ROOT GEOMETRY OF POLYNOMIAL SEQUENCES I: TYPE (0,1)
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ABSTRACT. This paper is concerned with the distribution in the complex plane of the roots of a
polynomial sequence {Wy(z)},>0 given by a recursion Wy (z) = aWp_1(z) + (bx + c)Wy_2(x),
with Wo(z) = 1 and Wi (z) = t(z — ), where a > 0, b > 0, and ¢,t,7 € R. Our results include
proof of the distinct-real-rootedness of every such polynomial W, (z), derivation of the best bound
for the zero-set {z | Wy (z) = 0 for some n > 1}, and determination of three precise limit points of
this zero-set. Also, we give several applications from combinatorics and topological graph theory.
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1. INTRODUCTION

Gian-Carlo Rota [20] has said of the ubiquity of roots of polynomials in combinatorics

“Disparate problems in combinatorics ... do have at least one common feature:
their solution can be reduced to the problem of finding the roots of some
polynomial or analytic function.”

One such reduction is due to Newton’s inequality, which implies that every real-rooted polynomial is
log-concave. As observed by Brenti [1, 2], polynomials that arise from combinatorial problems often
turn out to be real-rooted.

Given a sequence {W,,(z)},>0 of polynomials, we refer to the distribution of the set of zeros, taken
over all n, as the root geometry of that sequence. General information for the root geometry of
polynomials, especially the geometry of non-real roots, is given by Marden [19]; see also [21,24].

This research arose during efforts by the present authors to affirm a quarter-century old conjecture
(abbr. the LCGD conjecture) that the genus distribution (or genus polynomial, equivalently) of every
graph is log-concave [8]. Although it was conjectured by Stahl [28] that genus polynomials are real-
rooted, Chen and Liu [4] proved otherwise by the counterexample of iterated 4-wheels. Subsequently,
various genus polynomials have been shown to have complex roots. Of course, this separates the
problem of determining which graphs have real-rooted genus polynomials from trying to prove the
LCGD conjecture. The log-concavity of genus distribution of the iterated 4-wheels is confirmed
recently by the authors, see [13].

After unexpected success [12] in proving the real-rootedness of the genus polynomials of iterated
claws, we attempted the real-rootedness of genus polynomials for iterated 3-wheels [23]. The iterated
3-wheel W3 is the graph obtained from the cartesian product C300F, 41, where Py, is a path graph with
k vertices, by contracting a 3-cycle C3 at one end of the product to a single vertex. By a preprocess
of normalization, we transformed the problem equivalently into the following conjecture.

Conjecture 1.1. Let Wy(x) = 1/27, Wi(z) =1+ 7z, Wa(z) =1+ 139z + 112022 + 46823, and
Wy(z) = (14 1442)W,,_1 (x) + 542(2 — 292 + 3062%)W,, _o(z) — 583223 (1 — 112)W,,_3(x),
for n > 3. Then each of the polynomials W, (x) is real-rooted.

Real-rootedness of the genus polynomials of iterated 3-wheels W3 was confirmed by brute force
computation for all n < 220. The complications encountered led us to consider the more general
problem for polynomial sequences defined by a general linear recurrence of degree 3, with polynomial
coefficients. As one may imagine, the difficulty did not decrease. This led us to some recurrences of
degree 2. In particular, let W, (x) be a sequence of polynomials satisfying the recursion

(1.1) Wio(z) = A(x)Wy_1(z) + B(x)Wp_2(z)

for n > 2, where A(z) and B(z) are polynomials, Wy () is a constant, and Wi (z) is a linear polynomial.
When the polynomials A(z) and B(x) have degrees k and ¢, respectively, we call the sequence {W,, (z)}
defined by Rec. (1.1) a recursive polynomial sequence of type (k,¥£).

Classical bounds on the roots of a polynomial are given in terms of its coefficients. Examples
include the Fujiwara bound [7], the Cauchy bound [3], and the Hirst-Macey bound [16]. More bounds
and also some background are given by Rahman and Schmeisser [25], where the reader may also find,
for instance, Rouché’s theorem, Landau’s inequality, and the Laguerre-Samuelson inequality, subject
to bounding the roots of a polynomial. Conversely, the real-rooted polynomials with all roots in a
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prescribed interval have been characterized in terms of positive semi-definiteness of related Hankel
matrices; see Lasserre [18].

This paper is primarily concerned with the root geometry of a sequence of recursive polynomials
of type (0,1).

2. MAIN RESULTS AND EXAMPLES

As a preliminary, we consider a recursive polynomial sequence of type (0,0), that is, one in which
the polynomials A(z) and B(z) are constants, A and B. This serves as a bridge to considering a
recursive sequence of polynomials of types in which A(z) and B(x) have other degree combinations.

Lemma 2.1. Let A,B € R with A # 0. Let {W,,}n>0 be a sequence of real numbers satisfying the
initial condition Wy = 1 and the recursion W,, = AW, _1 + BW,,_o. Writing

L2 -A+VA

A =A% +4B and g 5

we have

2
gHA+ VA" — g (A—VA)"
2n/A ’

In particular, if Re' is the polar representation of A+ VA, then we have

(2.2) W, = (];) <cos nd + %), if A <0.

(2.1) W <1+n@??ﬂ®)<A>i TN

if A £ 0.

Proof. The solution (2.1) to Rec. (1.1) can be found in elementary textbooks; for more extensive

discussion, see Kocic and Ladas [17]. Note that when A + v/A = Re', we have A — VA = Re™%,
since VA is either purely real or purely imaginary. Then, Eq. (2.2) can be obtained from Eq. (2.1)
directly. O

For instance, the Fibonacci sequence {f,}n>0 is defined by the recursion f, = fn,—1 + fn—2, with
fo=/fi=1 With A=B=W; =1 (hence, A =5 and g* = (1 +£+/5)/2), Lemma 2.1 gives Binet’s
formula, as expected:
+)n+1 _ (

V5

Thus, we see how Lemma 2.1 creates conditions for recursive sequences of type (0,0), under which
the root geometry problem becomes easy.

7)n+1

(g g

W, =
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2.1. Main result. The aim of this paper is to describe the root geometry of all recursive polynomial
sequences of type (0,1). In order to formulate the main results of this paper, we use the following
terminology.

Definition 2.2. The zero-set of a polynomial is defined to be the set of all its roots. It is said to be
distinct-real-rooted if all its roots are distinct and real.

Definition 2.3. Let s be a positive integer, and let ¢ € {s — 1, s}. Let X = {21, 29,...,25} and
Y ={y1,y2,...,y:} be ordered sets of real numbers. We say that the set X interlaces the setY from
both sides, denoted X 1Y, if t = s —1 and

(2.3) T <Y <To<Ya < -+ < Tg1 <Yy < Ts.

Note that the bow-tie symbol <1 consists of a “times” symbol x in the middle and a bar at each side.
The left (resp., right) bar indicates that the smallest (resp., largest) number in Ineq. (2.3) is from the
set X. We say that the set X interlaces Y from the right, denoted X x Y, if either X 1Y, or

(2.4) Y1 < 21 < Yo < Xg < o0 < Tyq < Yp < T, where ¢t = s.

Here the bar to the right of the “times” symbol x within the symbol x means that the largest number
in Ineq. (2.4) is from X. We observe that any set consisting of a single real number interlaces the
empty set.

For any integers m < n, we denote the set {m, m+1,..., n} by [m,n]. Moreover, when m = 1, we
may denote the set [1,n] by [n]. Lemma 2.4 presents some essential consequences of the interlacing

property.

Lemma 2.4. Let f(z) and g(x) be polynomials with zero-sets X and Y respectively. Let B € R, and
let

X/:Xm(foovﬂ):{xhx%"'7xp} and Y/:Ym(fooaﬂ):{ylay%"'7yq}
be two ordered sets such that X' xY'. Let xg = yo = —00 and yq+1 = 5.
o If f(B) #0, then we have

(2.5) F)fB)(=1)T7 <0 forallj€lg+1-p, q+1];
o If g(B) # 0, then we have
(2.6) g(x)g(B)(=1)P"* >0 forallic [p—q,p.
Proof. See Appendix A. O

Notation 2.5. For any sequence {z,} of real numbers, we write x,, \, « if x,, converges to the
number z decreasingly, and we write z,, / z if x,, converges to the number z increasingly.

