CS 4733 Class Notes: Forward Kinematics
Reference: Chapter 3, Robot Modeling and Control by Spomgg;iinson and Vidyasgar, Wiley, 2006.

1 Establishing Frames Between Links of a Robot

e Arobot is a series afinks andjoints, which creates &inematic chain. Each
link connnects 2 adjacent joints, and each joint connectdj&cant links (see
figure 1.)

e We need to set up a coordinagteame for every joint of the robot. Once we do
this, we can establish a set of transformations that wiletak from one joint
frame to the next.

e |If we combine all these transformations from frath® framen, we can define
the entire robot transformation matrix.

¢ All joints, without exception, are represented by axis. If we have a revolute
(rotary motion) joint, we rotate about. If we have a prismatic joint ( a linear
sliding joint), we translate along. Notation: jointk connects linkc — 1 and link
k, and it rotate®,. about theZ, _; axis. When joint is actuated, linkc moves.

e A robot withn joints will haven + 1 links, since each joint connects 2 links. We
number the joints from to n, and we number the links frohto » starting at
the base. We can think of linkas the fixed base of the robot that never moves.

¢ With the " joint we describe a joint variablg, which is an angular rotation if a
revolute joint or a linear displacement if a prismatic joint

e Each link has a coordinate frame attached to it. Framgy;z; is attached to link
i. This means that whatever robot motions occur, the cooresnat every point
on link i are constant when expressed in ttecoordinate frame.

e When joint: is actuated, the link and its entire frame experience a resulting
motion. Figure 1 shows a more general way to analyze thaae&dtip between
links and joints. Figure 2 shows some frames attached tar&k3rdanupulator.
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Figure 1: Relationship of joints and links on a robot mechani

1.1 Creating Transform 77! from Frame i — 1 to Framei

We need to specify 4 parameters that will allow us to complatescribe the transformation from one frame of the robot
to the next. These parameters are calleditheavit — Hartenberg parameters. When we describe a robot using this

notation, we refer to it a® — H notation.

1. Rotate about th&; ; axis by an angle d,. 6; is called thgoint angle.
2. Translate along/; _; by d;. d; is called thdink offset distance.

3. Translate alongX; axis (newly rotated X axis from step 1 above) by This will bring the orgins of the two
coordinate frames togethet; is called thdink length.

4. Rotate about th&'; axis by an angley;. This angle is called thiénk twist angle, and it will align theZ axes of the
two frames.

This entire process can be summarized by chaining togetieed ttransformations above into a single composite

transformation:

Ti~' = Rot(Z,6;) Trans(Z,d;) Trans(X, a;) Rot(X, a;) (1)
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o 591 COlCal —CGiSai aiSb‘i (2)
0 Say; Ca; d;
0 0 0 1

We will see that this choice of parameters is not unique. Hewehis is a standard way of specifying the relation of
each coordinate frame to the next one in a serial kinemadéich



1.2 Setting up a Table of D-H parameters

From the discussion above, all we need to provide to solviotinard kinematics of arobot are 4 parametés:d; , a; , «;.
If we fill in a table like the one below, we campletely specify the robot’s forward kinematic structure:

Joint| @ d a o
1
2
3

N

Using this table, we can just plug into the transform matixdach link of the robot, and multiply them together. Note
that the joint variable is either 6 for revolute joints or d for prismatic joints.

Figure 3.1: Coordinate frames attached to elbow manipulator.

