CS 4733 Class Notes: Kinematic Singularities and Jacobians

1 Kinematic Singularities

1. If we try to control a manipulaotr in Cartesian space, we can sometimes run into difficulties since
the inverse mapping from Cartesian space to joint space can sometimes become a problem. These
problem positions of the robot are referred to as singularities or degeneracies.

2. At a singularity, the mobility of a manipulator is reduced. Usually, arbitrary motion of the ma-
nipulator in a Cartesian direction is lost. This is referred to as “Losing a DOF”.

3. Boundary Singularities (also known as workspace singularities) are a common type of singularity.
They are usually caused by a full extension of a joint, and asking the manipulator to move beyond
where it can be positioned. Typically, this is trying to reach out of the workspace at the farthest
extent of the workspace.

4. Internal Singularities (also known as joint space singularities). They are generally caused by
an alignment of the robots axes in space. For example, if 2 axes become aligned in space, ro-
tation of one can be canceled by counterrotation of the other, leaving the actual joint location
indeterminate. Also, certain kinematic alignments specific to each manipulator can cause these.

5. At a joint space singularity, infinite inverse kinematic solutions may exist.

6. Ata joint space singularity, small Cartesian motions may require infinite joint velocities, causing
a problem.

7. By analyzing the Jacobian matrix of a manipulator we can find the singular posiitons of the robot.
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Figure 1: 2-DOF Polar, planar manipulator. The endpoint has coordinates (rCos6 , rSind).

2 Manipulator Jacobians

Because we control the robot in joint space and tend to reason about motion in Cartesian space, we
need to fully understand the mapping from joint space to Cartesian space and vice-versa. Forward and
inverse kinematics describe the static relationship between these spaces, but we must also understand
the differential relationships.

To do this, we will define a mapping between small (differential) changes in joint space and how
they create small (differential) changes in Cartesian space.

Figure 1 is a 2-DOF polar manipulator. Joint 1 is a revolute joint and joint 2 is a prismatic joint,
with an endpoint of (rCosf , rSinf). Let us find the rate of change of x and y, i.e. their velocities,
using the chain rule to differentiate x and y with respect to time t: *
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The matrix which relates changes in joint parameter velocities to Cartesian velocities is called
the Jacobian Matrix. This is a time-varying, postion dependent linear transform. It has a number of

columns equal to the number of degrees of freedom in joint space, and a number of rows equal to the
number of degrees of freedom in Cartesian space.The Jacobian for this manipulator is:

[x] _ g [21 where J:l—rsan 00391

U rcosf  sin6

If we specify the Cartesian velocities, we can find the joint parameter velocities with the inverse
Jacobian. The inverse Jacobian is:

[‘] }[y] o [r] where .J _[0039 sin&]

A singularity occurs when the joint velocity in joint space becomes infinite to maintain Cartesian
velocity. It shows us where the continuity in joint space breaks down as related to Cartesian space. A
singularity occurs whenever the determinant of the Jacobian is 0 (meaning we cannot invert it). The
associated Jacobian matrix is said to be singular. To find when this occurs we set

det (J) =0

and solve for the singularity. In this case, det (/) = —r. The determinant is 0 when » = 0. Since
r is the radius of the manipulator, the robot has a singularity when we try to move through the origin
in Cartesian space. At this point, the joint space velocity of joint 1 becomes infinite to achieve any
Cartesian velocity vector(see figure 2).
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Figure 2: 2-Link Polar Manipulator near origin. If we establish a manipulator path that takes the gripper
along the positive X axis to the negative X axis by decreasing r, we can see that joint 1 (¢) will have to
rotate from O degrees to 180 degrees as the gripper passes through the origin. This rotation will cause
the joint to have an infinite velocity as the configuration changes from the positive to negative X axis.
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Figure 3: 2-Link RR Planar Manipulator