Our main result, Theorem 2.6, concerns a polynomial sequence W, (z) of type (0,1) in which
A(x) = a and B(z) = bx + ¢, with ab # 0 and ¢ € R.
Theorem 2.6. Let {W,,(x)}n>0 be the polynomial sequence defined by the recursion
(2.7) Wo(z) = aW,_1(x) + (bx + )Wy _a(x),

with Wo(x) = 1 and Wi(x) = t(x — r), where a,b,t > 0, ¢, € R, and r # —c/b. Then the
polynomial W, (x) has degree d,, = |(n+1)/2] and is distinct-real-rooted. Moreover, let

Rn - {gn,la gn,Qv ey gn,dn}
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be the zero-set of Wi, (x), where &1 < &po < -+ <&y a,. Let R, = Ry\{&,a, }. Using the notations

4c + a? t+b) — +/(at +b)% + 4t2(b
762;)61’ g — 2 and y*:r+(a+) \/(a;;) + (T+C)’

we have the following conclusions:

*

(i) Ifr € (—oo,7*], then Ryt1 X Ry, and Rpto > Ry, forn > 1; &, q,—; / x* for any i > 0.
(ii) Ifr € (r*, —c/b) then Ry41 X Ry, and Rpto > Ry, forn >1; &, 4,—i S x* for any i > 1; and
Ena, S Y" with x* <y*.
(iii) If r € (—¢/b,+00) then R, 1 X R}, and R} , > R; forn > 3; &,q,—: /7 «* for any i > 1;
Eandsy S Y and Ean 1,4y, N\ Y* with x* < —c/b < &a.4, < y* < 7.

The best bounds for the set Up>1R,, are, in these three respective cases, (—oo, x*), (—o0, y*) and
(—o0, 1). Furthermore, the sequence &, ; converges to —oo for any fived i > 1.

We observe that in the statement of Theorem 2.6, the limit point =* does not depend on the initial
polynomial Wi(z), as long as the polynomial Wi (x) is linear, and furthermore, no root lies in the
interval (z*, —c¢/b) for case (iii).

In fact, when Wi(x) = t(z — r), we can always normalize the polynomials by the linear transfor-
mation

Wo(z) = Wy(a/t+7r),
whose root geometry differs from that of the sequence W, (x) only by magnification and translation.
From Rec. (2.7), one may infer that

Wa(z) = aW,_1(z) + (bx/t + br 4+ )W, _o(2),
with Wo(z) = 1 and Wy (x) = x. Therefore, we can suppose that Wy (z) = x from the beginning.
Suppose Wi(z) = z. Now, if ¢ = 0, then the number 0 is a root of every polynomial W, (x). In
this circumstance, we have
Wa(z) = (a+b)x and Wi (z) = aWa(x) + ba?.
Consider the polynomials
() = Wasalla+bia=a)/b)
Wo((a+ b)(x —a)/b)

From Rec. (2.7), we infer that
(2.8) Wo(z) = aWn1 () + (a +b) (@ — a)Wn-2(2),
with Wo(x) =1 and
~ ~ Ws((a+b)(x—a)/b) b (a+b)(z—a)
Wi@) = @@ —am ~ T ato b

Since the constant term of the coefficient polynomial (a + b)(z — a) in Rec. (2.8) is —a(a + b) # 0, we
can suppose that ¢ # 0 from the beginning.

= X.

To give a proof of Theorem 2.6, we state its “normalized” version as Theorem 2.8, in which we
restrict Wi(z) = x and ¢ # 0. As will be seen, Theorem 2.8 implies Theorem 2.6 conversely. The
following notion of (0, 1)-sequence of polynomials is the key object we will study; see Sections 3 to 5.
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Definition 2.7. Let {W,,(z)},>0 be the polynomial sequence defined recursively by
Wa(z) = aW,_q1(x) + (bx + )Wy—a(x),

with Wy(z) = 1 and Wi(x) = z, where a,b > 0 and ¢ # 0. In this context, we say {W,(z)}n>0 is
a (0,1)-sequence of polynomials. It is clear that (0, 1)-sequence of polynomials is the particular case
studied in Theorem 2.6 for ¢ = 1 and r = 0.

Theorem 2.8. Let {W,,(z)}n>0 be a (0, 1)-sequence of polynomials. Then the polynomial W, (z) (of

degree d,, = |(n+ 1)/2]) is distinct-real-rooted. Let

4c + a? a . a+b—+/(a+Db)?+4c
- , rf=a" — - and Yyt = .
4b 2 2

Let Ry, = {&én1, €n2, -+, &n.a, } be the ordered zero-set of W, (x).

(2.9) o =

(i) If r* > 0, then Rp41 X Ry, and Rpyo ARy, forn > 1; &, 4, —i / a* for any fized i > 0.
(i1) If0 € (r*, —c/b) then Rpt1 X Ry and Ryi2 X Ry, forn > 1; &, a,—i /' @™ for any fived i > 1;
and a4, ' y* with x* < y*.
(iii) If ¢ > 0 then R; y ¥ R; and R;, , > R; forn > 3; &ua,—i 7 o for any fived i > 1;
$on,da /YT and E2n—1,dy,, N\ Y" With 2F < —c/b <y* < Ta4,.

For these three cases, the respective best bounds for the set Up>1R, are (—oo, z*), (—o0, y*), and
(—o0, r). Moreover, the sequence &, ; converges to —oo for any fized i > 1.

When considering the root geometry problem of general recursive polynomial sequences of type (0, 1),
it is acceptable to suppose that deg Wy (z) < deg Wi(x) and that the polynomial Wy (x) is monic. As-
sume that Wy(x) is a constant. Then we have Wy(z) = 1.

Consider the polynomials

(2.10) Wo(z) = (=1)"W,(—x).
It is routine to verify the recurrence
(2.11) Wo(z) = —aWh_1(z) + (=bx + ) Wn_a(2),

with Wg(x) =1 and W, (z) = z. Then the roots of the polynomials W), (z) are the opposites of roots
of the polynomials W, (z). From this point of view, when a < 0, one may consider the root geometry

of the polynomials W, (z), for which the coefficient —a in Rec. (2.11) is positive. Therefore, we can
suppose that a > 0 from the beginning.

Provided that a > 0. Then the case b < 0 is unexplored. In fact, when b < 0, both the degrees and
the leading coefficients of the polynomials W, (z) may vary irregularly. We also note that dropping
Condition (iii) may yield non-real-rooted polynomials W,,(z). For example, when a = 1, b = —1, and
¢ = —1, we have W3(x) = —2% — 2 — 1, which has no real roots. From the argument for supposing
a > 0, we do not handle the case ab < 0 essentially.

We remark that in a general setting, beyond the genus polynomials of graphs, the polynomi-
als W, (z) might have negative coefficients. In summary, this study of the root geometry of recursive
polynomials of type (0,1) has only two restrictions. One is that the polynomial Wy(z) is a constant.
The other is the assumption that the number b has the same sign as the number a.
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2.2. Some examples. We now present several examples to illustrate our results.

Example 2.9. One kind of Fibonacci polynomials W, (z) is defined by the recursion

(2.12) Wih(z) = Wh_1(z) + 2W,_2(x),

where Wy(z) = 1 and Wi(x) = x + 1; see [20, Table 3] and [27, A011973]. Accordingly,
a=b=1, c=0, and r=—1,

and we compute from Def. (2.9) that

4c + a? 1 d . ., a 1 1 3> .
- = —— an e = _Z=_Z>s_1=r
4b 4 2 4 2 4

By Theorem 2.6 (i), we know that each polynomial W, (z) is distinct-real-rooted and that all roots
are less than —1/4. Also, for any e > 0, there exists a number M’ > 0 such that every polynomial
W, (x) with n > M’ has a root in the interval (—1/4 — e, —1/4). Moreover, by the final conclusion of
Theorem 2.6, we know that for any N > 0, there exists a number M > 0 such that every polynomial
Wi (z) with n > M has a root less than —N.

Tt =

In the next two examples, we examine how the set of convergent points is affected when we change
the coefficient of W, _2(x) in Rec. (2.12) to 2z/5 and to = + 2.

Example 2.10. Let W, (z) be the polynomial sequence defined by the recursion

2z
Wn(l‘) = Wn_l(lf) + ?

with initial values Wy(x) = 1 and Wi (z) = x + 1. We see that
a=1, b=2/5, c=0, and r=—1.

