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1 Lagrange polynomials

Recall that P,(R), the set of univariate polynomials with real coefficients and
degree at most n, is a vector space of dimension n + 1. A commonly used
basis for P,(R) is {1,¢¢% ... t"}; this can be regarded as an analogue of
the “standard basis” for R"™1. However, other bases for P, (R) may be more
convenient in certain circumstances.

The Lagrange polynomials form a “data-driven” basis for P,(R). Given a
dataset of n+1 distinct real numbers zg, 1, . . ., x,, the Lagrange polynomials
L= {l(t),l1(t),...,L,(t)} are defined byl

(t—xo)---(t—xi_l)(t—xiﬂ)---(t—xn) _ H t—SL’j.

(zi — o) (xi — wio1) (T — 1) - -+ (15 — 1)

li(t) =

. o Li €L
7€{0,...n \{7}

Notice that the numerator of ¢;(t) has exactly n factors: (¢t — x;) does not
appear. Also notice that the denominator of ¢;(¢) has exactly n factors and
is non-zero: (z; —x;) # 0 for all j # ¢, and (x; —x;) does not appear. So each
¢;(t) is, indeed, a univariate polynomial with real coefficients, and expanding
the product of factors in the numerator reveals that the degree of ¢;(t) is n.

2 Properties of Lagrange polynomials

For any dataset of n distinct real numbers zg, x4, ..., x,, the Lagrange poly-
nomials have the following remarkable data-dependent property:

(1=
bilz)) = {0 it j £, (1)

To see this, consider any ¢;(t). When we evaluate ¢;(t) at t = x;, the numer-
ator and denominator in the definition of ¢;(t) become the same, so the value

Tt would have been better to use notation that reminds the reader that each polynomial /;(¢) depends
on the dataset xg,x1,...,Z,.
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is 1. But when we evaluate (;(t) at t = z; for j # 4, the numerator includes
(x; — ;) as a term, so the product is zero.

Using this property, it is easy to see why the Lagrange polynomials form
a basis for P,(R).

Proposition 1. £ is a linearly independent set of n + 1 polynomials from
Py (R).

Proof. We show that any linear combination of ¢y(t), 1(t),. .., £,(t) that re-
sults in the zero polynomial (denote by zero(t)) must be the all-zeros linear
combination.

Suppose there are scalars ¢, c1, ..., c, such that

colo(t) +c1li(t)+ -+ cnlp(t) = zero(t). (2)

We evaluate the left-hand side of at various real numbers; of course,
evaluating the right-hand side of [(2)] the zero polynomial, at any real number
gives a result of 0. When we evaluate the left-hand side of at t = x;, we
obtain

Co Eo(xl) + 1 El(xz) +---tcy Kn(l’@) = C;

by [(1)} Since the right-hand side of is 0 at t = x;, it follows that ¢; = 0.
Since this holds for any i € {0,1,...,n}, it follows that co =¢; =--- =¢, =
0. So we have proved that ¢y(t), ¢1(t), ..., ¢,(t) are linearly independent. [J

Since £ is a linearly independent set of n + 1 polynomials from P, (R), it
follows by the Basis Sufficiency Theorem that £ is a basis for P,(R).

3 Coordinate representations

Since £ is a basis for P,(R), we can write any polynomial p(t) € P,(R) as
a linear combination of the Lagrange polynomials corresponding to a given
dataset xg, x1, ..., Ty,:

p(t) = Qo é()(t) —+ aq él(t) + -+ (07% fn(t)

for some choice of scalars ag, aq,...,a,. In fact, it is easy to see what these
scalars are, again by using [(1)]

p(x;) = aglo(x;) +arbi(z;) + -+ anlp(xi) = a;.
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So the coordinate representation of p(t) with respect to £ is

()] = (p(z0),p(21), ..., p(x0)).

By the Unique Representations Theorem, for any (yo,v1, ..., yn) € R,
there is a unique polynomial p(t) € P, (R) such that

p(x;) = vy, forallie {0,1,...,n};
the polynomial p(t) is simply

p(t) = yolo(t) + 11 li(t) + -+ yn ln(t).

This way of mapping from n+1 pairs of real numbers (xo, o), (1, 91), - - -, (Tn, Yn)
(with the only restriction being that g, x1, . . ., x, must be distinct) to a poly-
nomial is called Lagrange interpolation.

One final consequence of Lagrange polynomials: If p(¢) € P,(R) evaluates
to 0 at n + 1 distinct real numbers, then p(¢) must be the zero polynomial.
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