Figure 2: D-H frames for 3 link elbow manipulator. Note: mauiator is pictured after rotatioft, , 62, 63) = (90,0, 0)

Figure 2 shows a 3-link elbow manipulator. Assume link léisgof as andas for links 2 and 3, and that the link 1
offsetisd;:

Joint| 0 | d | a | «
1 6, | di | 0|90
2 6‘2 0 as 0
3 031 0 |as| O
Cl 0 —Sl 0 02 —SQ 0 CLQCQ Cg —Sg 0 CL303
S1 0 -Cy 0 S Cy O 0 S Cs O 0
0 _ 1 1 oAl 2 O A2 3 O3
A= 0 1 0 dp |’ Ay = 0 0 1 0 Ay = 0 0 1 0 (3)
0 0 0 1 0 0 0 1 0 0 0 1
C1C205 — C18283 —C1C0283 — €155 51 CiCaasz + Chaz
70 — 04142 — | 510205 = 515285 —51C25; — 51505 —C1 S1Cza3 + Siaz @)
3 1472773 S5C5 + (53 —85853 + CyC3 0 Soas + dy
0 0 0 1



If (6y,04,63) = (90,0,0), then substituting ify we get the matrix:

001 0
0_100&2"‘&3
L=1o10 a ®)
000 1

This shows the end effector location asuf0+ as,d;) as shown in the figure. Note also the directions
of the axes in the final end-effector frame are equal to theronlvectors offy .

2 Settting up a Frame Diagram

¢ In analyzing a robot mechanism, we often create a frame amaghat graphically shows the
relationships between the DH-frames of the robot.

e Starting from a base coordinate frame, we alignthaxis with the first joint axis. Call this joint
axis Z;_,. Every joint axis in the mechanism will bezaaxis. The axis of the next joint in the
chainZ; is either parallel, intersecting or skew wit_;.

—if Z; and Z,_, are intersecting, thelX; is in the direction of the cross product of thez2
axes.

—if Z; and Z,_, are parallel, thenX; is in the direction of common normal between the 2
parallel axes. Since there are many equal normals betweeh plarallel axes, we usually
take as theX; axis the normal through the orig®;_; from the previous frame and establish
origin O; as the point of intersection of the normal with Note that the link offset distance
d; will be zero in this case.

—if Z; andZ;_, are skew, therX; is in the direction of the common (unigque) normal between
the 2 axes.

— Once we have a newW andZ axis, and an origin for the new frame we are done. Yhexis
will simply be the cross product of and X .

e Using these rules we then move out the mechanism, a joint draaree at a time, filling in the
D-H parameters and setting up the manipulator transforms.

e We also usually designatezaro — position frame diagram of the robot which is a graphical
depiction of the frames when all joint variables are zerce &amples that follow will make this
clear.

e Another analysis of the manipulator is to defineits georoetiorkspace: the volume of space
reachable by the endpoint of the manipulator. For the ptsvxample of the elbow manipulator
(fig. 2), the workspace is a sphere.



3 Example: Forward Kinematics, Cylindrical Manipulator

Figure 3.7: Three-link cylindrical manipulator.

Table 3.2: DH parameters for 3-link cylindrical manipulator.

Link | a; | o; | d; | 6;
1 0 0 dy | 6F
2 0| —-90|d5| 0
3 0 0 d; | 0
* variable

Figure 3: Three link Cylindrical Manipulator

Figure 5 shows a picture of this mechanism andgiteme diagram. A frame diagram shows the robots configuration
for each link of the robot. The table of joint parameters idigure 3. Substituting these values into the D-H frame
transformation matrices we get:

Ci =8 0 0 1 0 0 0 100 0
S ¢ 0 0 00 1 0 010 0
0 __ 1 1 ALl A2
A=l 0 14 |i® 0 -1 0 d |['BTl0o0 1 d ©
0 0 0 1 0 0 0 1 000 1
Ci 0 -8 —Sids
S 0 ¢ Cid
0 _ 041 42 _ 1 1 1¢3
= Mbh=1 0 1 0 d+ds "
0 0 0 1

Note: d; could be zero, in which case the origin of link 1 would be thmesas link 2’s origin.

Example: Let); = 90,d; = 0,d> = 3andds; = 5. Then substituting into the transform matrix, we can see the
manipulator endpoint (last column of matrix) is(at5, 0, 3).



4 Example: Forward Kinematics, Spherical Wrist
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Figure 3.8: The spherical wrist frame assignment.

Table 3.3: DH parameters for spherical wrist.

