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Theorem (Weierstrass approximation theorem). Suppose f: [0,1] — R is
continuous. For any € > 0, there exists a polynomial p such that

sup |f(z) —p(z)| <e
z€[0,1]

Proof. Since f is continuous on [0, 1], it is uniformly continuous. This means
that for any € > 0, there exists . > 0 such that |f(x) — f(y)| < €/2 for all
x,y € [0, 1] satisfying |z —y| < J.. Let us fix an € > 0 and such a corresponding
0. > 0.

Let r be any positive integer such that r > IIQI?. Define the Bernstein
polynomials

b (z) = Pr(S,, = k) = (;) (1 — )

where S, , ~ Binom(r,z). Let p(z) := X}, f(f)bkr(x), which is a degree-r
polynomial. Then, for any z € [0, 1],

p(z) = f(z)]
= |3 (F(5) = f(2)) ben(w)
k=0
< X O = f@lbee@) + X FG) = f(@)lbre(w)
|k—raz|<rd. |k—rz|>rd.
< 5+ 2|l Pr(|Sy = ra] = 10.)
1—
< ; + 2HfHoox(52$) (by Chebyshev’s inequality)
r €
e Il
< —
=57 2162
<e€
where the final inequality uses the assumption on r. I

1