We calculate from Def. (2.9) that

4 2 ) 3 9
:L‘*:_C‘i‘a :_7<_7:y* and T:_1€<_’0):<7"*7—c)'

WWL—Q(JU)a

4b 8 5 8 b
By Theorem 2.6, the polynomial W, (z) is distinct-real-rooted, and the largest roots converge to —3/5
increasingly. Moreover, for any ¢ > 1, the roots z,, 4,—; converge to —5/8 increasingly as n — oo, and
the roots x,, ; converge to —oo decreasingly.

Example 2.11. Let W, (x) be the polynomial sequence defined by the recursion
Wo(z) = Whoi(z) + (2 + 2)Wh—2(2),

with initial values Wy(x) = 1 and Wi (z) = x + 1. Thus,

a=b=1, c=2, and r=—1.
We compute that Wa(x) = 22 + 3, and that

9

x*:—i, r:—1>—2:—g, and  y*=-—V2.

Therefore, we have 2* < —c¢/b < x2 4,. By Theorem 2.6, every polynomial W, (z) is distinct-real-
rooted, and has exactly one root larger than —9/4. The largest roots converge to —+/2 oscillatingly.
Moreover, for any positive integer 4, the roots x4, —; converge to —9/4 increasingly as n — oo, and
the roots x, ; converge to —oo decreasingly.
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Example 2.12. This example illustrates how our results can be used to prove the real-rootedness
of a sequence of partial genus polynomials. Let D, (x) be the polynomial sequence defined by the
recursion

D, (z) =2Dp_1(x) + 8xD,—2(x),
with Do(z) = 1 and D;(z) = 2z, which may be recognized by those familiar with enumerative
research in topological graph theory (for example, see [3,10,14]) as a partial genus distribution for the
closed-end ladder L,,, which is shown in Fig. 1.

FIGURE 1. The closed-end ladder L, with a 2-valent root-vertex v.

The polynomial D,,(x) is the generating function for the number of cellular imbeddings of the ladder L,,
such that two different faces are incident on the root-vertex. By Theorem 2.6, each D, (z) is a
distinct-real-rooted polynomial, and the root sequence &, 4, —; converges to —1/8 for every nonnegative
integer 7. In particular, none of the polynomials D, (x) has a root larger than —1/8. Unfortunately,
we do not yet know what topological information is implied by this convergent point.

3. DISTINCT REAL-ROOTEDNESS

The proof of Theorem 2.8 begins here with an investigation of the real-rootedness of a (0, 1)-sequence
of polynomials. The remainder of the proof will be given in Sections 4 and 5.

For any polynomial f(x), we follow the usual definition that
fldoc) = lm_f(a)

We start our analysis of (0,1)-sequences {W,,(z)}n>0 by finding a formula for the degree and the
leading coefficient of each of the polynomials.

Lemma 3.1. Let {W,(z)}n,>0 be a (0,1)-sequence of polynomials, with t, the leading coefficient
of Wy (z). Then

d, = deg(Wy(x)) = {’” 1

5 J , tont1 = 0", and ton = b""H(na +b).
Moreover, for all n > 1, we have
W, (—00)(=1)% = W, (+00) = +oc.
Proof. The formulas for the degree d,, and the leading coefficients ¢,, can be verified by induction on
the integer n. For any polynomial f(z) with positive leading coefficient, it is clear that
f(—o0)(~1)48F @) = 40 and  f(400) = +o0.

Since t, > 0, we infer that
Wy (—00)(=1)% = W, (+o0) = +oc.
The sign relations follow immediately. O
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Using the intermediate value theorem for a (0, 1)-sequence of polynomials, we derive the following
criterion for their distinct-real-rootedness.

Theorem 3.2. Let {W,(z)}n>0 be a (0,1)-sequence of polynomials, with zero-set R, and degree d,
of the polynomial W, (x). Let 5 < —c/b. Suppose that for some numbers m,k € N, we define

(3.1) T = Ry N (=00, B) and Tint1 = Rmy1 N (=00, B),
and suppose, further, that

(3.2) Ton| = dm —F,

(3.3) | Trnt1] = dmy1 —k,

(3.4) Trs1 X T, and

(3.5) W (B8)(=1)F > 0,

forn € {m, m+1, m+2}. Then there exists a set Tpyo C Rypio N (=00, B) such that
|Tit2] = dmi2 —k and Trso X Thgq.

Moreover, if

(3.6) Tmy2 = Rmya N (=00, B),

then we have Ty 1o > T,,.

Proof. By Egs. (3.2) and (3.3) in the premises, we can suppose that
Tg1 = {x1, 2, ..., Tp} and T ={y1, Y2, -5 Yg

are ordered sets, where

(3.7) p=dmni1—k and q=d,, — k.

Def. (3.1) implies that =, < 8. In view of Relation (3.4), together with the premise § < —c/b, we
have the following ordering:

(3.8) o < Y2 < Tpea < Ygo1 < Tpo1 < Yg < xp < B < —c/b.
Note that Relation (3.4) also implies that p > 1 and ¢ € {p — 1, p}. For convenience, let

To=yo=-00 and  Tpp1 =Yg =B
We will apply Lemma 2.4 with

F@) = Wosr(z)  and  g(x) = Win(a).
In this case, we have

X =R, and Y =R,.
Consequently, by Def. (3.1), we have
X' '=Rpi1N (=00, B) =Tt and Y' =R, N (=00, B) =T

Then, Relation (3.4) reads X’ x Y’. Taking n = m in Ineq. (3.5) gives
(3.9) Wi (B)(=1)* > 0.
It follows that W,,(8) # 0. Therefore, we can use Ineq. (2.6), which gives that
(3.10) Wi ()W (B)(=1)P7F > 0 for all i € [p — ¢, p).
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Let i € [p]. Since x; € Tynt1 C Ryt1, we have
Wt1(z;) = 0.
Taking n = m + 2 and = x; in Rec. (2.7), we find
Wnio(xi) = (bx; + )W ().
From Ineq. (3.8), we see that z; < —c/b, and thus bx; + ¢ # 0. Therefore, we can substitute

Winga (i)
Wi(zi) = —/——————
(i) br; +c¢
into Ineq. (3.10), which gives that
Winga(;) —i
— W —1)P 0.
LW (B) (-1 >
Since b > 0 and z; < —c¢/b, we deduce that bx; + ¢ < 0. Thus the above inequality can be reduced to
(3.11) Winao(2) Wi (B)(=1)P~F < 0.

We notice that Ineq. (3.11) also holds true for i = p 4+ 1, namely,
Wm+2(xp+1)Wm(5)<_1)p_(p+l) < 0,

that is,
Wing2(B)Wm(8) > 0,

whose truth can be seen from Ineq. (3.5). Consequently, we can replace ¢ by (i + 1) in Ineq. (3.11),
which gives

Wont2(2ip1)Win (8)(=1)P7 71 < 0.
Multiplying it by Ineq. (3.11), we obtain that

Winto(2i)Winya(wi01) < 0.

By the intermediate value theorem, the polynomial W, o(z) has a root in the interval (z;, z;41).
Let z; be such a root.

When i =1, Ineq. (3.11) is

(3.12) Wing2(21) Wi (8)(=1)P~1 < 0.
On the other hand, Lemma 3.1 gives
(3.13) Wm+2(_oo)(_1)d7n+2 > 0.

Multiplying Inegs. (3.9), (3.12) and (3.13), we find
Win(B)(=1)" - Winsa(21) Wi (B)(=1)P 1 - Wi ya(—00)(~1)P+2 < 0,
that is,
(3.14) Wing2(—00)Wynga(z1)(—1)dm+2thtr=1 <
Recall from (3.7) that p = dy,41 — k, and from Lemma 3.1 that
Adm+t1 + dmy2 = m+ 2.
Inequality (3.14) implies that
Wina(=00) W o (21)(=1)™ > 0.
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Therefore, by the intermediate value theorem, the polynomial W, 2(x) has a root in the interval
(—o0, 1) when m is odd. Let zy be such a root. Define

Z1y 22y oy Zp )y if m is even;
1s) %“2512 )

{#1, 72, ..., zp} U {20}, if mis odd.
We shall now show that this set 73,12 has the desired properties.

e For each j € [0, p], the number z; is chosen to be a root of the polynomial W, 42 (z). Therefore,
Tm+2 g Rm+2~

e For each j € [0,p], the number z; is chosen from the interval (z;, £;41), which is contained
in the interval (—oo, ). Therefore, Ty, 42 C (—o0, B).

e From Def. (3.15), we see that

— if m is even, then
[Tins2l = p = dmy1 =k = (m+2)/2—k = dny2— K
— otherwise m is odd, then
Tmte| = p+1 =dpy1—k+1 = (m+3)/2—k = dpio— k.
Hence, in any case, we have that | Ty, 2| = dpmyo — k.
e Since for all j € [0, p],
(3.16) zj € (%, Tjt1),

we have Ty, 12 X T,,4+1 according to Definition 2.3.

