CS 4733 Notes: Stanford Arm Inverse Kinematics

Figure 1: Stanford Robotic Arm. The frame diagram shows the first three joints, which are in a R-R-P
configuration (Revolute-Revolute-Prismatic.

1. To solveinverse kinematicsfor thefi rst 3 joints of the Stanford arm wefi rst [ook

at the matrix 7%
[ CiCy =S, 1Sy C1Syds — Sydy | N, S, A, P,
TO _ 5102 Cl 5152 Sngdg + Cldg _ Ny Sy Ay Py
3 —S5 0 Yy Coyds + d4 N, S. A, P,
0 0 0 1 0 0 0 1

Looking a P (last column of matrix) there are no obvious relationships that
isolate asinglejoint variable (01,0,,d3).

2. The technique we employ is to try to rearrange the equations hoping a single
variable can beisolated.

1) = 1172
Multiplying both sides (on the left) by (77)~! we get

(M) T3 = Ty =Ty
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The matrices are below with only the fourth column fi lled in:

‘ ‘ ‘ Clpx + Sle ‘ ‘ | Szdg
_ —P.+d || | —Cads
TO 1 TO — ‘ ‘ ‘ 1 — — Tl
BT =11 | sk + Py ] da 3
] 1 L
We can equate the third entry in last column in each matrix:
—S51P,+ Ci Py =dy (1)

We have now isolated ©,. To solve for ©, defi ne auxiliary variables r and ®:

r— m ; & = atany (P, Py)

Substitutein (1) for P,,P,: P, =rC ¢, P,=1rS¢

—SirCo+ CirSe¢ = dsy

T(S¢Cl — Squb) = dg
S0 -0 =2

and by thefact that C' = £+v/1 — 52

Clo- 0 =1~ (Bp =" =8

S¢p—©) = 4

Clp—01) =/r—di +/r2 — d3

¢ — O = atans T<d2, +4/r2 — d%)

Solving for ©,, we get

O1 = ¢ — atansy <d2, +/r? — d%)

©1 = atany(P,, P,) — atans (dg, +1/1r2 — d%) — 2 solutions
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z ‘_,.-" This vectot is alighed with (-5, Ty}
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Figure 2: Geometric analysis of Stanford Arm

Geometrically, the fi gure above describes what the solution for ©, is al about.
Project vector (P,, P,, P.) onto the unit vector axiswhich is aong the direction
of d,. The unit vector axis along d, is simply the direction of the Y axis after a
rotation of ©;.

-5
| P, P, P.|| C |=do— =SP4+ CiPy=d,
0

C(O1+90 - 6) = 2 = 0190~ (6 - 61)) = 5(6— 61

IfS(¢—01)= %thenCw—@l) :iwz ﬂ

r

Since we know angle ¢ = atan2(P,, P,) wecanfind 6.
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Figure 3: Top: Arm with ©; = 0, ©, = 90. Bottom: multiple solutions for ©,; when P = (—1,+/3,0)

3. Example: if ©, = 90°, then the manipulator looks as in fi gure 3(top). (assume
ds = /3, dy = 1).

Now rotate ©; by 90 and P = (—1, /3, 0) (bottom part of fi gure 3).
Using the formulafor ©;:

O, = atany(P,, P,) — atany(da, £1/r% — d3)
= atans(v/3, —1) — atans(1, £1/3)

©; = 120—30=90
or

120 — 150 = —30

These are the 2 solutions for ©;.
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Figure 4: Geometry for finding ©,



4. To fi nd ©, from our relationship (77)~! T = T, T3 = T; we notice that:

Sods ChP,+ S P,
Tan ©, = 2% _ y
e Cads P, —d;

or ©y = atany(C1 P, + S1 P, P, — d)

Figure 4 shows the geometric relationships for fi nding ©6,.

As in the previous section, the distance C'B in fi gure 4 is the projection of the
vector (P,, P,, P.) onto the unit vector axis which is aong the direction of the
X axisrotated by ©;.

Gy
| P, P, P.|| S |=CiP+ 5P,
0

5. Tofind ¢
(3) C1Py+ S1P, = Sads
(4) — P, +dy = —Cads
Multiply (3) by S, and (4) by C, then add the equations:

Sg(C’lPx -+ Slpy) = S%dg
+ Oy(—Pz+dy) = (2,
SQ(CIPx+SIPy)+C2(PZ _dl) - d3
6. Recapping

©1 = atany(Py, P,) — atans(dy, £v/r? —d?)

