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ABSTRACT

This work provides a computationally efficient and statis-
tically consistent moment-based estimator for mixtures of
spherical Gaussians. Under the condition that component
means are in general position, a simple spectral decompo-
sition technique yields consistent parameter estimates from
low-order observable moments, without additional minimum
separation assumptions needed by previous computationally
efficient estimation procedures. Thus computational and
information-theoretic barriers to efficient estimation in mix-
ture models are precluded when the mixture components
have means in general position and spherical covariances.
Some connections are made to estimation problems related
to independent component analysis.

Categories and Subject Descriptors

1.2.6 [Learning]: Parameter learning

General Terms
Algorithms, Theory
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1. INTRODUCTION

The Gaussian mixture model [25, 26] is one of the most
well-studied and widely-used models in applied statistics and
machine learning. An important special case of this model
(the primary focus of this work) restricts the Gaussian com-
ponents to have spherical covariance matrices; this prob-
abilistic model is closely related to the (non-probabilistic)
k-means clustering problem [21].
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The mixture of spherical Gaussians model is specified as
follows. Let w; be the probability of choosing component i €
(k] :={1,2,...,k}, let p1, p2, . . ., . € R? be the component
mean vectors, and let o%,0%,...,0% > 0 be the component
variances. Define

wi=[wi,we, .. we] T ERY, A= [ |po| - k] € RTE;

so w is a probability vector, and A is the matrix whose
columns are the component means. Let 2 € R* be the (ob-
served) random vector given by

X = up + %,

where h is the discrete random variable with Pr(h = 1) = w;
for ¢ € [k], and z is a random vector whose conditional
distribution given h = ¢ (for some ¢ € [k]) is the multivariate
Gaussian N(0,0?I) with mean zero and covariance o21.

The estimation task is to accurately recover the model pa-
rameters (component means, variances, and mixing weights)
{(pts, 0%, w;) : i € [k]} from independent copies of .

This work gives a procedure for efficiently and exactly
recovering the parameters using a simple spectral decompo-
sition of low-order moments of x, under the following con-
dition.

CONDITION 1
span a k-dimensional subspace (i.e., the matrix A has col-
umn rank k), and the vector w has strictly positive entries.

The proposed estimator is based on a spectral decomposi-
tion technique [9, 23, 3], and is easily stated in terms of exact
population moments of the observed x. With finite samples,
one can use a plug-in estimator based on empirical moments
of z in place of exact moments. These empirical moments
converge to the exact moments at a rate of O(n~'/?), where
n is the sample size. Sample complexity bounds for accurate
parameter estimation can be derived using matrix perturba-
tion arguments. Since only low-order moments are required
by the plug-in estimator, the sample complexity is polyno-
mial in the relevant parameters of the estimation problem.

Related work.

The first estimators for the Gaussian mixture models were
based on the method-of-moments, as introduced by Pear-
son [25] (see also [20] and the references therein). Roughly
speaking, these estimators are based on finding parameters
under which the Gaussian mixture distribution has moments
approximately matching the observed empirical moments.
Finding these parameters typically involves solving systems

(NON-DEGENERACY). The component means



of multivariate polynomial equations, which is typically com-
putationally challenging. Besides this, the order of the mo-
ments of some of the early moment-based estimators were
either growing with the dimension d or the number of com-
ponents k, which is undesirable because the empirical es-
timates of such high-order moments may only be reliable
when the sample size is exponential in d or k. Both the
computational and sample complexity issues have been ad-
dressed in recent years, at least under various restrictions.
For instance, several distance-based estimators require that
the component means be well-separated in Euclidean space,
by at least some large factor times the directional standard
deviation of the individual component distributions [13, 5,
14, 27, 10], but otherwise have polynomial computational
and sample complexity. Some recent moment-based estima-
tors avoid the minimum separation condition of distance-
based estimators by requiring either computational or data
resources exponential in the number of mixing components
k (but not the dimension d) [6, 19, 22] or by making a non-
degenerate multi-view assumption [3].

By contrast, the moment-based estimator described in
this work does not require a minimum separation condi-
tion, exponential computational or data resources, or non-
degenerate multiple views. Instead, it relies only on the
non-degeneracy condition discussed above together with a
spherical noise condition. The non-degeneracy condition is
much weaker than an explicit minimum separation condi-
tion because the parameters can be arbitrarily close to being
degenerate, as long as the sample size grows polynomially
with a natural quantity measuring this closeness to degener-
acy (akin to a condition number). Like other moment-based
estimators, the proposed estimator is based on solving mul-
tivariate polynomial equations, although these solutions can
be found efficiently because the problems are cast as eigen-
value decompositions of symmetric matrices, which are effi-
cient to compute.