Link | a; | o | d; | 6;

1 0] 9008
5 0 90 0 | 62
6 0| 0 |ds|e

* variable
Figure 4: Spherical wrist frame assignments
Aa spherical wrist can be added to the cylindirical manifmrléo orient the end-effector (gripper) in space. The first

2 angles effectively point the gripper in a spherical cooatk system, and the last angle is a roll angle that orieets th

gripper about the approach axis. The table of joint pararaéten figure 4. Substituting these values into the D-H frame
transformation matrices we get:

Cy, 0 =95

0 Cs 0 Ss 0 Cs =S¢ 0 O
e I R L R A A B
0 0 0 1 0 0 0 1 0 0 0 1
CyCsCs — S4S¢ —C4CsS6 — S4Cs  CuSs  CySsds
T§ = A{AJAG = 5405_05525456 _54055; o s ng ng e 9)

0 0 0 1

You can append the 2 matric8% 7¢ to get the final matriX¥ T of the cylindrical manipulator with the spherical
wrist. This mechanism has 6 DOF and 6 joint variabtgsis, ds, 04, 05, 0.
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Spherical wrist frames, 64 =085 =-90
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5 Example: Forward Kinematics: 3 Link Manipulator B

Figure 5: Manipulator B: Mechanism and frame diagram

Figure 5 shows a picture of this mechanism andgitsme diagram. A frame diagram shows the robots configuration
for each link of the robot.

The table of joint parameters is as follows:

Joint| 0 |d| a | «
1 6‘1 0 aq -90
2 92 0 ag 0
3 6‘3 0 as 0

Substituting these values into the D-H frame transfornmati@atrices we get (noteZ>; = Cos(f2 + 63), same for
523.

Cl 0 —Sl alCl Cg —SQ 0 GQCQ C3 —53 0 agcg
S 0 C a1S S C 0 axS S. C 0 as3S
0o _ 1 1 151 | 41 2 2 282 | o 3 3 353
A7 = 0 -1 0 0 P Ay = 0 0 1 0 P Az = 0 0 1 0 (10)
0 0 0 1 0 0 0 1 0 0 0 1
CiCy —=C15 =851 CiChaz + Chay C1Co3 —C153 =51 C1Chasz+ C1Chaz + Craq
40 — 510y =515 —Cp S51Craz+ Sia1 | . 40 — S51Ce3 —=S5153 C1  S1Cas + S1Cha2 + Siaq
2 -5 —C 0 —S2az $es —S93 —Ch3 0 —a3S23 — Saaz
0 0 0 1 0 0 0 1
(11)
If 91 = 90, 92 = 90, 93 = -90, then
0o 0 -1 0
o 11 0 0 aitas
Az = 0 -1 0 —as (12)
0 O 0 1



6 Example: Forward Kinematics: 3 Link Manipulator D

Figure 3 shows a picture of this mechanism and its frame diagr

Figure 6: Manipulator D: Mechanism and frame diagram

The table of joint parameters is as follows:

Joint| 0 | d | a| «
1 91 a1 180
2 [0 |q| 0] 90
3 93 0 as 0

Substituting these values into the D-H frame transfornmatiatrices we get:

Cl Sl 0 a101
S —-Ci 0 aS
0 __ 1 1 121 AL
A = 0 0 -1 0 P A2 =
0 0 0 1
Cl 0 —Sl a101
AO _ Sl 0 Cl Q1S1 .
2 0 -1 0 —q |’
0 O 0 1
if 1 =90 andf; = 0 andg, = 5:
A =

1
0
0
0
49 =
0 0
1 0
0 -1
0 0

C1C5
S1C5
— S,

0

oo o
I
—_

. 2
7A3

-8 oo

—C153
—S5153
A
0

Cs =53 0
S5 05 0
o 0 1

0 0 0

—Sl ClC3a3 + Clal
Cl 5103a3 + Slal
0 —a3S3 — g2
0 1

a3C3
asS.
30 3 (13)
1
(14)
(15)
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