It remains to show that T}, 42 > T},,. We apply Lemma 2.4 again, for
f(@) = Winia(2)  and  g(2) = Win(a).
Taking n = m + 1 in Ineq. (3.5), we find

(3.17) Wi (B)(=1)F > 0.
It follows that W,,,11(8) # 0. Therefore, from Ineq. (2.5), we infer that
(3.18) Wont1 (Y)Wt (8)(=1)777 < 0

forall j € [+ 1—p, g+ 1]. Now, let j € [¢]. Taking n =m + 2 and = = y; in Rec. (1.1) gives
Wm+2(yj) = an+l(yj)'

Since a > 0, we can substitute
Wint2 (yJ)

Wm+1(yj) = a

into Ineq. (3.18), and obtain that
(3.19) Winta(y;) Wi (8)(=1)77 < 0.

It is noticeable from Ineq. (3.5) that Ineq. (3.19) holds also for j = ¢+ 1. Therefore, we can replace j
by (5 + 1) in Ineq. (3.19), which gives

Wint2(Ujs1) Wi (B)(=1)77971 < 0.
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Multiplying it with Ineq. (3.19), we find
Wing2(¥)Winga(yj41) < 0.

By the intermediate value theorem, the polynomial W, 12 (z) has an odd number of roots in the interval
(yj, yj+1) for each j € [¢]. If some of the intervals contains at least three roots, then W, y2(z) has at
least (g + 2) roots in the interval union

U;I'zl(ij ijrl) C (_OO, 6)
On the other hand, the premise Eq. (3.6) and the result
|Trt2| = dpi2—k = dp+1—-k = q+1

imply that the polynomial W, 2(x) has exactly (¢ 4+ 1) roots in the interval (—oo, 3). This contra-
diction yields that W,,;2(x) has exactly one root in each of the intervals (y;, yj+1). Since

zp € (2p, B) C (yg: B) = (g Yg+1),
we infer that for each j € [p],
(3:20) 25 € (Yg—p+i> Ya—p+i+1):
If m is even, then ¢ = p — 1, and Relation (3.20) can be written as
(3.21) z21 <Y1 < 22 < Y2 < -0 < zZpo1 < Yg < 2zp < P

Recall that Tp,42 = {21, 22, ..., 2p} in this case, and T, = {y1, Y2, - -+, yq}. Inequality (3.21) implies
immediately T}, 42 > T,

Otherwise m is odd, then ¢ = p, and Relation (3.20) reads

1 < 21 <y < 2 < s <y < zp < B
Recall that T),+2 = {20, 21, ..., %p} in this case. It remains to show zy < y;. In fact, when j = 1,
Ineq. (3.18) becomes
(3.22) W1 (Y1) Wint1 (B)(=1)71 < 0.

Multiplying Inegs. (3.13), (3.17) and (3.22), we obtain

Win2(=00) (=1)+2 - Wiy (B)(=1)* - Wo1 (y1) Winsa (B)(=1)7F < 0,
that is,
Wint2(—00)Winp1(y1) < 0.
Thus by the intermediate value theorem, the polynomial W, 12(x) has an odd number of roots less
than y;. From Eq. (3.6) and Relation (3.16), we infer that the number zy is the unique root of
Wint2(z) which is smaller than z;. Since m is odd, we have y; < z1, and thus zy must be the unique
root of Wi, 12(z) which is smaller than y;. This completes the proof. O

The usage of the above interlacing method dates back at least to Harper [15], who established the
real-rootedness of the Bell polynomials in this way.

Let {W,,(x)}n>0 be a (0, 1)-sequence of polynomials, with the zero-set R,, of the polynomial W, (x).
It is direct to compute that Wa(z) = (a + b)z + c¢. Therefore, the polynomials Wi (x) and Wa(x) are
real-rooted, and

(3.23) R, = {0} and Ry ={—c/(a+b)}.
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In the remainder of this section, we will use Theorem 3.2 frequently. We will always set the constant k
to be either 0 or 1. The following lemma is for the particular case k = 0.

Lemma 3.3. Let {W,,(2)}n>0 be a (0,1)-sequence of polynomials, with the zero-set Ry of the poly-
nomial Wy, (x). Let ¢ <0, and

(3.24) —c/(a+b) < B < —c/b.
Let N be a positive integer. If W, (8) > 0 for all m € [N], then we have
R,, C (=00, B) for allm € [N + 2],
Ryi1 X Ry for allm € [N + 1], and
Rypio ™ Ry for all m € [N].
In particular, if Wy, (B8) > 0 for all m > 1, then the above three relations hold for all m > 1.

Proof. First, we show the following relations by induction on the integer m:

(3.25) Ry, C (—o0, B), Ryy1 C (—o00, B), and Ryi1 X Ry for all m € [N + 1].

Recall from the equations in (3.23) that Ry = {0} and Re = {—c¢/(a + b)}. When m = 1, the
relations in (3.25) reduce to
Ry C (—o0, B), Ry C (—o0, ), and Ry ¥ Ry,
that is,
0<8, —c/(a+b) < B, and 0< —c/(a+D).
Since a,b > 0, the above relations hold by the negativity of the number ¢ and Ineq. (3.24) in the
premises. Suppose that the relations in (3.25) hold for m € [N], and we need to show them for m + 1.

Let k = 0. The upper bound —c¢/b of the parameter j is as same as that in Theorem 3.2. We are
going to verify the conditions: Eqs. (3.2) and (3.3), Relation (3.4), and Ineq. (3.5).
e From Def. (3.1) and the induction hypothesis R,, C (—oo, 8), we infer that T,, = R,, N
(=00, B) = R It follows that |Ty,| = |Rm| = dm, i.e., Eq. (3.2) holds.
e Similarly, we have T,,11 = Ry41, i.e., Eq. (3.3) holds.
e Thus, by the induction hypothesis we have that R,,+1 % R,,, which is equivalent to Rela-
tion (3.4).
e Since k = 0, the premise W,,,(5) > 0 for all m > 1 justifies Ineq. (3.5).
Therefore, we can apply Theorem 3.2 and obtain the existence of a set Ty,12 C Ryp0 N (—00, B) such

that Ty, 2 X Thyp1 and |Thu42| = dpppe. Since the sets T, 19 and R, 42 have the same cardinality d, 2,
we obtain that

(326) Tm+2 = Rm+2.
Consequently, the result T;,12 C (—00, 8) becomes the desired relation
(3.27) Rtz C (=00, B);

and the result T}, 12 % T}, +1 becomes the desired relation R,,, 12 X R,,+1. This completes the induction
proof for the relations in (3.25).

By Eq. (3.26) and Relation (3.27), we infer that Ty, 12 = Ry42N(—00, ), which is exactly Eq. (3.6).
Hence, by Theorem 3.2, we derive that T, 12 > T}y, i.€., Ryq0 X R,,, which completes the proof. [
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In order to continue with our discussions, we fix more parameters of (0, 1)-sequences of polynomials.
Inspired by Lemma 2.1, we introduce the following notations.

Definition 3.4. Let {W,,(z)},>0 be a (0, 1)-sequence of polynomials. We define
Az) = a®> +4(bx+¢) = 4bx + a® + 4c,
g (@) = 22 —a£+/A@))/2 = (22— a£ V4bz + a2 +4c) /2,

g(z) = g7 (2)g"(2) = 2° — (a+ bz —c.
We denote the zeros of the functions B(x) = bx + ¢, A(x) and g™ (x) by

c a® + 4c (a+b)—+/(a+b)2+4c
(3.28) T =~ Ta =m0 and Ty = 5 ,
respectively. We also define

— 2ab
07 @2+ 2ab+4c’
We observe that Lemma 2.1 implies the following:
(3.29) Wn(l‘B) = a"‘lWl(mB),
2 _ n

(3.30) Wp(za) = (1 + W) (;) , and
(3.31) Wh(zg) = zy.