Recent work from [22] demonstrates an information-theoretic

barrier to estimation for general Gaussian mixture models.
More precisely, they construct a pair of one-dimensional
mixtures of Gaussians (with separated component means)
such that the statistical distance between the two mixture
distributions is exponentially small in the number of com-
ponents. This implies that in the worst case, the sample
size required to obtain accurate parameter estimates must
grow exponentially with the number of components, even
when the component distributions are non-negligibly sep-
arated. A consequence of the present work is that natural
non-degeneracy conditions preclude these worst case scenar-
ios. The non-degeneracy condition in this work is similar to
one used for bypassing computational (cryptographic) bar-
riers to estimation for hidden Markov models [9, 23, 17, 3].

Finally, it is interesting to note that similar algebraic tech-
niques have been developed for certain models in indepen-
dent component analysis (ICA) [11, 8, 18, 12, 4] and other
closely related problems [15, 24]. In contrast to the ICA
setting, handling non-spherical Gaussian noise for mixture
models appears to be a more delicate issue. These connec-
tions and open problems are further discussed in Section 3.

2. MOMENT-BASED ESTIMATION

This section describes a method-of-moments estimator for
the spherical Gaussian mixture model.

The following theorem is the main structural result that
relates the model parameters to observable moments.

THEOREM 1
Condition 1 holds. The average variance G° := Zle wio?
is the smallest eigenvalue of the covariance matriz E[(x —
E[z])(x — E[z])T]. Let v € R be any unit norm eigenvector
corresponding to the eigenvalue 2. Define
M = Efz(v' (z — Efz]))*],

M :=Elz®z] — &I,
Ms :=E[lz®z ® z]
d
_Z(Ml®ei®ei+ei®M1 ®€i+€i®ei®M1)
i=1
(where ® denotes tensor product, and {e1,ea,...,eq} is the
coordinate basis for R?). Then

k K
Mlzz:wi 0‘1-2,114', M2:Zwi Mi & fhi,
i=1 i=1

k
M3:Zwi M @ i @ .

=1

REMARK 1. We note that in the special case where o? =
03 = =07 = 0° (ie., the mizture components share a
common spherical covariance matriz), the average variance
52 is simply 02, and Ms has a simpler form:

M; =E[z®z® z]
d
— o Z(E[m] Rei®ei+e QK] ®ei + e ®e; @E[z]).
i=1
There is no need to refer to the eigenvectors of the covariance
matrixz or M.

Proor orF THEOREM 1. We first characterize the small-
est eigenvalue of the covariance matrix of x, as well as all
corresponding eigenvectors v. Let g := E[z] = E[us] =
Zle w; ;. The covariance matrix of x is

NE

Ee-po@-—p=> (w — B ® (i — ) +ofz)

i=1

i (i — ) @ (ps— i) + oI

|
g

1
=

K3

Since the vectors u; — i for i € [k] are linearly dependent
(O wi(ui — i) = 0), the positive semidefinite matrix
Zle wi(pi — ) @ (ui — ) has rank r < k — 1. Thus,
the d — r smallest eigenvalues are exactly 2, while all other
eigenvalues are strictly larger than 2. The strict separation
of eigenvalues implies that every eigenvector corresponding
to &2 is in the null space of Zle wi(ps — @) @ (ps — @); thus
v (u; — ) =0 for all ¢ € [k].

Now we can express Mi, Mz, and M3 in terms of the
parameters w;, i, and o?. First,

My =Efz(v (¢ —~ Ef2]))*] = E[(un + 2) (v (un — i+ 2))°]
= E[(pn +2)(v" 2)*] = Elunoh),

where the last step uses the fact that z|h ~ N(0,071),
which implies that conditioned on h, E[(v" 2)?|h] = o7 and

(OBSERVABLE MOMENT STRUCTURE). Assume



E[z(v" 2)?|h] = 0. Next, observe that E[z®z] = S°F | wio?] =
_2

o1, so
My =Elz®x] —&°1

= Efpn @ pun] + E[z ® 2] — 5°1
k
=Elun ® pn] = Zwi i @ i

i=1
Finally, for M3, we first observe that

Ex®@z®z] =Epur ® pn ® pn] + Elpn ® 2 @ 2]
+Ez®pr® 2] +E[z® 2 Q un]

(terms such as E[u, ® ur ® 2] and E[z ® 2z ® 2] vanish because
zlh ~ N(0,071)). We now claim that E[u, ® z ® 2] =
¢ | My ®e; ® e;. This holds because

Elun ® 2 ® 2] = E[E[un ® z ® z|h]]
E{E{i ZiZj pn Q € Q €; h”

i,5=1
£

(3

M=

on i ® e ®ez}

Il
-

M ®e; ® e,

Il
.M&

i=1

crucially using the fact that E[z;z;|h] = 0 for ¢ # j and
E[2?|h] = 0. By the same derivation, we have E[z ® us ®
z] = Zle e;QMi®e; and E[z@z@u] = Zle e;®e; QM.
Therefore,

