COMS 4995-2: Advanced Algorithms (Spring’20) April 7, 2020

Lecture 19: Multiplicative Weight Update and LP

Instructor: Alex Andoni Scribes: Garrison Grogan, Shunhua Jiang

1 Problem Setting

Think about any prediction problem, for example, predicting the stock price. We want to rely on the
advices from a group of experts. We define the following notations:

e 1 experts,
o tc{l,...,T}: time.

1, expert #i is wrong on day t,
oforie[n],te[TLff::{ pert # & on qay

0, otherwise.
e m! := number of errors that expert # i made up to day t,

e M := number of errors we make.

Our goal: do as close as possible to the best expert, where the best expert is defined as

arg min mlT
1

2 Examples of Bad Algorithms

(1) Majority vote: Follow the majority of the advices by the experts.

Consider the following example: There are in total 3 experts, and the 1st and 2nd experts always give
the advice to sell, while the 3rd expert always gives the advice to buy. And the right strategy is to buy
everyday. In this example the majority vote algorithm is always wrong, and its mistakes are M?.

(2) Follow the expert that was right yesterday: Consider the following example. There are two
experts. The advices by the experts and the right strategy are as follows (where B means buy and S
means sell):

o Ist: S, B, S, B, ---;
e 2nd: B, S, B, S, -
e right: 5, S, S, S, ---

Observe that except the first day, this algorithm is always wrong by following the expert that was right
yesterday, since he is no longer right today. Thus the total number of mistakes is M7 = T.



3 Weighted Majority Algorithm

Intuitively, this algorithm is a combination of a the previous two algorithms: it follows the majority vote
of the experts that were more right. The algorithm assign weights to experts, and w! denotes the weight
for expert ¢ at time t.

Algorithm 1 Weighted Majority Algorithm
1: Start: w) =1, Vi € [n].
2: fort=1,2,...,T do
3: Update w/™ = wi(1 — ¢ - ff), where € < 1 is a parameter TBD.

)

4 Weighted majority: UtB = Zz expert ¢ says B wf’ UfS' = ZZ expert ¢ says S wf
5 if J% > Jg then
6: Decision at time ¢: buy
7 else
8: Decision at time t: sell
9: end if
10: end for
Analysis.

Theorem 1. We have the following upper bound on the final number of mistakes.

21
M7 <201+ eymT + =2

, Vi

And this implies that MT < 2(1 + €) min;ep, m! + 2lon

A remark about why we need to have the additive error 21%: Consider the example where we have

n — 1 random experts and 1 expert that is always right. In the first few days, we do not have enough
information to know which expert is the right one. Indeed, on the ¢-th day, in expectation there are 27¢
experts that were always right in previous days. So only until the Inn day we have gathered enough
information to find the right expert.

Proof. We prove the theorem by giving a lower bound and an upper bound of the following potential

function ®.
n

Vit e [T], & := wa; Oy :=n.
i=1

(1) ®rq > wtl = (1 — €)™, Vi.
The first step follows from the definition of ®;,, and the second step follows from w? = 1, and the
fact that the weight of 7 is multiplied by (1 — €) for m! = (# of errors) times.

(2) ®p1 <m- (1M

If at time ¢ we don’t make an error: ®;,1 < &;.
If at time ¢t we made an error: weight of wrong experts > weight of right experts > %@t.



Combining these two cases, we have

n
_ t+1
Dy = § w;
=1

i:right i:wrong
n
— t_ .
= w; — € w;
i=1 i:wrong

1
S(I)t_eiq)t:@t(l_g)

2
Thus we have @1 < &y - (1 — %)Mt =n-(1- %)Mt.
Putting (1) and (2) together, we have
mt €.\ Mt
(1™ <pr<n-(1- DM 1)
Using 1 —z < e *, we have n - (1 — %)Mt < n-e 2™ And using In(1 — €) > —e — €2, we have
—e(1+ e)m! < m!-In(1 — €). Plugging these two inequality to Eq. 1, we have

—e(1+e)mi <Inn— % - M,

and this implies the desired bound

21
M <201+ eymt + 220,
€

O]

The Weighted Majority Algorithm is good but we can do better. Our next algorithm will remove this
factor of 2.

4 Multiplicative Weights Update

The algorithms is the same as before but the decision is as follows:
¢

w>
Define pt = ﬁ, the probability of following expert i at time step t.
j=1"j
Next choose i from the distribution (pf,...,pl) and follow it’s decision. Now the number of errors we
make, M7 is a random variable.

T n T
Analysis. Each m! is deterministic. M T £ expected # of errors we make = > > pifl= > fh)
i=1i=1 t=1
t
We can generalizde f! € [—1,+1], and m! = Y f/
j=1

1
Theorem 2. M1 < m! + an + €T.
€



Note the factor of 2 is no gone!

PTOOf (I)T+1 Ay Z T+1
=1
Now note the following;:

T
T+1
L@ >t > 15 [T (1 — ef)).

t=1
The (1 — €f}) term is how much we scale down weight w! at time ¢

9. T+l < pe—eM”

Now consider the following calculation:
t wT T
b= = BT I = ST () = Sl - e, M vt

=o' — " (p", ")
=0T (1—e(p”, 7))
— T+l < @Te<P" /") which is
. q)oe—eé@ﬂ“,fﬁ

_ T _ T
:(I)Oe eM — ne eM

T
Now using 1 and 2, we get 7+ < nxe M" and [[(1 —ef!) < ®TH! < pe—M"
t=1

T
Next we see that Inn — eM” < > In(1 — eff) > — Zthl[eff + €2(fH?]
t=1

1 1
Finally we see that M7 < nn + Z;‘F:l[ff +e< mZT + - + €T for the optimal expert i.
€ €



