CS W4733 CLASSNOTES

SPECIFIYING POSITION AND ORIENTATION

e We need to describe in a compact way the position of the
robot. Think of this as specifying where the gripper of a
robot is located and what direction it is pointing in.

e In 2 dimensions (planar robot), there are 3 degrees of free-
dom (DOF): X, Y position and 1 orientation parameter 0

e In 3 dimensions there are 6 DOF:. X, Y, Z position and 3
angular orientation parameters specifying orientation of the
gripper in space. There are a number of ways to specify
these angles wich we will discuss.

e |n 3-D, we can specify both position and orientation using a
trandlation vector (3x1 vector) and a rotation matrix (3x3)
which encodes the orientation information.
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ROTATION MATRIX

e Orthonormal matrix: columns are orthogonal basis vectors of
unit length.

e Row vectors are also orthogonal unit vectors
e Determinant = 1 (Right handed system) -1(L eft handed)

e Columns establish axes of new coordinate system with
respect to previous frame

e Transpose of rotation matrix isitsinverse

e Eigenvectors of the matrix form the axis of rotation.

1 0 O | cos9 0 sinf
ROT(X,08) = |0 cosB -snB ROT(Y,0) = O 1 O
|0 sinB cosd | —sin6 0 cosH
' cosH -sinB

ROT(Z,08) = | sinB cosb
0 0
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Coordinate frame o111y is oriented at an angle 6 with respect
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Figure 2.3: Rotation about zy by an angle 6.
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EXAMPLE:
0 -1
ROT(Z,90) = |1 O
00
|f we transform the x axis by thistransform we get:
0 -14T )
10 =
_O O L L

Order isimportant: look at the compositerotations;

1. ROT(Z,90) ROT(Y,90)

0-19 [0 0 0 -1
100(010=[0 0
001 |-1009 |-10

2. ROT(Y,90) ROT(Z,90):

001 [0-1 (00
01 10 10
-100 |0 0 01

Going left to right, rotations are done in the new or loca frame
established by the previous rotations. As we go right to left, the
transformations are done in global coordianates.
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HOMOGENEOUS COORDINATES

e Transforming a 3-D point with a 3x3 matrix allows for scal-
ing, shearing and rotation, but not translation.

e By using a4x4 matrix, we can add trandlation to the transfor-
mation. Since we need to apply 4x4 matrices to 4-D vectors,
we add an arbitrary scaling factor (typically with value 1) to
the 3-D coordinates of a point. You can think of the 3-D
point as the projection into 3-D of a4-D point.

e Homogeneous coordinates allow us to embed a lower dimen-
sional space in a higher dimensional space. An exampleisa
homogeneous vector:

LS N < X

which is a4 space vector that can be projected into 3 space as
X
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The 4x4 homogeneous transform contains a 3x3 rotation
matrix and a 3x1 trangation vector. Here is a 4x4 transa-

tion transform:

1 0 0 py ‘)E [ X+Py]
010 Pyl |V y+py
001p, |z Z+p-
000 1| |1 1
Here are the 4x4 rotation matrices:
1 0 O ' cosB 0 sind
O cosB —sind O 1 0
ROT(X.0) =10 gne cosv g ROTY.0) = | 419 0 cosd
0O O 0 O O O
cosh —sin 0
sin@ cosH O
ROT(Z,0) = 0 0 1
0 O O

e Transforms contain BOTH rotation and tranglation informa-
tion. Itsimportant to remember that translation is done first:

_nX OX a'X pX_ _1 O O p)(_ _nX OX ax
Ny Oy & py |010py nyoy a
nZ OZ aZ pZ - O O 1 pz nZ OZ aZ
O 0 0 1 000 1 O 0O
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A 4 x 4 Homogeneous transform T has an inverse T~1 which
Isfound by taking the transpose of the 3x3 rotation matrix in
the transform, and forming a new 4th column vector which
IS the negative dot product of the original 4th column (the
trandlation vector) with each of the other 3 column vectors of

the transform:
[Ny Ox ay Py
n a
y Oy P
T = P
Nz 0z a; Pz
O 0 0 1

Ny Ny nz —pn
Ox Oy 07 —pO
~| ay ay a; —p-a
O 0 0 1

Multiplying the inverse times the matrix gives us the identity:

_nx ny nZ —pﬁ
Ox Oy 07 —pO

-1 —
T T a.x ay az _p'a

0 00 1

[Ny Ox ay Py

Ny Oy ay py
Nz Oz a; p;

0 0 01

nn no na —p-n+pn
o'n 00 o-a —p-0+p-0
an ao aa —p-atpad
0O 0 O 1

(100
010
001

000

Thisshows T isleft inverse of T. But we can also show that if
a left inverse and right inverse exist, they must be the same.
Given L is aleft inverse of T and R is aright inverse of T, by
definition of inverse we have:

LT=1,TR =1

L=LI=L(TR)=(LT)R=IR=R
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Figure 2.5: Coordinate frame attached to a rigid body.

02 05



Three Interpretations of a Transform
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Figure 1: Left: Base frame (X, Yy, Zp) with box object and point P,. Middle: Transformed point P, after
rotation by 180 degrees. Left: Box frame(X, Y7, Z1), with box dimensions.

e In the first interpretation of a transform, we note that a transform can simply represent the rotation and
translaton of a known point in the same frame. Given the point P,, whose coordinates in frame 0 are:

4
PO =

a

. ROT(Z,180) =

I

O = O O

4
-2
1
1

: P = ROT(Z,180) P} =

= o o o

e In the second interpretation of a transform, we can use a transform to express the coordinates of a point in

one frame in the other frame:

1 _
Pa_ a

o= N

L P =T P,

o O = O

-1 0072 —4
0 004 | 2
o 1T of||1]| " |1
0 0 1]]|1 1

e Finally, we can simply say that 7 represents a new frame where the new X, Y, Z basis vectors are the
first 3 columns of 1", and the new origin is the 4th column.



Figure 2.13: Diagram for Problem 2-38.
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Figure 2.14: Diagram for Problem 2-39.
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