M; =Elz®z® z
— (Epn ® 2@ 2] +E[z ® pn @ 2] + E[z ® 2 ® pa))
k
=Elpn @ pin @ pn] ZZwiMiQ?,ui@m
i=1

as claimed. [J

Theorem 1 shows the relationship between (some func-
tions of) the observable moments and the desired parame-
ters. A simple estimator based on this moment structure
is given in the following theorem. For a third-order tensor
T € R¥¥4X4 we define the matrix

d d d
T'(n) == Z Z Z Ty iz igMis iy @ €iy
i1=1

ig=1iz=1
for any vector € R,

THEOREM 2 (MOMENT-BASED ESTIMATOR). The fol-
lowing can be added to the results of Theorem 1. Suppose
0 1, p2,...,n e are distinct and non-zero (which is
satisfied almost surely, for instance, if n is chosen uniformly
at random from the unit sphere in R%). Then the matriz

Mana(n) = M3 Ms(n) MJ'*

is diagonalizable (where t denotes the Moore-Penrose pseu-
doinverse); its non-zero eigenvalue / eigenvector pairs
(A1, v1), (A2, v2), ..., (e, vk) satisfy Ai = n'pxe and
M21/2v¢ = 8i\/Wn(s) (i) fOr some permutation 7 on [k] and

signs s1, Sz, . .., sk € {£1}. The i, o7, and w; are recovered
(up to permutation) with

Ai

Ny,
nTMy e

Hr (i) =

1
O'.L2 = fe;;rATMl,

Wi
w; = e; ATE[z].
ProOF. By Theorem 1,
My, = Adiag(a%,ag, e ,a;%)w,
My = Adiag(w)AT,
Ms(n) = Adiag(w) D1 (A",
where D1(n) := diag(n" p1,n" p2, ..., 0" px).-
Let USR™ be the thin SVD of Adiag(w)'/? (U € R***,
S € R** and R € R***) so My = US?U" and M]'/? =
US~UT since A diag(w)l/2 has rank k by assumption. Also
by assumption, the diagonal entries of D1 (n) are distinct and
non-zero. Therefore, every non-zero eigenvalue of the sym-
metric matrix Mamm(n) = URT D1(n)RUT has geometric
multiplicity one. Indeed, these non-zero eigenvalues \; are
the diagonal entries of D1(n) (up to some permutation 7 on
[k]), and the corresponding eigenvectors v; are the columns
of UR™ up to signs:

i = nT,uTr(i) and wv; = siURTe,r(i).

Now, since
My 20 = 55\ /Wiy i)
Ai _ 't (i) _ 1
nTMQI/QUZ- B Sin/Wr(i)N T P (i) B Si\/m7
it follows that
[ (i) = NMAij/QviM;/Q% i € [k].

The claims regarding 7 and w; are also evident from the
structure of M; and E[z] = Aw. [

An efficiently computable plug-in estimator can be derived
from Theorem 2. We provide one such algorithm (called
LEARNGMM) in Appendix C; for simplicity, we restrict
to the case where the components share the same common
spherical covariance, i.e., 07 = 03 = --- = 02 = 02. The
following theorem provides a sample complexity bound for
accurate estimation of the component means. Since only
low-order moments are used, the sample complexity is poly-
nomial in the relevant parameters of the estimation problem
(in particular, the dimension d and the number of mixing
components k). It is worth noting that the polynomial is
quadratic in the inverse accuracy parameter 1/e; this owes
to the fact that the empirical moments converge to the pop-
ulation moments at the usual n~/2 rate as per the central
limit theorem.

THEOREM 3  (FINITE SAMPLE BOUND). There ezists a
polynomial poly(-) such that the following holds. Let M>
be the matriz defined in Theorem 2, and ¢:[Maz] be its
t-th largest singular value (for t € [k]). Let bmax :=
max;eqp) [|pill2 and wmin = min;epywi. Pick any €,0 €



(0,1). Suppose the sample size n satisfies
n > poly (d, k, 1/¢,log(1/8),1/wmin,
1 [Ma] <k [Ma], B /st [Ma], 0% [ [M2], ).

Then with probability at least 1 — § over the random sample
and the internal randomness of the algorithm, there exists a
permutation ™ on [k] such that the {fi; : i € [k]} returned by
LEARNGMM satisfy

liniy = pilla < (llillz + v/ [Me])
for all i € [k].

It is also easy to obtain accuracy guarantees for estimat-
ing 0% and w. The role of Condition 1 enters by observ-
ing that ¢x[M2] = 0 if either rank(A) < k or wmin = 0, as
M, = Adiag(w)AT. The sample complexity bound then be-
comes trivial in this case, as the bound grows with 1/¢,[Ma]
and 1/wmin. Finally, we also note that LEARNGMM is just
one (easy to state) way to obtain an efficient algorithm based
on the structure in Theorem 1. It is also possible to use, for
instance, simultaneous diagonalization techniques [7] or or-
thogonal tensor decompositions [2] to extract the parameters
from (estimates of) M and Ms; these alternative methods
are more robust to sampling error, and are therefore recom-
mended for practical implementation.