The following technical lemma provides the ordering among the numbers za, x4, g, and 0, for the
sake of determining the sign of the value W, (x) for specific numbers « in the proofs of Theorem 3.8.

Lemma 3.5. Let {W,,(x)}n>0 be a (0,1)-sequence of polynomials. Then we have the following.
(i) If ﬁ < —1, then Wy(xa) >0 for alln > 1.
(i) If ﬁ > —1,then x4 € R, xa < x4, and
2ab
a? + 2ab + 4c¢’
where the equality on the left hand side of Relation (3.32) holds if and only if the equality on

the right hand side holds. Moreover, if ¢ > 0, then Wy (za) < 0 and xp < x4 < 0; otherwise,
we have 0 < x4 < xp.

(3.32) Walza) >0 < n<ng=

Proof. See Appendix B. a

Below is an example illustrating the cases —(a? + 2ab)/4 < ¢ < 0 and ¢ > 0, respectively.

Example 3.6. Let {W,,(z)},>1 be a (0,1)-sequence of polynomials defined by the recursion
Wi(z) = Wy (2) + (2 — 1/2)W,,_o(z),
with initial values Wy(x) = 1 and Wi(x) = . We see that a = b =1 and ¢ = —1/2. It is direct to
compute that
4c 2 1 1

m:—g, n0:2, szi, xAzz, and 1'921—
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By Relation (3.32), we infer that W,,(1/4) > 0 if and only if n < 2, and that 0 < z, < zp.

Example 3.7. Let {W,(z)},>1 be a (0,1)-sequence of polynomials with parameters specified as in
Definition 3.4, and with a = b =1 and ¢ = 1, which puts us in Case (i); here we have

Wi(z) = Wii(2) + (2 + )W o(2),

with Wy(z) = 1 and Wy (z) = z. This time, we have ¢ > 0. By Definition 3.4, we have xa = —5/4,
zg=1 —\/§7 zp = —1, and ng = 2/7. These data correspond to the inequalities zp < 4 and za < z,
in the conclusion of Lemma 3.5.

We are now ready to establish the real-rootedness of every polynomial W, (z).

Theorem 3.8. Let {W,(z)},>1 be a (0,1)-sequence of polynomials. Then every polynomial Wy, (x) is
distinct-real-rooted. Moreover, let us denote the ordered zero-set of W, (x) by Ry, and let y,, = max R,
be the largest real root of the polynomial W, (x). For all n > 1, we may conclude the following:

(i) if ¢ <0, then y, < g, Rpt1 X Ry, and Ryi2 < Ry,
(i) if ¢ > 0, then y, > xp, R, C (=00, xa), Ry, o ¥ R, 1, and R}, > R}, where R;, =
Proof. From Eq. (3.29), we see that
(3.33) cWh(zp) <0.
Below we will show (i) and (ii) individually.
(i) Let ¢ < 0. Then Ineq. (3.33) reduces to Wy (xp) > 0 for all n > 1. Take 8 = —c¢/b. Then

Ineq. (3.24) holds trivially. By Lemma 3.3, we deduce that R,, C (—o0, 25), Rnt1 X R, and Ry42 >4
R,, for alln > 1.

(ii) Let ¢ > 0. Then Ineq. (3.33) implies that W, (zp) < 0. By Lemma 3.1, we have W,,(400) > 0.
Therefore, by the intermediate value theorem, the polynomial W, (z) has a real root in this interval
(rp,+00). In particular, the largest root y, is larger than . Note that zao = —(a? + 4c)/(4b) <
—c¢/b = xp. Thus, we have

(3.34) A < 2B < Yn for all n > 1.
For the remaining desired relations, it suffices to show the following:
(3.35) R;, C(—o0,za), R, 1 C(—00,2a), R, 1 xR, R, >R _, for all n > 2.
We proceed by induction on n. Consider n = 2. Since d; = ds = 1, we have R} = R}, = (. Since
a,b,c > 0, from Def. (3.28), we have
xa = —(a® + 4c)/(4b) < 0.
In view of Eq. (3.30), we deduce that

(3.36) W (za) = (1 + W) (;) <0, foralln>1.
a

In particular, we have W3(xa) < 0. On the other hand, Lemma 3.1 gives that W3(—o0)(—1)% > 0.
Since d3 = 2, it reduces to W5(—o0) > 0. Therefore, by the intermediate value theorem, we infer that
the polynomial W3(x) has a root, say, rs, in the interval (—oo, za). From Ineq. (3.34), we see that
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Y3 > xa, and thus, r3 < xa < ys. It follows that Rs = {rs3, ys}, and thus, R; = {r3}. Therefore, the
relations in (3.35) for n = 2 are respectively

0 C (—o0, TA), {r3} C (—o0, za), {rs} x 0, {rs} >0,
all of which hold trivially, except the second one holds since r3 < za.
Suppose that all the relations in (3.35) hold for some n > 2, by induction, it suffices to show that
(3.37) R, 5 C (—00, za), R, o X R, and R, <R,
In applying Theorem 3.2, we set
k=1, B =xA, and m=n.
We shall verify the conditions: Egs. (3.2) and (3.3), Relation (3.4), and Ineq. (3.5).
e From Def. (3.1), we have T,, = R, N (—o0, za). Note that in the zero-set R,,, except the
largest root y,, which is not in the interval (—oo, za) by Ineq. (3.34), all the other roots
(whose union is the set R],) are in the interval (—oo, za) by the relations (3.35). Therefore,

we infer that R, N (—oo, za) = R}, and thus, T,, = R,,. Tt follows that |T,,| = |R}| = d, — 1,
which verifies Eq. (3.2).

e Similarly, we have T}, 41 = R;,;, and Eq. (3.3) holds true.
e Consequently, the hypothesis 7,11 X T}, in (3.35) can be rewritten as R/, ; X R;,, which verifies
Relation (3.4).
o Inequality (3.36) with & = 1 guarantees the truth of Ineq. (3.5).
By Theorem 3.2, there exists a set T, 42 C Ry42 N (=00, za) such that |T,12] = dpia — 1 and
Thto X Tyy1. From Ineq. (3.34), we see that y,42 > za. It follows that
(3.38) Rpya N (=00, 2a) = (Byy 0 U{yns2}) N (=00, 2a) © Ry

Thus, we have T,,42 C R’n+2. Since the sets 1,12 and R’n+2 have the same cardinality d,,+2 — 1, we
infer that 1,40 = R;LH. Now, the result 7,12 C (—o0, xa) is one of the desired relations:

(3.39) R} o C (=00, za);
the result T}, 12 % T}, 41 is another one of the desired relations:

/ /
Rn+2 X RnJrl'

/
no

In view of our goal (3.37), it suffices to show that R, > R
suffices to verify Eq. (3.6), i.e.,

ie., T4 > T,. By Theorem 3.2, it

R o= Ryta N (00, za).
In view of Relation (3.39), we deduce that R;, 5, C R, 42N (—00, za). Together with Relation (3.38),
we find the above equation, which completes the proof. O

Continuing Examples 3.6 and 3.7, we present the approximate values of roots in the ordered set
Rn = {§n,17 §n,2, cey gn,dn}-
Example 3.9. This example continues Example 3.6. Table 1 illustrates that for n < 8, we have
yp =max R, < zp = 1/2, Rpt1 ¥ Ry and Rpio X Ry,

A more careful observation suggests that the second largest root &, 4, —1 is bounded by the number
za = 0.25. In fact, this is true in general, which motivates Theorem 4.1.
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TABLE 1. The approximate roots of W, (z) (1 < n < 8) in Example 3.6.

gn, d,—3 571,, d,—2 gn, dp—1 fn, dn, = Yn

n=1 0

n=2 0.2500
n=23 —1.7807 0.2807
n=4 —0.2886 0.2886
n=2=5 —4.2912 0 0.2912
n==~06 —1.0218 | 0.1046 0.2922
n=7|-=7.5833 | —0.3639 | 0.1547 0.2926
n=28 | —1.9561 | —0.1194 | 0.1827 0.2927

Example 3.10. This example continues Example 3.7. Table 2 illustrates that for n <8,
n,dp—1 < TA = —5/4 and Yn > Tp = —1L.

A more careful observation suggests that the largest root y,, converges to the point z, in an oscillating

TABLE 2. The approximate roots of W, (z) (1 < n < 8) in Example 3.7.

