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In ensemble learning the outputs of several diverse classifiers are combined into a unified
decision. It has been proved in the literature that using this scheme of classification
provides both good accuracy and robustness to the classification. However, ensemble
learning has expensive requirements: it needs to keep every classifier in memory in order
to be able to query them, and all the classifiers need to be queried to output a decision.
In order to overcome these drawbacks, ensemble pruning techniques have been designed.
Usually ensemble pruning techniques are categorized as static and dynamic techniques.
Static techniques select a subensemble of classifiers that optimize a given heuristic, and
discard the rest. Dynamic techniques sequentially query the classifiers and halt the

process when a confidence-interval measure reaches a preset value.

In this Master’s Thesis two contributions are made to the field of ensemble pruning
techniques. First, a double pruning scheme is presented, that reduces the memory re-
quirements of the ensembles and ameliorates the classification process by combining
preexisting static and dynamic pruning techniques from the literature. Second, an up-
dated version of the Statistical Instance-Based Pruning method is proposed. The new
formulation of the method allows us to include specific knowledge about the classifica-
tion problems, thus better fitting the disagreement between the full ensemble and its

dynamically pruned counterpart, and further increasing the speed-up rates.
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Chapter 1

Introduction

The goal of supervised machine learning is to build an autonomous prediction system h,
also known as classifier or hypothesis, by means of an induction process using a training
dataset Z.qin. The training dataset is a collection of examples formed by pairs (x,y)
where is x € X' is a feature vector of independent variables and y € ) is its class label or
dependent variable. The prediction task consists in labeling each example with a class

based only on its feature vector.

h: X — )

X — Yy

When the class labels space ) is a discrete space where no order is established the
prediction task is called classification, whereas when the class label is real valued the task
is called regression. The quality of the prediction system is measured in its generalization
performance capacity, i.e the accuracy achieved on a separate test dataset Z.s generated

from the same training distribution.

accuracy = ! Z I(h(x) =y) (1.1)
| Zest (X,y)EZtest
Ensemble learning is a branch of supervised learning concerned with combining multiple
classifiers in order to generate a single, more accurate classifier [1-5]. Ensemble classifiers
combine the output of every single classifier and output a unified prediction. There is
extensive evidence in the literature that shows that combining multiple predictions is a
good mechanism to improve generalization performance and improve the robustness of
the prediction [6-8]. Specifically, combining diverse classifiers (those whose errors are

independent and mostly complementary) further improves the performance of the final



aggregated classifier, since the errors made by some hypothesis are corrected by other

hypothesis.

The prediction of the ensemble can be computed using different rules. The most common
rule is the majority rule, where the most voted class is chosen. Supposing the ensemble

has T classifiers, the rule is given by the following formula

T
y = arg maxZH(ht(x) =) (1.2)
Yoot=t

An extensive analysis on this rule can be found in [1].

The biggest drawback of ensemble learning algorithms is the the elevated cost of space
and time complexity: several classifiers have to be allocated in memory and be queried
in order to output a final prediction. In order to ameliorate these costs, many ensem-
ble pruning techniques have been proposed (see section 2.2). These ensemble pruning
techniques can be separated in two different groups: static and dynamic techniques.
Static techniques (or off-line techniques) focus in selecting a subset of classifiers of fixed
size that improves the accuracy with respect to the full ensemble, discarding the rest of
them. Dynamic pruning techniques, on the other hand, estimate the number of classi-
fiers needed to obtain the final decision for each specific instance during the classification
process. Dynamic pruning techniques (or on-line techniques) speed up the classification

process but all the classifiers need to be stored in memory.

In this work two different contributions are made:

1. A double pruning algorithm is proposed. This algorithm consists in first reducing
the set of classifiers by applying a static method, which ensures that both the
accuracy and speed-up are improved. Then a dynamic method is used during the
classification process, which furthers accelerates the classification process. Two
variants of the double pruning algorithm are given for ensemble algorithms Bagging

and Adaboost.

2. A variant of the dynamic pruning method Statistical Instance-Based is shown. The
variation incorporates prior knowledge about the specific classification problem. It

is shown that the new method improves the speed-up rates of the original ensemble.

The rest of the work is organized as follows. Chapter 2 reviews the state of the art of
ensemble methods and static and dynamic pruning techniques, the main focus of the
thesis. It also contains an extensive analysis on the SIBP method, including the involved

mathematical proofs. Chapter 3 contains the first contribution of this thesis, the double



pruning technique. Chapter 4 presents a thorough analysis of the new updated SIBP

method. Finally in chapter 5 the global conclusions of this thesis are expounded.