3. DISCUSSION

Multi-view methods and a simpler algorithm in higher
dimensions.

Some previous work of the authors on moment-based es-
timators for the Gaussian mixture model relies on a non-
degenerate multi-view assumption [3]. In this work, it is
shown that if each mixture component ¢ has an axis-aligned
covariance X; := diag(aii,aii, .. .7031,1-)7 then under some
additional mild assumptions (which ultimately require d >
k), a moment-based method can be used to estimate the
model parameters. The idea is to partition the coordinates
[d] into three groups, inducing multiple “views” z = (x1, x2, x3)
with each z; € R% for some d¢ > k such that xi, zo,
and z3 are conditionally independent given h. When the
matrix of conditional means A; := [E[z¢|h = 1]|E[z¢|h =
2]|---|E[z¢|h = K]] € RU“*F for each view t € {1,2,3} has
rank k, then an efficient technique similar to that described
in Theorem 2 will recover the parameters. Therefore, the
problem is reduced to partitioning the coordinates so that
the resulting matrices A; have rank k.

In the case where each component covariance is spherical
(X; = o21), we may simply apply a random rotation to z be-
fore (arbitrarily) splitting into the three views. Let & := Oz
for a random orthogonal matrix © € R?*?  and partition
the coordinates so that & = (Z1,%2,%3) with Z; € R% and
d¢ > k. By the rotational invariance of the multivariate
Gaussian distribution, the distribution of Z is still a mixture
of spherical Gaussians, and moreover, the matrix of condi-
tional means A; := [E[Z:|h = 1]|E[Z¢|h = 2]|- - |E[Z¢|h =
k]] € R®*** for each view #; has rank k with probability 1.
To see this, observe that a random rotation in R? followed
by a restriction to d: coordinates is simply a random pro-
jection from R? to R%, and that a random projection of a
linear subspace of dimension k (in particular, the range of

A) to R? is almost surely injective as long as d; > k. There-
fore it is sufficient to require d > 3k so that it is possible
to split & into three views, each of dimension d: > k. To
guarantee that the k-th largest singular value of each A is
bounded below in terms of the k-th largest singular value of
A (with high probability), we may require d to be somewhat
larger: O(klogk) certainly works (see Appendix B), and we
conjecture c¢ - k for some ¢ > 3 is in fact sufficient.

Spectral decomposition approaches for ICA.

The Gaussian mixture model shares some similarities to a
standard model for independent component analysis (ICA) [11,
8, 18, 12]. Here, let h € R* be a random vector with inde-
pendent entries, and let z € R¥ be multivariate Gaussian
random vector. We think of h as an unobserved signal and
z as noise. The observed random vector is

r:=Ah+ 2

for some A € R¥** where h and z are assumed to be in-
dependent. (For simplicity, we only consider square A, al-
though it is easy to generalize to A € R4** for d > k.)

In contrast to this ICA model, the spherical Gaussian mix-
ture model is one where h would take values in {e1, e, ..., ex},
and the covariance of z (given h) is spherical.

For ICA, a spectral decomposition approach related to
the one described in Theorem 2 can be used to estimate the
columns of A (up to scale), without knowing the noise co-
variance E[z2"]. Such an estimator can be obtained from
Theorem 4 using techniques commonplace in the ICA liter-
ature; its proof is given in Appendix A for completeness.

THEOREM 4. In the ICA model described above, assume
E[h:] = 0, E[r?] = 1, and ki := E[h}]—3 # 0 (i.e., the excess
kurtosis is mon-zero), and that A is non-singular. Define
f:RF 5 R by

F(n) := 1271 (ma(n) — 3ma(n)?)

where my(n) = E[(n"x)?]. Suppose ¢ € RF and ¢ € R”

(¢ 1) (¢ ua)? (67 ux)? ol
are such that WTEZ T2 (T )Z € R are distinct.
Then the matriz

Mica(¢,¥) = (V2£(9)) (V2 (4)) "

(6 p1)? (¢ n2)?
(W Tp1)?2? (@Tug)2? """

and each have geometric multiplicity one, and the

is diagonalizable; the eigenvalues are

(& p)?
(W7 pg)?
corresponding eigenvectors are i, pa, . . .
and permutation).

, ik (up to scaling

Again, choosing ¢ and v as random unit vectors ensures
the distinctness assumption is satisfied almost surely, and a
finite sample analysis can be given using standard matrix
perturbation techniques [3]. A number of related determin-
istic algorithms based on algebraic techniques are discussed
n [12]. Recent work in [4] provides a finite sample complex-
ity analysis for an efficient estimator based on local search.

Non-degeneracy.

The non-degeneracy assumption (Condition 1) is quite
natural, and its has the virtue of permitting tractable and
consistent estimators. Although previous work has typically
tied it with additional assumptions, this work shows that
they are largely unnecessary.