{n, d,—3 fn, dn,—2 fn, dy,—1 fn, dn, = Yn

n=1 0

n=2 —0.5000
n=3 —2.6180 —0.3819
n=4 —1.5773 —0.4226
n=>5 —5.1819 | —1.4064 —0.4116
n==~6 —2.2405 | —1.3444 —0.4149
n=7|—-85525 | —1.7194 | —1.3140 —0.4139
n =8| —3.1548 | —1.5342 | —1.2966 —0.4142

manner, where z, equals approximately —0.4142. In fact, this convergence is true in general; see
Theorems 4.1 and 5.5.

4. BOUND ON THE ZERO-SET R,

As consequence of the real-rootedness of the (0, 1)-sequence polynomials {W,,(x)},>0, we improve
the bound of the zero-set R,, of W,,(z).

Theorem 4.1. Let {W,(z)}.>0 be a (0,1)-sequence of polynomials, with zero-set R, of the polyno-
mial Wy(x). Let y, = max R,, be the largest real root of W, (z), and let R, = R, \ {yn}. Then we
have the following.
(i) If c < —(a® + 2ab) /4, then R,, C (—o0,xA) for alln > 1.
(ii) If —(a® +2ab)/4 < ¢ < 0, then we have
— R, C (—o00,zA), for n < ng;
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- R;L - (*OO,JJA) and Yn = TA, forn = No;

— R}, C (—o0,za) and y, € (za, x4), for n > ng;

(iil) If ¢ > 0, then we have R, C (—o0,xA), and

(4.1) <Y <Y <Y< <Yop <+ < Bg < <Yop1 <o < Y5 <y3 <y =0.

Proof. We treat the three cases individually.
(i) Let ¢ < —(a® + 2ab)/4. Since a,b > 0, it is routine to check that

—c/(a+b) < —(a*+4c)/(4b) < —c/b,
which verifies Ineq. (3.24) for § = za. By Lemma 3.5, we have
(4.2) Win(za) >0 for all n > 1.

Now, by Lemma 3.3, we deduce that R, C (—o0, za) for all n > 1.

(ii) Let —(a® + 2ab)/4 < ¢ < 0.

Case n < ng. Recall from the equations in (3.23) that Ry = {0} and Ry = {—¢/(a+b)}. If ng <1,
then nothing needs to be shown in this case. Next suppose that ng > 1, i.e., a? 4+ 4c < 0. Together
with b > 0, this implies that

0 < —(a® +4c)/(4b) = xn,
ie, Ry C (—o0, za). If ng < 2, then nothing else needs to be shown. And then suppose that ng > 2,
i.e., a® + ab + 4c < 0. Together with a,b > 0, it is routine to check that

(4.3) —c/(a+b) < —(a®+ 4c)/(4b),

ie., Ry C (—o00, za). If ng < 3, nothing else needs to be shown. So we may suppose that ng > 3.
Let N = [ng] — 3. Since ng > 3, the integer N is positive. Take 8 = za. From za < —c/b,

together with Ineq. (4.3), we see that Ineq. (3.24) holds true. By Lemma 3.5, we have W,,(za) > 0

for all n € [N]. By Lemma 3.3, we have R,, C (—o0, za) for all n € [N + 2] = [[ng] — 1], i.e., for all
n < ng.

Case n = ng. It follows that the number ng is an integer. By Lemma 3.5, we have W, (za) = 0.
It suffices to show that the polynomial W, (z) has no roots larger than the number za. If ng = 1,
then the polynomial W, (z) = Wi(z) = x has only one root. So we are done. Suppose that ng > 2.
By the interlacing property R,,, @ R,,—1 obtained in Theorem 3.8, we see that the second largest root
of the polynomial W, (x) is less than the largest root of the polynomial W,,,_1(x), which is less than
the number xa, in view of the case n < ng. This completes the proof for the case n = ng.

Case n > ng. First, we show that y, < zg4, ie., R, C (—o0, z;5). We do this by applying
Lemma 2.4 for 8 = z,. Recall from Def. (3.28) that z, = (a + b — /(a + b)%2 + 4¢)/2. Since a,b > 0
and —(a? 4 2ab)/4 < ¢ < 0, it is routine to check that

(4.4) —c/(a+b) < (a+b—+/(a+b)%+4c)/2.
By Lemma 3.5 (ii), we have

(4.5) max(0, za) < 24 < TpB.
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The particular inequality x4 < zp, together with Ineq. (4.4), verifies Ineq. (3.24). On the other hand,
since x4 > 0, Eq. (3.31) implies that

(4.6) Wy (zg) > 0, for all n > 1.
From Lemma 3.3, we deduce that R,, C (—oo, x,4) for all n > 1.

By Lemma 3.5, we have Wy, (za) < 0. In view of Ineq. (4.6), the polynomial W, (x) has different
signs at the ends of the interval (za, x4). Therefore, the polynomial W, (z) has an odd number,
say pp, of roots in the interval (za, z4). In particular, we have

(4.7 Dn >1 for all n > ny.

It suffices to show that p, = 1, for all n > ng. We proceed the proof by induction on n. Note that the
largest root of the polynomial W, |(z) is less than or equal to the number xa. By the interlacing
property |, |4+1X Ry, |, the polynomial WLnOJ_H(:E) has at most one root larger than the number za,
i.e., Plno +1 < 1. In view of Ineq. (4.7), we deduce that p|,,|+1 = 1. Thus, we can suppose that there
is some n > ng such that pr = 1 for all ng < k < n. If n < 2, then the degree d,, < 1. It follows
immediately that p,, = 1. Suppose that n > 3. By the interlacing property R,+1 X R,, the third
largest root of the polynomial W, 1(z) is less than the second largest root of the polynomial W, (),
which is at most xa since p, = 1. Therefore, the polynomial W,,;1(z) has at most two roots larger
than the number xa, i.e., p, < 2. Since the integer p,, is odd, in view of Ineq. (4.7), we infer that
prn = 1. This completes and the induction and hence the proof of (ii).

(iii) Let ¢ > 0. The bound for the set R} has been confirmed in Theorem 3.8. It suffices to show
Ineq. (4.1). By Theorem 3.8, we have y,, > zp for all n > 1. It suffices to show that

(4.8) Yon < Yont2 < Tg and

(4.9) Tg < Yont+1 < Y2n-1
for all n > 0, where yg = xp and y_1; = +00. We proceed by induction on the integer n. When n = 0,
the desired Inegs. (4.8) and (4.9) become y2 < x4 < y1, L.,
—c/(a+b) <(a+b—+/(a+b)?2+4c)/2 <0.
Since a, b, ¢ > 0, it is routine to check the truth of the above inequalities. Now, based on the induction
hypothesis that
(410) Yan < Tg < Yon-—1,
we are going to show Inegs. (4.8) and (4.9).

Since the number ys, is largest real root of the polynomial Ws,, (), and ya2,—1 > Y2, by Ineq. (4.10),
we infer that the value Wa, (y2,—1) has the same sign as the limit W, (+00), which is positive by
Lemma 3.1. Therefore, we find Wa, (y2n—1) > 0. Replacing n by 2n — 1 in Rec. (2.7), and taking
T = Y21, We obtain that

(4.11) Woni1(Y2n-1) = aWan(y2n—1) > 0.
On the other hand, by Lemma 3.5, we have x4 < 0. Thus from Eq. (3.31), we infer that
(4.12) Wy (zg)(—1)" > 0, for all n > 1.

In particular, we have Wa,,11(x4) < 0. Together with Ineq. (4.11), we see that the polynomial W, 41 ()
attains different signs at the ends of the interval (z4, y2,—1). By the intermediate value theorem,
the polynomial Ws,11(x) has a root in the interval (z4, yan—1). By Theorem 3.8, only the largest
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root yap41 of the polynomial Wa,11(x) is larger than the number xp. Since 2 < x4, we conclude
that yont1 € (24, Y2n—1). This proves Ineq. (4.9).

Denote by za,+1 the second largest root of the polynomial Wa,,+1(z). From the interlacing property
Rany1 X Ray,, we infer that

W2n+1(1')W2n+1(+OO) <0 for all z € (22n+17 y2n+1)~
By Lemma 3.1, we see that the limit Ws,,41(400) = +oo. It follows that
(4.13) Wont1(z) <0 for all z € (22141, Y2n+1)-

Now, from Inegs. (4.9) and (4.10), we see that Yo, < 4 < yon41. From Theorem 3.8, we see that
Zont1 < g < Yon. By Eq. (4.13), we infer that Way,41(y2n) < 0.