3 Jacobian of 2-link Revolute-Revolute (RR) Manipulator

Ci =51 0 Cily Cy =52 0 Cols Ciz2 —S12 0 CiLi+ LaCh2
70 _ S1 Ci 0 SiLy Tl _ Sy Cy 0 S3Ls 70 _ Si2 Ci2 0 S1Li+ LaSio
1 0O 0 1 0 2 0O 0 1 0 2 0 0 1 0
0 0 0 1 0 0 O 1 0 0 0 1
The T matrices for the manipulator are above (see fi gure 3. Since this is planar manipulator, we will fi nd J
such that
y ; X 98X
Y O 20: 90,

0_X . 0(ClL1 + Lgclg) 8@1 + 8(01L1 + Lgclg) 092
ot 00, ot 00, ot

X = (_SlLl - L2512)91 - L251292

X = C1L1 + LgClg 3

8_Y . 8(51L1 + L2512) 0@1 + 0(SlL1 + LQSlg) 892
ot 00, ot 00, ot

Y = 51L1 + LySi2;

and X — _SlLl - L2512 _L2512 @:1
Y Ci1Ly + LyCra LyCh O,
Again, the Jacobian matrix relates rate of change of joint variables to rate of change of Cartesian

variables.
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4 Finding Singularites of the 2-Link Manipulator
If we invert the Jacobian, we get:
J'X =0

The inverse is undefined whenever det (J)=0. (It is a singular matrix.) So, by solving det (J)=0, we can
find singularities in the robot workspace.

_SlLl - L2512 _L2512

J =
CiLy + LoChy LoChg

d€t (J) = (—SlLl — L2512)(L2012) + (LgSlg)(ClLl + Lgclg)

—S1L1LyChy — L3515C12 + C1L1 Ly Sia + L3S15C1o

— Lng(SlgC'l - 01251) — LlLQ(S(@l + @2 - @1))
det (J) = LlLQS@Q

Setting this equal to zero, we find singular positions:

LlLQS@Q - 0

1. if L,=0, cannot move arm radially; also ©; indeterminate
2. if L,=0, cannot move arm radially; also ©, indeterminate

3. if S5=0, arm is at full extension (#,=0), or looped back onto link 1 (/,=180)- again, we cannot
move radially in Cartesian space. Loss of Cartesian motion.
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Figure 4: Stanford Arm Frame Diagram - first 3 joints only

5 Stanford Arm Jacobian - first 3 joints only

X C1Spdy — Sidy | [ X O, X 9 a9 on | [ O
Y Si5ody + Cody 5| V| =T 0y |5 |V | = | 55 ge, ap || O
Z Cods + dy Z ds Z i
—5152d3 - Cldg Clcgdg 0152
J - Cngdg - SldQ Slchg 5152

0 —Sads Cy

Singularities: when det (J)=0

det (J) = Sgdg(S ( 5152d3 — Cldg) — 0152(0152d3 — Sldg))
+Cz(( 5152d3 — Cldg)(Slcgdg) — (C’ngdg — Sldg)(Cngdg))
[—
[—
[—

= Syds S S ds — 515:C1dy — Cfodg + C15155ds)]
+Cy 525202012 C1.51Codyds — C2S,Cod2 + C1 Sy Codyds)]
d3S3[C? + S7] + Co|—SsCod3[SE + CF]

- Sgdg
= Syds[—d352) — C285d2 = —S2d2 — C25,d2 = —Syd2[S2 + C2)
det (J) = —Sng

When ds = 0, the arm cannot move in Cartesian Z direction

When s, = 0, the arm is tangent to the workspace inner boundary; it cannot move along shoulder axis
direction
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Figure 5: Left: Microbot Robot. Right: Singular position for reduced (i.e 3 axis - ignore tool roll joint)
Microbot Robot

6 Microbot Robot Jacobian - First 3 joints

The solution ot the first three joints of the Microbot Robot is:

Joint| 0 | d|a| «
1 160,|dy| 0]-90
2 (92 0 (05} 0
3 (93 0 as 0

C1 (CLQCQ + (13023)