One drawback of Condition 1 is that it prevents the straight-
forward application of these techniques to certain problem
domains (e.g., automatic speech recognition (ASR), where
the number of mixture components is typically enormous,
but the dimension of observations is relatively small; alter-
natively, the span of the means has dimension < k). To com-
pensate, one may require multiple views, which are granted
by a number of models, including hidden Markov models
used in ASR [17, 3], and combining these views in a tensor
product fashion [1]. This increases the complexity of the
estimator, but that may be inevitable as estimation for cer-
tain singular models is conjectured to be computationally
intractable [23].
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APPENDIX

A. CONNECTION TO INDEPENDENT COM-

PONENT ANALYSIS
PRrROOF OF THEOREM 4. It can be shown that
ma(n) = E[(n" Ah)*] +E[(n"2)’],
ma(n) = E[(n" Ah)"] = 3E[(n" AR)*]* + 3ma(n).
By the assumptions,

E[(n"AR)"] = (0" ) BRI 43> (" m)(n" y)?
i=1 i)

k
=> miln w) 43> (" p)’(n" )’
i=1 0,3

k
= wi(n w)* + 3E[(n" An)*],

i=1



and therefore

f(n) =127 (E[(n" Ah)"] - 3E[(n" AR)*]*)

k
-1 Zﬁz 7] [1,1
i=1

The Hessian of f is given by

K
n) =Y ki(n ) papd -
i—1
Define the diagonal matrices
K := diag(k1, k2, ..., Kk),

Da(n) = diag((n" p)*, (0" p2)?,...,

and observe that

(n" )
V2f(n) = AKDy(n)A".

By assumption, the diagonal entries of D2(¢)D2(t)™" are
distinct, and therefore

Mica(¢,%) = (V2 f(#) (V2 f()) ™

is diagonalizable, and every eigenvalue has geometric multi-
plicity one. []

= ADy(¢)Da(yp) AT

B. INCOHERENCE AND RANDOM ROTA-
TIONS

The multi-view technique from [3] can be used to esti-
mate mixtures of product distributions, which include, as
special cases, mixtures of Gaussians with axis-aligned co-
variances Y; = diag(aii,ogyi, . ,03,1-). Spherical covari-
ances X; = 021 are, of course, also axis-aligned. The idea is
to randomly partition the coordinates [d] into three groups,
inducing multiple “views” z = (21, x2, x3) with each ¢ € R%
for some d; > k such that x1, x2, and z3 are conditionally
independent given h. When the matrix of conditional means
Ay := [Elz¢|h = 1]|Eze|h = 2]| - - - |E[ze[h = k]| € R%** for
each view ¢t € {1,2,3} has rank k, then an efficient tech-
nique similar to that described in Theorem 2 will recover
the parameters (for details, see [3, 2]).

It is shown in [3] that if A has rank k and also satisfies
a mild incoherence condition, then a random partitioning
guarantees that each A; has rank k, and lower-bounds the
k-th largest singular value of each A; by that of A. The
condition is similar to the spreading condition of [10].

Define coherence(A) := max;e[q{e; Ilae;} to be the largest
diagonal entry of the ortho-projector II4 to the range of
A. When A has rank k, we have coherence(A) € [k/d,1];
it is maximized when range(A) = span{ei,es,...,er} and
minimized when the range is spanned by a subset of the
Hadamard basis of cardinality k. Roughly speaking, if the
matrix of conditional means has low coherence, then its full-
rank property is witnessed by many partitions of [d]; this is
made formal in the following lemma.

LEMMA 1. Assume A has rank k and that coherence(A) <
(€2/6)/1n(3k/8) for some €,8 € (0,1). With probability at
least 1 — 6, a random partitioning of the dimensions [d] into
three groups (for each i € [d], independently pickt € {1,2,3}
uniformly at random and put i in group t) has the following
property. For each t € {1,2,3}, the matriz A, obtained by
selecting the rows of A in group t has full column rank, and

the k-th largest singular value of A is at least /(1 —¢)/3
times that of A.

For a mixture of spherical Gaussians, one can randomly
rotate x before applying the random coordinate partitioning.
This is because if © € R¥*? is an orthogonal matrix, then
the distribution of Z := Oz is also a mixture of spherical
Gaussians. Its matrix of conditional means is given by A :=
©A. The following lemma implies that multiplying a tall
matrix A by a random rotation © causes the product to
have low coherence.