@2 = atanQ(CHPx + Slpy, Pz — dl)
atang(—(C1 P, + S1P,), di — P,)

ds = SQ(ClPx + Slpy) + CQ(PZ — dl)

if P=(—1,v/3,5),andassumed; = 5and dy, = 1:

©p |0y [ S1 |C1| Sy | Coy| So(CiPy + S1P)) + Co( P, — dy) = d
90 (90 [1 |0 [1 |0 |3
90 [-90[1 [0 [-1|0 |-v3
-30|-90| 1|2 |-1/0 |3
30190 || 2|1 |0 |—V3
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Figure 5: Multiple solutions of arm for P = (1/3, 1, 5)

7. Find asolutionif P = (1/3,1,5) assumed, = 1 and d; = 5.

©p |0y | S |C1 | Sy | Co|So(CiPy+ S1Py) + Co( P, — dy) = ds
0 (900 [1 |10 [V3
0 [-90/0 [1 [-1]0 [-V3
120 |-90 |~ | -1 1|0 |V3
12090 || 1|1 |0 | —V3
O1 = atans(1,V/3) — atany(1,v/3) = 30 — 30 =
atans(1,v/3) — atana(1, —/3) = 30 — 150 = —120
O, = atany(v/3,0) = 90°
= atany(—/3,0) = —90°

Geometrically : 4 solutionsin all. Figure 5 shows 2 - the other 2 are simply with
anegative value of r.



Calculating Anglesfrom Sin, Cos, Tan

There will be many situations in robatic cal culations where the magnitude of the sine, cosine, or tangent
of an angle is known, and we need to calculate the magnitude of the angle. Although this seems to be
atrivia matter, in redlity, it is very important, because there can be grave ambiguities in the answer that
may yield an erroneous result, stopping a robot controller from functioning properly. Thisis true even
with acalculator or acomputer. To understand this, let’s do asimple calculation.

Suppose that you use your calculator to calculate sin 75° as 0.966. If you enter the same number into your

calculator and calculate the angle from it, you will fi nd the same 75 angle. However, if you do the same
with sin 105°, you will fi nd the same 0.966 as before. Here lies the basic error. The sine of two angles
with equal distance from 90° is always the same, and thus the calculator always returns the smaller angle.

The same is true for cosine and tangent of an angle; the cosine of the plus or minus of the same angle is
the same, while the tangent of an angle is the sameif 180° is added to it.

To know the exact magnitude of an angle, it is necessary to determine in what quadrant the angle lies.
Thiswill enable us to correctly know what the angle really is. However, to determine the quadrant of an
angle, it is necessary to know the signs of both the sine and the cosine of the angle.

In the previous example, if you calculate the values of cos 75° and cos 105°, you will notice that they are
respectively 0.259 and -0.259. Considering both the sines and the cosine of 75° and 105°, we can easily
calculate their correct values. The same principle istrue for the tangent of an angle.

In robatic calculations, we will encounter the same situation, where tan of angles are generaly found. If

the simple atan (arctan) function of a calculator or computer isused, it may yield an erroneous result. But

if both the sine and the cosine of the angle are found and used in afunction, we can calculate the correct

angle. Most computer languages have a function called ATANZ2(sin, cos), in which the values of the sine
and cosine of the angle, entered as arguments, are automatically used to return the value of the angle. In

all other situations, either with your calculator or other computer languages, you will have to write such a
function. Asaresult, it isgenerally necessary to fi nd two equations for each angle, one that yields the sine
of the angle, and one that yields the cosine of the angle. Based on the sign of the two, we will determine

the quadrant and, thus, the correct value of the angle.

The following is a summary of rules for calculating the angles in each quadrant (you may program this
into your robotic routines or your calculator for future use):

- If sinis positive and cos is positive, the angle isin quadrant 1, then angle = atan(a).

- If sinis positive and cos is negative, the angle isin quadrant 2, then angle = 180 - atan(a).

- If sinis negative and cos is negative, the angle isin quadrant 3, then angle = 180 + atan(a).

- If sinis negative and cos is positive, the angle isin quadrant 4, then angle = -atan(a).

The program should check to seeif either the sine or the cosine are zero. Inthat case, instead of calculating
the tangent, it should use the cosine or the sine to calculate the angle to prevent an error.

Useful formulae: Law of Cosines: 02 = A2 + B? — 2 A B Cos(6)

Double Angle Formulas:
Sin(0y £ 03) = SinbCosby + SinhyCosby
Cos(01 = 62) = Cosh1Cosby F Sinb1Sinbs