TO _ N S A 81(&202 + a3023)
’ ||| di—ass2 —assy
L 1
Find Jacobian J such that
: : 90X 09X 09X
X 0, o s os :
90, 90, 0O
vicsle, |, | & w | X=JO
- YT 98, 90, 098 -1y —
7 o o7 07 o7 JTX =6
3 901 00y 003
—s1(azcy + azcs) —3852C142 — 523A3C1  —S523A3C)
J = c1(azce + azcas) —S525102 — S23A351 5230351
0 —C202 — C2303 —C2303

~—
joint1l hasnoef fect on Cartesian Z velocity
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To find singularities, we set Jacobian Det = 0

det(J) =
(caag + ascaz)[—s1(ascy + ascas)(—S2szass1) + c1(azca + ageas)(s2zaszcr)]
—023a3[81(a202 + CL3023)(8281(L2 + 823a381) + C1 (CLQCQ + (IgCQg)(SgClag + Sggagcl)]

= (CQCLQ + 023CL3)[8%6L26L302823 + S%CL§823023 + C%CLgCLgCgSQg + C%G§CQ3823]
—023a3[s%52a302 + 5%82&2@3023 + S%a202323a3 + 5%&%823023
+C%a502$2 + 0%82&20,3023 + 6%5230,30,262 + C%a§$23023]
= [c2a2 + co3as][azascysas + a3sascas)
—C2303[a5C257 + S202a3C23 + S230302Cy + A5523Ca3)]

= [coas + co3as)[agsas(ascs + ascas)]

—C93a3[A252(A2Cs + a3Ca3) + a3S23(a2cs + azcas))
= [coas + cazas)assas][azcs + azcas)]

—co3a3((azss + agsas)(ascs + asces)|
= [agcy + asgcas|[(assaz)(aaca + ascas) — cagas(azss + ascag)]
= [azcz + CL3023] [a3823a202 - 0236L36L252]
= [azcz + CL3023] [asaz( 523C2 — C2352 )]

5(02+03—02)=503

= [&202 + &3023] [&3&283] \/

Analysis: det (J) = 0 when

1. a3 = 0; Lose link length
2. as = 0; Lose link length
3. s3 =0 ; Elbow forearm fully extended

4. [agcy + agees] = 0; This is the projection of the forearem and upper arm onto the x axis. If they
sum to 0, then arm is over the origin, and joint 1 loses its ability to position the robot (see figure
5.



7 How to Compute a Matrix Inverse

NOTE: This method is only efficient for small matrices!
Given

A= Q21 A22 A23
31 dz2 (33

its Determinant, det A = a1 A1 + a19A412 + a134;13

@11 Aa12 013]

where A;; is the determinant of the minor matrix formed by deleting the row i and column j.
Az’j = (—1>i+jd6t Mz’j

A,; is the cofactor.

Q21 A23
31 ass

A2 A23
ag2 a3z

= an A + a12412 + a13A3

Sodet A = ap; — Q19 + a3

G21 A22
a3; a3z

Now, look at the matrix product:

aiy Gz Q13 A Ay Az detA 0 0
o1 Q22 Q23 Alg A22 Agg = 0 det A 0
a31 agz ass A13 A23 Agg 0 0 det A

each diagonal entry is the det A, and off diagonal entries are zero (Try it, you will see they vanish).
We can write the above product as:

A- AZ;factors = (det A)I
. AZ:)factors -]
det (A)
H H Azofacto'rs —1
and inverse of A is —pies= = A
Note the A7, ;... is a transpose of the minors of A appended with correct sign.
Example: Find Inverse of
1 30 10 —-15 18
026 Al actors = | 24 5 —6
4 0 5 -8 12 2
det A =82
AT 10/82 —15/82 18/82 1 30 100
A‘lz%: 24/82  5/82 —6/82 026|=[010
et (4) —8/82 12/82  2/82 405 001

Multiply these two =1
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