LemMMA 2 ([16]). Let A € R™* be a fivzed matriz with
rank k, and let © € R¥>*? be chosen uniformly at random
among all orthogonal d X d matrices. For any n € (0,1),
with probability at least 1 —n, the matriz A := OA satisfies

< kot V/2RIn(d/n) + 2In(d/n)

T d(1—1/(4d) — 1/(360d%))

Take 1 from Lemma 2 and ¢, from Lemma 1 to be con-
stants. Then the incoherence condition of Lemma 1 is satsi-
fied provided that d > ¢- (klog k) for some positive constant
c.

coherence(A)

C. LEARNING ALGORITHM AND SKETCH
OF FINITE SAMPLE ANALYSIS

In this section, we state and sketch an analysis of a learn-
ing algorithm based on the estimator from Theorem 2, which
assumed availability of exact moments of x. The full analysis
is provided in the full version of the paper. The proposed al-
gorithm only uses a finite sample to estimate moments, and
also explicitly deals with the eigenvalue separation condition
assumed in Theorem 2 via internal randomization.

C.1 Notation

For a matrix X € R™*™, we use ¢[X] to denote the ¢-th
largest singular value of a matrix X, and || X |2 to denote its
spectral norm (so || X |2 = ¢1[X]).

For a third-order tensor Y € R™*™*™ and U,V,W €
R™*™, we use the notation Y[U,V,W] € R"*™*™ to denote
the third-order tensor given by

YU, V,Wlji 52,55 = Z

1<iy,i2,i3<m

Ui1 2J1 Viz 2J2 Wi3 233 Yil ,12,13

for all ji,j2,j3 € [n]. Note that this is the analogue of
UTXV ¢ R™™" for a matrix X € R™*™ and U,V € R™*",
For Y € R™* ™ ™ we use ||Y]|2 to denote its operator
(or supremum) norm ||Y|2 := sup{|Y[u,v,w]| : u,v,w €
R™, lulle = flvlla = [lwll2 = 1}.

C.2 Algorithm

The proposed algorithm, called LEARNGMM, is described
in Figure 1. The algorithm essentially implements the de-
composition strategy in Theorem 2 using plug-in moments.
To simplify the analysis, we split our sample (say, initially of
size 2n) in two: we use the first half for emplmcal moments
(i and Mz) used in constructing 62, M, W, and B; and
we use the second half for empirical moments (WT /2 and
@[/V[?, W, W] used in constructing Ms [W, W, /1/17] Observe
that this ensures M\g is independent of W

Let {(xs, hi) : i € [n]} be n i.i.d. copies of (z, h), and write
S :={x1,x2,...,2Zn}. Let S be an independent copy of S.



Furthermore, define the following moments and empirical
moments:

u=Ez], Mz =E[zz "],
1
Mz =E[z ® zQ z], ﬂ::?Zx,
| ‘(L‘ES
— 1 — 1
Mg::§2x:ﬂ, &::§Zx®x®x,
I | z€S |7‘ z€S
N 1
== x.
s 2

So S represents the first half of the sample, and S represents
the second half of the sample.

C.3 Structure of the moments

We first recall the basic structure of the moments p, Mo,
and M3 as established in Theorem 2; for simplicity, we re-
strict to the special case where 02 =02 = --- = a,% =2,

LEMMA 3.
k k
MIZwiMm Mo ZZwmz’M:-i-UQL
i=1

i=1

k
MSZZwiMi®Mi®Hi
i=1
d
+022(u®ej®ej+ej®u®ej+ej®ej®u)-

j=1

C.4 Concentration behavior of empirical quan-
tities
In this subsection, we prove concentration properties of
empirical quantities based on S; clearly the same properties
hold for S.
Let S; :={z; € S: h; =i} and w; := |S;|/|S] for i € [k].
Also, define the following (empirical) conditional moments:

wi = E[z|h = 1], Mo = Elzz " |h = 1],
1
Ms,; =E[lz®z® z|h =1, i = Z z,
|SZ| TzES;
. 1 . — 1
Mg,i::—me , Mg,i::—z:m®m®x.
|Sil zE€S; |Si] ©E€S;

LEMMA 4. Pick anyd € (0,1/2). With probability at least
1- 25,

[ — w;i| < \/2wi(1 — wi) In(2k/9) n 21n(2k/6)7
n 3n

Vi € [k];

- Y214 /In(1/5
(S —wy?) < LR,
i=1 vn

LEMMA 5. Pick any 6 € (0,1) and any matriz R € R%*"
of rank r.

1. First-order moments: with probability at least 1 — 6,

IR (fri—pa)ll2 < a|R|2\/’" + 2\/W+ 21n(k/)

n

for all i € [k].

LEARNGMM

1. Using the first half of the sample, compute empirical
mean [ and empirical second-order moments M.

2. Let 62 be the k-th largest eigenvalue of the empiri-

. . AT
cal covariance matrix Mo — i .

3. Let M be the best rank-k approximation to M, —
~2
61

]/\4\2 = arg min ||(/\72 — 621) — X2

X eRAXd:rank(X)<k

which can be obtained via the singular value de-
composition.