Replacing n by 2n 4 2 in Rec. (2.7), and taking = = ys,, we obtain that

(414) W2n+2(y2n) = ann+1(y2n) < 0.

By Ineq. (4.12), we have Wa,,12(x4) > 0. By the intermediate value theorem, the polynomial W, 42(x)
has a root in the interval (yan, x4). Since only its largest root is larger than the number zp, and
since Y2, > xp, we conclude that yani2 € (Y2n, €4). This proves Ineq. (4.8), which completed the
induction. O

In summary, we see that “almost all” roots lie in the open interval (—oo,za). Precisely speaking,
when ¢ < —(a? + 2ab) /4, all roots lie in (—oo,za); when ¢ > —(a? + 2ab) /4, only the largest root of
the polynomial W, (z) is possibly but “eventually” larger than xa, with maximum value max(z4, 0).

Before ending this section, we mention that the recurrence system defined by Rec. (2.7) can be
solved always by transforming the polynomials W,,(z) into Chebyshev polynomials. More precisely,
by induction and by the fact that Chebyshev polynomials of the second kind satisfy the recursion

Un(t) = 2tUp—1(t) — Up—a(t)
with initial conditions Up(t) = 1 and U;(t) = ¢, we obtain that

e () o ()

By this, it is now clear that all roots of W,,(x) are real and bounded.

W, (z) = —bx—cn(

5. LiMIT POINTS OF THE ZERO-SET R,

In this section, we show that one of the intervals (—oo,za), (—00, z4), and (—o0, y2) is the best
bound of all roots, depending on the range of the constant term c of the linear polynomial coeffi-
cient B(z) = bz + c¢. More precisely, we will demonstrate three limit points of the zero-set U,>1R,,
over the course of several subsections. We say that a proposition holds for large n, if there exists a
number N such that the proposition holds whenever n > N.
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5.1. The number z, can be a limit point. The following lemma will help determine all limit
points of the zero-set U,,>1 R, which are larger than the number za.

Lemma 5.1. Let {W,,(z)}n>0 be a (0,1)-sequence of polynomials, with zero-set R, of the polyno-
mial Wy, (x). Let xg # x4 and A(xo) > 0. Then (xo — x4)Wy(zo) > 0, for large n.

Proof. See Appendix C. O

Using Lemma 5.1, we can confirm that the roots outside the interval (—oo,za) converges to the
number z, when n — oo as follows.

Theorem 5.2. Let {W,(z)}n>0 be a (0,1)-sequence of polynomials, with zero-set R, of the polyno-
mial W, (z). Let y, = max R,, be the largest real root of W, (x).

(i) If —(a® + 2ab)/4 < ¢ < 0, then we have y, / z,.
(if) If ¢ > 0, then we have Yo, x4 and Yopt1 \ Zq.

Proof. We treat the two cases individually.

(i) Suppose that —(a? + 2ab)/4 < ¢ < 0. Since R, 11 X R, the sequence y,, increases. In virtue of
Theorem 4.1, we have y, < x4 for alln > 1. Therefore, the sequence ¥,, converges to a finite number y*
as n — oo. If y* < x4, then there exists zg € (za, x4) such that the values W, (x¢) and W,,(z4) have
the same sign for large n, i.e., W, (xo) > 0 for large n; see Ineq. (4.6). This contradicts Lemma 5.1.
Hence, we have that y, " z,.

(ii) Suppose that ¢ > 0. From Theorem 4.1, we see that the sequence yo, converges to a finite
number y*. Then we have zp < y* < x4. Suppose to the contrary that y* < x4, so there exists
zo € (y*, zg) such that the numbers Wa, (z9) and Wa,(z4) have the same sign for large n, i.e.,
Wan(z9) > 0 for large n; see Ineq. (4.12). This contradicts Lemma 5.1. Along the same line, we can
show the convergence y2,4+1 \, T4, which completes the proof. |

An illustration for the convergences above can be found in Tables 1 and 2.

5.2. The number za is a limit point. In an analog with Lemma 5.1, we give a characterization
of the sign of the value W,,(zg) for the case A(zg) < 0. This time the criterion for the sign is for
all positive integers n. We define I, to be the straight line /—A(xo) z + (229 — a)y = 0, and the
v —A(zo) )

Lemma 5.3. Let {W,,(x)}n>0 be a (0,1)-sequence of polynomials, and let A(xg) < 0.

o If the radian nb(xg) lies to the left of the line ly,, then Wy (z¢) < 0;
o If the radian nb(xq) lies on the line ly,, then W, (x¢) = 0;
o If the radian nf(xq) lies to the right of the line l,,, then Wy (xz0) > 0.

radian 6(z¢) to be arctan

Proof. See Appendix D. O

Let us get some illustration of this characterization from the example below.
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Example 5.4. This example continues Example 3.6. Take xg = —1, we have
Axzg) = =5 < 0 and 0(z¢) = arctan(V5).
The line I, becomes v/5z — 3y = 0. Thus a radian ¢ lies to the left of the line I, if and only if
(5.1) ORS (arctan(\/g/?)) + 20, arctan(v/5/3) + (2¢ + 1)mr) for some integer /.
By approximating arctan(v/5/3) & 0.6405, we have that
0(xg) ~ 1.1502, 20(xzg) = 2.3005, and 30(xzg) = 3.4507.
By Relation (5.1), we deduce that 6,,, 20,, and 36, lie to the left of the line I,,. In the same way
we can deduce that the radians
40(xo) =~ 4.6010, 50(xg) ~ 5.7513, and 660(xg) ~ 6.9015
lie to the right of the line I;,. The truth is, as one may compute directly, that
Wi(-1) = -1, Wa(-1) = =5/2, Ws(=1) = -1,
Wy(-1) = 11/4, Ws(—=1) = 17/4, Wes(—=1) = 1/8.

The above data verifies the fact that W, (z¢) < 0 for n € {1,2,3}, and that W, (x¢) > 0 for n €
{4,5,6}, coinciding with the characterization.

Now we are ready to justify that the number x is a limit point.

Theorem 5.5. Let {W,,(x)}n>0 be a (0,1)-sequence of polynomials, with ordered zero-set

Rn — {gn,la 571,2 ey gn,dn}
of the polynomial Wy, (). Then we have

(5.2) lim gn,dn—i = TA
n—oQ

for alli >0 if ¢ < —(a® + 2ab)/4; and for all i > 1 otherwise.

Proof. Let ¢ < —(a? + 2ab)/4. We will show Eq. (5.2) for all i > 0. As will be seen, the other case
can be done in the same vein.

From the interlacing property obtained in Theorem 3.8, we see that the sequence {&,, 4, —i}n>1
increases and all its members are less than the number xa, which implies that it converges to a
number which is at most za. Suppose, by way of contradiction, that the limit point of the se-
quence {&,, d,—i}n>1 is Dot the point xa.

When i = 0, there exists a point o < za such that the numbers W, (zo) and W, (za) have the
same sign, i.e., we have W,,(z¢) > 0 for large n. Therefore, by Lemma 5.3, the radian nf(z) resides
in certain one side of the line [, forever for large n. This is impossible because 6(zo) < 7/2. Hence
we deduce that lim,, o0 §n.d, = zA.

Now for ¢ = 1, the sequence {&,,, 4, —1}n>1 converges to some point less than x. Thus, there exists
a number x; < za such that the numbers W, (z1) and W, (xa) have distinct signs, i.e., we have
Wy (z1) < 0 for large n. Here again, the radian 6(z;) resides in certain one side of the line I, for
large n, a contradiction. This confirms the truth of Eq. (5.2) for ¢ = 1. Continuing in this way, we
can deduce that for a general i > 2, there exists a number x; < xa, such that

Wi (z:)(=1)" > 0 for large n,
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which contradicts Lemma 5.3. Hence, we conclude that Eq. (5.2) holds true for all ¢ > 0.

Now we consider the other possibility that ¢ > —(a? + 2ab)/4. In fact, the above contradiction
idea still works. This is because that, whatever sign does the value W, (xa) have, it is a fixed sign.
However, the sign of the value W, (x) for any point xg < za can not be invariant for large n. This
completes the proof. O

5.3. The negative infinity is a limit point. We are ready to study the negative infinity as a limit
point.

Theorem 5.6. Let {W,,(x)}n>0 be a (0,1)-sequence of polynomials, with ordered zero-set

Rn = {fn,la €n,27 ey gn,dn}
of the polynomial W, (x). Then we have

lim &,; = —oo, for alli>1.

n—oo
Proof. From the interlacing property R,4+2 > R, obtained in Theorem 3.8, we see that the se-
quences {&ay, i }n>1 decreases, and so does the sequence {£2,,—1,i}n>1. Therefore, these two sequences
converge respectively. We shall show that both of these sequences converge to the negative infinity.