Chapter 2

Classification Ensembles and

Pruning Techniques

In this chapter a revision of the vast state of the art on classification ensemble methods
and its pruning techniques is given. Mainly the methods used throughout this work are
explained, or those the author judged interesting or necessary for the reader. The first
section contains the review of three most important ensemble algorithms. The second
section offers a review of key ensemble pruning techniques. Finally, the third section
presents the experiments performed over several benchmark classification problems using

the SIBP method. These results will be relevant for Chapters 3 and 4.

2.1 Classification Ensembles

A condition both necessary and sufficient to build classification ensembles is if the hy-
pothesis are accurate and diverse [1]. A hypothesis is accurate if its accuracy is better
than random guessing, i.e higher than 50%. A set of ensembles are diverse if they make
errors in different instances, i.e their errors are independent. Ensemble construction
techniques can be categorized as [6]: enumerating the hypothesis, manipulating the
training dataset, manipulating the input features, manipulating the output targets and
injecting randomness. In this work, all the tested ensembles are built by manipulating
the training dataset. Using this approach, the diverse hypothesis are built creating a
different training set sampled from the original set. Random Forests also uses the ma-
nipulating the input vectors approach by selecting a reduced number of features in each

split node of its tree classifiers.
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In the next three sections we review the three most important ensemble algorithms, also

used in this work.

2.1.1 Bagging

Bagging (Bootstrap Aggregating) [2] is an ensemble learning algorithm that creates
diverse classifiers from the same dataset and aggregates their output to create a single
predictor. The method creates an ensemble of T classifiers by creating T different
bootstrap learning sets 2! . ¢ € [1,T]. Given a learning set of size N, bootstrap
samples uniformly and with replacement N examples from the learning dataset. As a
direct consequence of sampling with replacement, each bootstrap dataset will contain

repeated examples and will miss some examples. Specifically, each bootstrap dataset

will contain a fraction close to 0.632 of the N examples.

N-1\" _ .
P(xi & Zfqin) = (T) — NI Ao, NERESD — ool 2 0,368 (2.1)
where it has been used the inequality lim, ,1Inz = x — 1. The examples that are

not included in the bootstrap sampling (a fraction 1/e of the total) are called out-of-
bag instances, and are used to compute estimates of the ensembles [9]. The bagging

pseudocode can be observed in Algorithm 1.

Algorithm 1 Bagging Pseudocode

Require: A training set £ = {(x;,v;)}}\; and Learn algorithm

Ensure: Classification ensemble {h;}L,

1. fort=1—1T do
2:  Ey = BootStrapSample(E)
hi < Learn(FEy)

w

4: end for

5. return Ensemble classifier given by the expression H(x) = sign <Z?:1 ozthtx))

Once the T classifiers have been built, the aggregated predictor outputs classification

decisions using the majority voting scheme rule

T

y = arg maxZ]I(ht(x) =vi) (2.2)
Yoot=1

Bagging needs unstable predictors to work properly. An unstable prediction algorithm

is one that generates very different (diverse) classifiers if the same training data is used
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with small perturbations. It has been studied that neural networks and decision trees

are unstable learning algorithms, while nearest neighbors methods are very stable [10].

2.1.2 Boosting

The state of the art of boosting is very extensive. In this section only a brief review
is given following a chronological perspective. The first boosting algorithm comes up
as an answer to a question posed in [11] within the PAC (probably approximately cor-
rect) learning framework: ”A weak learning algorithm is given, capable of generating
hypothesis with an accuracy better than random guessing for any distribution over the
instances space. Does the existence of such weak algorithm imply the existence of a
strong algorithm capable of generating classifiers of arbitrarily high accuracy?”. The
answer by Robert E. Schapire is affirmative [12], proving that it is possible to join the
decision of several weak learners and form an aggregated strong classifier in polynomial
time. Later, a new algorithm that works in the majority voting framework is proposed
by Yoav Freund in [13]. Both algorithms were characterized by keeping a probability
distribution over the training dataset and updating that distribution in each iteration in
a way that often misclassified examples have more probability that correctly classified
examples. Using this distribution to generate the training datasets of each hypothesis,
it is more likely that successive classifiers will be able to correctly classify examples that

were misclassified by the previous hypothesis.