4. Let U € R¥* be the matrix of left orthonormal
singular vectors of Ma.

5. Let W := U(UT M2U)™/2, where X denotes the
Moore-Penrose pseudoinverse of a matrix X.

Also define B := (/]\(ﬁTl\//jzﬁ)lﬂ.
6. Using the second half of the sample, compute

whitened empirical averages w7 £ and third-order
moments Ms [/1/177 W, W]

7. Let  Ms[W,W,W] =  Ms[W,W,W] -
FYL (W Wie) o (W'e)+ (We)®
(W)@ (W) + (WTe) @ (We) @ (W ).

8. Repeat the following steps t times (where t :=
[log,(1/6)] for confidence 1 — §):

(a) Choose 8 € R* uniformly at random from the
unit sphere in R”.

(b) Let {(d:,A\i) : @ € [k]} be the eigenvec-
tor/eigenvalue pairs of Ms[W, W, W4|.

Retain the results for which min({|5\i VIR -
JFU{N] i e [k]}) is largest.
9. Return the parameter estimates 62,

. Ai 5 .
Hi = vai, S [k],

W =[] ]

Figure 1: Algorithm for learning mixtures of Gaus-
sians with common spherical covariance.



2. Second-order moments: with probability at least 1 — 6,

IR (Mo — Ma,)Rl|2 < o°||R|)3
<\/128(r 9 +In(2k/5)  A(rln9+ 1n(2l<:/6)))

’lf)i’I’L uim

7+ 2/rIn(2k/3) + 21n(2k/9)
+ 20’||RTMi||2|R||2\/ \/7

for all i € [K].
8. Third-order moments: with probability at least 1 — 6,

M3,7;)[R, R? R} H2 < 0—3HRHS
\/10863 [r1n13 + In(3k/5)]3

u%-n

+30%||R" |2 || RI3
< \/ 128(rIn9 + In(3k/0))  4(rin9+ 1n(3k:/6))>

[(Ms,i —

win Win

+30||R" will5]| Rl2

\/szmmmm/a)

Uf)ﬂ’L

for all i € [K].

We now bound the accuracy of i, M\z, and M\g in terms
of the accuracy of the conditional moments and the w;.

LEMMA 6. Fiz a matrit R € R¥™". Define Bi,r =
max;ep [|[R" pill2, Bz2,r = maxiep [|[RT Ma,iR|2, Bs.r =
maxic(y | Ma,i[R, R, Rlll2, €,r = maxicy R (s —
pilll, E2,r = maxiep [RT(Mai — Mai)Rll2, Esr =
max;epy) [[Ms:i[R, R,R] — M3i[R,R,R]||l2, and &, :=
(Zle(u% - wi)2)1/2. Then

IR (i — w)ll2 < (1 + VEEw)ErR + VEBL REw;
IR (Ms — M2)Rljs < (1 + VEEw)Ean + VEkBo,rEuw;
|(Ms — M3)[R, R, R]||2 < (1 + VkEw)Es i + VEBs rEw.

C.5 Estimation of -2, 1., and M;

The covariance matrix can be written as Mas — pu ", and
the empirical covariance matrlx can be written as Mo—ppT.
Recall that the estimate of o2, denoted by &2, is given by
the k-th largest eigenvalue of the empirical covariance matrlx

My — fAi7; and that the estimate of - Ms, denoted by Mg,
is the best rank-k approximation to M — 62I. Of course,
the singular values of a positive semi-definite matrix are the
same as its eigenvalues; in particular, 62 = ¢, [/T/Tg —apt].

LEMMA 7 (ACCURACY OF 62 AND Ma).

1. 6% = 0®| < [ M2 — Moall2 + 2 pll2ll i — pll2 + [l — pll3-

2. ||]|\|/2[2—M2||2 < A Ma = Mol + 4 pll2llp— pll2 + 2] 2 —
Hl2-

(ACCURACY OF ]\73) For any matriz R € R4*",
IM[R, R, R] ~ Ms[R, R, ]|
< | Ms[R, R, R] — Ms[R, R, R]||2
+3I|RIB(IRT (i — )|z + IR p]2)
(IMs = Mala + 2{lll2ll 2 — pllz + [l — pll3)
+ 0 |IRIIRT (i — 1)]l2-

LEMMA 8

C.6 Properties of projection and whitening op-
erators

Recall that U € R’“k is the matrix of left orthonormal
singular vectors of Mz, and let S € R*** be the diagonal
matrix of corresponding singular values. Analogously define
U and S relative to Mo.

Define Epr, 1= || M2 — Ma||2/sk[Mz]. The following lemma
can be shown using standard matrix perturbation arguments.

LEMMA 9 (PROPERTIES OF PROJECTION OPERATORS).
Assume En, < 1/3. Then

1. (14 Emy)S = UT MU = 8 = (1 — Ear,)S > 0.

2. w[UTU] > /1~ (9/4)&%, > 0.
3. ¢, [UT MU > (1 — (9/4)3,, )5k [M2] > 0.
4. (I =TUUUT |2 < (3/2)Ems, -

Recall that W = U(U T MaU)T/2. We now show that W
indeed has the effect of whitening M.

