ O(tz, Z) — tz
ti(ts — ta) t5(t1 — ta)
(14 222t1) (1 + 22%t2) + 22(3 + 22211 + 22%5)

(1=t —2223) (1 — ty — 22%3)

which, by (11), implies

1+ 22%61) (1 + 22%6) + 22(3 + 227t + 22%,)

(
1 =
(13) 8(t1,12,2) (1 —t; — 2222)(1 — ty — 22212)

Iterating (12) we obtain

k

1+ 22%t;
S<t17t27"'7tk72) = 8<t17t272>H 322
p 31—t-—22t.

23 P IS (U + 260) T (14 22%0)
15 (1 —t; — 2222 ’
which, by (13), implies the following result.

Theorem 2.5. Let k > 2. Then the rank distribution of the overlap matrices for
the star-ladder graph 8, n,....n,) 15 given by the generating function

T[T, (1 +22%;)
[T6,(1—t; — 22222)
2230 I (14 220 TT e (1 + 222
15,1 —t; —2222) ‘

7j=1

8(151,252, e ,tk,Z) =

Now our aim is to find an explicit formula for §,,, ., . ., (2) by finding the
coefficient of t* = 1¢5?---¢* in the generating function 8(t1,ts,..., ¢k, 2). At
first, note that the coefficient of t™ in

1
k
[T-(1—t;— 22275?)
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(see Lemma 1.4) is given by

. ! T (L
a (nleu—tj —2z2t§)> _E[tf | (1—tj —222t?)

= ﬁ(z'\/iz)"a'Unj (ﬁ)

k

14 = nj U

) ]1;[1 (21\/})

and that

k
(15) [[a+ut) = > ]t
Jj=s AC[s,k] acA
for any k > s, where [a,b] = {a,a+1,...,b}.
We define

1
) = (iV/2z) i xal@ (_> 7
pA<n]) (Z Z) i—Xa(j 2i\/§2’

where U, (t) is the n'® Chebyshev polynomial of the second kind, and x4(j) is
defined to be 1 if j € A or 0 otherwise, and 2 = —1.

Now Theorem 2.5 together with (14) and (15) imply the following result.

Theorem 2.6. Let k > 2, let ny,ns,...,n > 0. Then the rank-distribution
Snymamp (2) = [t7)8(t1, ta, . .., Tk, 2) is given by the polynomial

Aql k]
Jj=1 AC[1,j—1] BC[j+1,k]
Theorem 2.6 reveals the following nice property:

Corollary 2.7. For k > 2, let 7 = (ny,ng,...,ny) be a n-tuple of k nonnegative
integers, and let ' be any permutation of w. Then 8,(z) = 8(2).

Theorem 2.8. The genus polynomial of the star-ladder SLy is as follows:

k )
FSLU (Z) = 22j:1(n]+1)8n1,n2 ..... nk(\/z);

where 8y, ny....n, (2) is the rank-distribution polynomial defined by equation (8).

.....

Proof. The theorem follows from Proposition 2.3. 0
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Example 2.9. Let k = 3 and let us find the polynomial 821 (z). After evaluating
each sum in the formula of 891 0(2) according to Theorem 2.6, we obtain

8a10(2) = (1 + 722 +122% + 42°%) + (222 + 62%) + (42% + 162" + 1229)
=1+ 132% 4 342" + 162°.
Thus, Tsr,,,(2) = 648510(2) = 64 4 83227 4 21762* + 10242,

Example 2.9 can be extended as follows. Let

P = (iV22)"U, (21\1@;)

with 2 = —1. Then Theorem 2.6 for k = 3 gives

Sapc(2) = Pabube + 22° (Pa—1PbPe + Pals-1Pe + PaPbDe1)
+ 42" (Pa—1Pb—1Pe + Pa—1PbPe—1 + PaPo—1Pe—1) + 82°Pa—1Pp—1Pc—1
+ 2%papepe + 22 Papo—1Pe + 22" paprpe—1 + 42°papo—1pe—1
+ 22°papipe + 42 PaprPet + 22 pa_1PbPe + 42°Pac1PyPer
+ 42°papype + 42" (Pa1PoPe + Pabb—1Pe) + 42°Pac1Pb-1pc,
which implies this formula
Save(z) = (14 722)papope + 22%(1 4 32%) (Da1PbPe + PaPo—1Pe + PalbPe—1)
+ 42" (1 + 2*) (Pa—1Po—1Pe + Pa-1PbPe—1 + PaPb—1Pe-1) + 82°Pa—1Pp—1Pe-1.

Example 2.10. Applying this formula for several values of a,b,c we obtain the
following values:

8000(2) = 14722 S100(2) = 1+922+62*

82,0,0(2) =1 + 1122 + 2024 81’1’()(2) =1 + 1122 + 1624 + 426
83,070(2) = 1+ 1322 + 3824 + 1226 82’1’()(2) = 1+ 1322 + 3424 + 1626
81,171(2) = 1+ 1322 + 3024 + 2026
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