Up to that point, the existent boosting algorithms had the undesirable characteristic of
not being adaptive, that is, they needed an input parameter v € (0,1/2) that indicated
the minimum accuracy 1/2 + ~ required to each hypothesis. Hypothesis that failed to
achieve a minimum accuracy, were discarded and not used in the ensemble classifier.
Adaboost (Adaptive Boosting) [14, 15] was the first boosting algorithm to overcome
this drawback. Unlike its predecessors, Adaboost used all the weak hypothesis generated
during its training phase, being almost as efficient as boosting-by-majority. Due to its
efficiency and simplicity, Adaboost quickly gained fame between the researchers of the
field. Adaboost proved to be extremely efficient in driving the training error to zero,
but more importantly, it proved to continue reducing the generalization error long after

the training error was zero [16]. The Adaboost pseudocode is given in Algorithm 2.

There are two main implementations of boosting: boosting-by-resampling and boosting-
by-reweighting. In boosting-by-resampling each time the weak learning algorithm is
called, a resampled (with replacement) training set is fed directly to the algorithm.

However, in boosting-by-reweighting the base learning algorithm is capable to handle the
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weights over the examples space and both the probability distribution and the complete

training set is passed.

Both bagging and boosting by resampling creates new training sets for each hypothesis
by resampling the original training data. However, whereas the resampling performed
in boosting is uniform over the space of instances and independently done for each
classifier, in boosting the resampling follows a given probability distribution that is very

dependent from the previous ones.

Breiman proposed in [16] a general term for adaptive boosting algorithms under the
name of Arcing algorithms (Adaptively Resample and Combining) and gave a set of
directions under which the arcing algorithms were constructed. Breiman’s goal was to
provide an analysis framework capable of explaining why Adaboost kept reducing the
generalization error after terminating the training error. In the same work, Breiman
conducts an analysis on arcing algorithms in which the generalization error is decom-
posed into a Bayes error term (the minimum misclassification rate), a bias term and a
variance term. The definitions of both terms varies greatly depending on the author,
but the concept remains the same: the bias is defined as the error directly related to the
learning algorithm, and the variance is the error related to the fluctuations of generating

single classifiers.

An alternative framework for analysis of arcing algorithms is proposed in [17], where the
authors claim that the key to the boosting algorithms effectiveness lies not in reducing
the training error to zero, but in maximizing the margins of the examples. The margin

of an ensemble classifier over an example is defined as
T
margin(x,y) = Z wyyh(x) (2.3)
t=1

where w; > 0 is the weight associated to hypothesis h;, such that Z?zl wy = 1.

2.1.3 Random Forests

Random Forests [4] is an ensemble learning algorithm for decision trees. Starting from
the same idea of bagging, Random Forests creates a bootstrap dataset to train each
base classifier. The main difference between bagging and random forest is that during
the training of the decision trees, the latter chooses randomly in each node m variables
to calculate the best split. Usually the number of selected variables follows the identity

m = logy (M + 1), where M is the dimensionality of the feature space.
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Algorithm 2 Adaboost Pseudocode
Require: A training set E = {(x;, )}/, and WeakLearn algorithm

Ensure: Classification ensemble formed by {(ay, b))},

1: wl(z’) = 1/m
2: fort=1—7T do
3:  hy < WeakLearn(S,w;)

1 e oo wi(D)I(he(xi) # yi)

5 oy = %ln <1;—:t)

6: fori=1—mdo

wy (1) exp (—aryihe (x;))
Zt

7 wt+1(z’) -
8: end for
9: end for

10: return Ensemble classifier given by the expression H(x) = sign <ZtT:1 atht(x))

2.2 Pruning Techniques for Classification Ensembles

There is extensive empirical evidence that combining the predictions of complementary
classifiers is a successful strategy to build robust classification systems with good gen-
eralization performance [6-8]. The main disadvantages of ensemble methods are the
difficulties in the interpretation of the decisions of the ensemble and their large compu-
tational requirements. In particular, the training cost, the storage needs and the time
of prediction increase linearly with the number of classifiers that are included in the
ensemble. To alleviate these shortcomings, different ensemble pruning methods can be
used [18-27]. The goal of these methods is to reduce the memory requirements and to
speed-up the classification process while maintaining or, if possible, improving the accu-
racy of the original ensemble. Besides needing less storage space and predicting faster,
pruned subensembles can actually outperform the original classification ensembles from
which they are extracted [19-22, 24].