LEMMA 10 (PROPERTIES OF WHITENING OPERATORS).
Define W := W (W T MoW) /2. Assume Enr, < 1/3. Then

1. /W\TMQW is symmetric positive definite, W' MW =
I, and W Adiag(w)/? is orthogonal.

Wl € ——L—x.
2 Wlle < V(I=Epry )sk [M2]

3. [(WTMaW)Y2 — I3 < (3/2)Ens,,
(W TMW) ™2 = 115 < (3/2)Ens,
IWT Adiag(w)"/2]l> < /1 + (3/2)Ens,
I(W=W)T Adiag(w)'/2|l> < (3/2)y/T+ (3/2) € Ens -

We now show the effect of applylng the whltenlng matrix
W to the tensor Ms. Define T := Ms[W, W, W] and T :
M3 [W, W, W], both symmetric tensors in RkaXk Also, de—
fine

Tlu] := Ms[W, W, W
and

Tlu) := Ma[W, W, W,
both symmetric matrices in RF**.

LEMMA 11 (TENSOR STRUCTURE). Define

vii=W'TA diag(w)l/Qei

for alli € [k]. The tensor T can be written as

k
1
1 gl\/wTU ® v @ v

where the vectors {v; : ¢ € [k]} are orthonormal. Further-
more, the eigenvectors of Tu] are {v; : i € [k]} and the
corresponding eigenvalues are {u" W' p; 1 i € [k]}.

1=



LEMMA 12
Then

(TENSOR ACCURACY). Assume En, < 1/3.

" e - 6
T T\ <||M3[W, W W|— Mz|W, W, W —E&m,.
I ll2 < [|Ms[W, W, W] 3[W, W, H|2+\/m M

C.7 Eigendecomposition analysis

Using Lemma 11 and Lemma 12, it is possible to show
that an approximate orthogonal tensor decomposition of T
approximately recovers the v; and 1/,/w;. Computing such
a decomposition is a bit more involved, but can be achieved
efficiently [2]. A simpler-to-state randomized approach in-
volving just an eigendecomposition has the same effect, al-
beit with worse final sample complexity; we analyze this
method for sake of simplicity.

Define

1
B 2\/ wmax\/&(kgl)

where Wmax 1= max;e[x] Wi.

v: 1)

LEMMA 13 (RANDOM SEPARATION). Let € R* be a
random vector distributed uniformly over the unit sphere in
R¥. Let Q == {e; —e; : {i,j} € (§)}U{ei :i € [k]}. Then

1
. T T > -
Pr[{lrélg\e W Agq| >’y] 25

where the probability is taken with respect to the distribution
of 0.

Let & := |T — T)|2/~. Let 61,6s,...,6; be the random
unit vectors in R¥ drawn by the algorithm. Define T[6y/] :=
Ms[W, W, W6, and T[0y] := Ms[W,W,W6,]. Also, let
A == min{|]A; — Nj| 1 @ # jFU{|N\i] : @ € [k]} for the
eigenvalues {\; : i € [k]} of T'[0/], and let ﬁ(t') := min{| X —
Nl i # 5y U{\] 2 i € [K]} for the eigenvalues {\; : i € [k]}
of T[6,/].

LEMMA 14  (EIGENVALUE GAP). Pick any 6 € (0,1). If
t > log,(1/0), then with probability at least 1 — &, the trial
7 := argmaxy ey A(t') satisfies

AF) =y — 281

We now just consider the trial 7 retained by the algo-
rithm. Let {(vi, \i) : ¢ € [k]} be the eigenvector/eigenvalue
pairs of T'[0:], and let {(9:, \i) : i € [k]} be the eigenvec-
tor/eigenvalue pairs of T[0:].

LEMMA 15 (EIGENDECOMPOSITION). Assume the 1 —46
probability event in Lemma 14 holds, and also assume that
Er < 1/4. Then there exists a permutation © on [k] and
signs s1, S2,. .., Sk € {£1} such that, for all i € [K],

vi — $i0ri)ll2 < 4V2E7
X — Ariy| < Ery.

C.8 Overall error analysis
Define

K[M2] := ¢1[Ma] /s [Ma],

(5'551”2 + 7ST> /\/wmin,

€0 =
6 = (1~25|M2|§/260/\/wmin
v Y/ Wmin Sk [M2]1/2
+ 280, + 'V\/wmingT)~
LEMMA 16 (ERROR BOUND). Assume the 1 — & proba-

bility event of Lemma 14 holds, and also assume that Enr, <
1/3, E&r < 1/4, and e1 < 1/3. Then there exists a permuta-
tion ™ on [k] such that

A~ 1/2 .
finciy — millz < 3llpallaer + 2l Maly %e0, i € [K].

The proof of Theorem 3 now follows by combining the
error bounds in Lemma 4, Lemma 5, Lemma 6, Lemma 7,
Lemma 8, Lemma 10, Lemma 12, and Lemma 16 together
with the probabilitistic analysis of Lemma 14.