Suppose, by way of contradiction, that the sequence {2y, 1}n>1 converges to some real number z*.
Then for any number g < z*, the number W, (xo) has the sign of W,,(—o0). It follows that the sign
of the number W, (z) would not change for large n, which contradicts Lemma 5.3. This proves that
limy, o0 §2ns = —oo for ¢ = 1. Its truth for general ¢, in fact, along the same lines, if it does not
hold for some ¢ > 2, then we can deduce the existence of a number x; such that x; < xa and that the
sign of the number W,,(z;) keeps invariant for large n, which leads to a contradiction.

Along the same lines, we can prove that lim, . £2p—1,;, = —o0, for all ¢ > 1.

Now, for any fixed i > 1, the subsequences {£2,,,;i}n>1 and {€an—_1,;}n>1 converge to the same
point —oo. Hence, the joint sequence {,;}n>1 converges to the negative infinity as well, which
completes the proof. O

For an illustration for the convergences in Theorems 5.5 and 5.6, the reader can refer to Tables 1
and 2.
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APPENDIX A. PROOF OF LEMMA 2.4
Let zp = yo = —oo and yg4+1 = 8. The interlacing property X’ x Y’ in the premises implies that
p>1and g€ {p—1, p}. Since X’ C (—oo, ), we infer that z,, < . Therefore, we have that

< Yg—2 < Tp_z < Ygo1 < Tpo1 < Yqg < zp < B

We shall show Inegs. (2.5) and (2.6) respectively.

Let ¢ € [p]. From the definition X’ = X N (—o0, 8) and the interlacing property X’ x Y’ in the
premises, we see that the number z,y;_; is the unique root of the polynomial f(x) in the interval
(Yg+1—i> Yg+2—;). Suppose that f(8) # 0. By the intermediate value theorem, we infer that

F(Wgr1-i) f(Ygra—i) <O,
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that is,

fWg—p+1)f(Yg—pr2) < 0O (i=p).

Multiplying the first ¢ inequalities in the above list results in that

Fgr1-0)f(B) (=Dt <o0.

25

Replacing i by ¢ + 1 — j in it yields Ineq. (2.5) for j € [¢+ 1 —p, ¢]. When j = ¢ + 1, since yy41 = S

stands as a premise, Ineq. (2.5) holds true trivially.

From the definition Y/ = Y N (—o0, §), we deduce that the polynomial g(z) has no roots in the
interval (yq, 8). Suppose that g(3) # 0. By the intermediate value theorem, we infer that g(x)g(8) > 0

for all = € (yq, ). In particular, we have

(A1) 9(zp)g(B) > 0,

which is Ineq. (2.6) for j = p. Below we can suppose that p > 2, and thus, ¢ > 1.

Let j € [¢]. Similar to the previous proof, we have

9(@p—j)g(zpt1-5) <0,

that is,

9(@p—q)9(xp—q+1) < 0 (j=10).
Multiplying the first j inequalities in the above list, we find that
9(xp-3)g(ap) (1)1 < 0.
Multiplying it by Ineq. (A.1) results in that
9(zp-3)g(B)(=1)~" < 0.
Replacing j by p — ¢ in it yields that

gzi)g(B)(~=1)'~" > 0.

Together with Ineq. (A.1), we obtain Ineq. (2.6). This completes the proof.
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APPENDIX B. PROOF oF LEMMA 3.5

From Eq. (3.30), we have that
(B.1) Wa(za)(a+n(2za —a)) > 0.

(i) If ¢ < —(a? + 2ab) /4, then we have

a® +4c a® — (a® + 2ab) a
. = — > — =
(B2) A o 4 2’

that is, 2xa — a > 0. It follows that
a+n(2xa—a) > 0 for all n > 1.
By Ineq. (B.1), we obtain that W, (za) > 0.

(ii) Below we suppose that ¢ > —(a® + 2ab)/4. From the Ineq. (B.2), we see that 2zA —a < 0. If
n < ng, then we have

2ab a® + 4c
QA — L 1Y —a) =
a+n(2za —a) > Ot E oab t e < ( 4b ) a) "
which, by Ineq. (B.1), implies that W,,(za) > 0. Similarly, if n = ng then we have that

a+n(2xa —a) =0,
and thus W, (xa) = 0 by Ineq. (B.1); and if n > ng then we have that a + n(2zxa —a) < 0, and thus
Wo(za) < 0 by Ineq. (B.1).
When ¢ > 0, we have that
2ab <1
a? + 2ab + 4c
Therefore, the case n > ng happens for all n > 1, that is, W, (xa) < 0. Thus, by Definition 3.4 we
obtain that z, < 0. Moreover, we have

nNg =

(a+b)—+/(a+b)2+4c ¢ ab + b% 4 2c — bv/a? + 2ab + b2 + 4c
Yo OB = 2 Ty 2 '

Thus, to show that x4, > xp, it suffices to show that
(ab+b* +2¢)* > b*(a® + 2ab + b* + 4c).

By direct calculation, this inequality is equivalent to 4c(ab + ¢) > 0, which is true since a,b, ¢ > 0.

When ¢ < 0, we have x4, > 0 from Definition 3.4 straightforwardly. Suppose to the contrary that

x4 > xp. It follows that
2c+bla+b) > by/(a+b)?+4c > 0.

Solving the inequality (2c + b(a + b))% > (by/(a + b)2 + 4c)? with ¢ < 0, we see that ¢ < —ab. On the
one hand, by solving 2¢ 4 b(a + b) > 0, we get

=bla+b)/2 < ¢ < —ab,
which implies that a < b. On the other hand, we have
—(a® + 2ab) /4 < ¢ < —ab,

which implies that a > 2b. Hence, we obtain 2b < a < b, a contradiction. This proves z, < xp when
—(a® +2ab)/4 < c < 0. O
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APPENDIX C. PROOF OF LEMMA 5.1

By Lemma 2.1, the value W, (zg) can be recast as the following form

 (A(zo) + VA(x0))" iy [ Alwe) = VA(wo) \"
Wifoo) = UV [g+<x0> o o) (§E0 YR ) ]'

Since A(xg) = a > 0 and \/A(zg) > 0, we deduce that

Alwo) = VA0) | _
A(zo) + v/ A(xo)

Thus we obtain that

(C.1) Wi(zo)gt (z0) >0 for large n.

Note that the function
29" (z) = 2z —a+ /4(bx +c) +a?
is increasing. Since g*(z4) = 0, we infer that
(0 — )" (20) > 0.
In view of Ineq. (C.1), we conclude that
(ko — xg)Whn(xo) >0

for large n, which completes the proof. a

APPENDIX D. PROOF OF LEMMA 5.3

By Lemma 2.1, the sign of the value W), (z¢) is equal to the sign of the value F' = cosf + £sin 8,
where 0 = nf(xp), and £ = (2z¢ — a)//—A(x0).

If ©o = a/2, then the line I,, becomes the imagine axis z = 0. In this case, the sign of the value
W, (xo) is determined by the sign of the value cosf. In other words, we have W, (xq) > 0 if and only
if the radian nfy lies in the right open half-plane, and W,,(z¢) < 0 if and only if the radian néy lies in
the left open half-plane.

Below we can suppose that xg # a/2. It follows that £ # 0.
o Assume that ¢ > 0. It is elementary to find the following equivalence relation
tan > —1/¢, if cosf > 0;
F>0 <= sinf > 0, if cos @ = 0;
tanf < —1/¢, if cosf < 0.

In this case, we have F > 0 if and only if the radian 6 lies to the right of the line y = —x/¢,
that is, of the line l,,. By symmetry, we have F' < 0 if and only if the radian 6 lies to the
left of the line I,,. It follows immediately that F' = 0 if and only if the radian 6 lies on the
line I, .
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e Now suppose that £ < 0. Then we have the following equivalence relation in the same vein:
tanf < —1/¢, if cosf > 0;
F>0 <« sinf < 0, if cos € = 0;
tanf > —1/¢, if cos < 0.
In this case, we have the same desired characterization.

This completes the proof. O
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