The pruning methods for classification ensembles are clustered into two different groups:
static and dynamic (also known as off-line and on-line respectively). The goal of static
pruning methods is to select a subensemble of classifiers that improves or maintains the
generalization performance while accelerating the classification process with respect to
the full ensemble [18, 23, 24]. Once the subensemble is identified, the rest of classifiers
are discarded and only the subsensemble is stored in memory. Thus, memory storage

needs is ameliorated and the classification stage is sped-up. Additionally, if the selected
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classifiers make complementary errors, the generalization performance can be improved
[24]. Static pruning ensemble methods have been successfully applied to both parallel

ensembles [24] and sequential ensembles [18, 23].

Dynamic methods estimate the prediction of the full ensemble based on the results of a
few queried classifiers. Given a high level of confidence «, all the classifiers are queried
until the probability that both the full ensemble and the queried subensemble predictions
is the same is above « [25]. Unlike static methods, dynamic methods need to store all
the classifiers and thus do not alleviate memory storage needs. On the other hand they
further improve the speed-up rates, which makes them suitable for on-line applications.
Dynamic pruning ensemble methods have been applied only to parallel ensemble, given
that its theoretical analysis assumes that the classifiers are built independently when

conditioned to the training data.

2.2.1 Static Pruning Techniques

A possible approach to ensemble pruning is to select from the original ensemble a subset
of representative classifiers whose combined performance is equivalent or better than
the complete ensemble. A handicap is that the selection of classifiers has to be based
on estimates on the training data. However, the objective is to identify a subensemble
that has good generalization performance. Even if we can compute accurate estimates
of the generalization accuracy on the basis of the training data only, finding the optimal
subensemble is a computationally expensive problem that involves comparing all the

possible 27'—1 non-empty subensembles that can be extracted from the original ensemble.

An important subset of static pruning techniques are those called ordered aggregation
techniques. These techniques use a greedy strategy based on modifying the order of
the original ensemble. The greedy search starts from an initial subset of classifiers of
the complete pool E7 and adds in each iteration the classifier that optimizes a given
heuristic measure. From the subensemble S, 1 of size u — 1, the subensemble of size
S, is constructed by incorporating a single classifier s, from the remaining pool of
classifiers E7 \ S,_1. The result is a sequence of ordered hypothesis that can be pruned
by selecting the first k classifiers. An exhaustive analysis of order aggregation techniques
can be found in [24]. Next we review some of the most notable static pruning techniques

in the literature. For each method, its own ordered aggregation rule is given.
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2.2.1.1 Early Stopping

The early stopping or fix-rate pruning selects the first ¢ hypothesis produced by the
ensemble learning algorithm and discards the rest. Therefore, the u—th selected classifier

will be the same classifier in that position in the original ensemble

Sy = hy (2.4)

2.2.1.2 KL-divergence Pruning

Based on the assumption that a good indicator of the generalization performance of an
ensemble is the diversity between its classifiers, this technique maximizes the diversity
of the selected subensemble using the Kullback-Leibler divergence of the probability
distributions over the training data. The KL-divergence K L(p||q) measures how different
two probability distributions p and q are. It is not a proper distance, as it does not satisfy
the symmetrical and transitive properties, but it is often used as such in the literature.

The definitions, for both discrete and continuous distributions are

N

KLpllo) = 3 plen) o 5 KLl = [ paog 25 (25)

n—=

This technique initializes the subset of classifiers with the first hypothesis of the en-
semble. Starting from a subensemble of size u — 1, it creates the subensemble of size
u by adding the classifier that maximizes the sum of the pairwise distances of all the
classifiers. We make an abuse of notation and define the KL divergence between two
classifiers K L(h;||h;) as the KL divergence between the probability distributions over
their training sets. The ordering rule follows:

u—1

Sy = argl?linZKNL(siHhk) (2.6)
1=1

2.2.1.3 Kappa Pruning

This technique chooses the classifiers that will form the pruned ensemble based on their
pairwise diversity. In order to do so, it uses the k statistic. The x coefficient of a pair
of classifiers h, and hg, is computed using the estimated probability that the classifiers
coincide in the classification of an instance, ©1, and the estimated probability that the

classifiers coincide by chance in the classification, ©5. The definition of both statistics
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is
1

l l l

1 1 1

0= Zc 0y = Z —~ Zcij - Zcﬁ (2.7)
7 i=1 Vi J

where Cj; is the number of instances in the training dataset for which h, = y; and

hg = y;. The kappa statistic measures the agreement between the classifiers as

0, -0,

- T (2.8)

The x statistic is interpreted as follows. If k = 1 then the two classifiers are identical
on their decisions and thus not diverse at all. If x = 0 then their agreement rate is
the same as their agreement expected by chance. Finally x takes negative values when
the agreement is lower than the expected by chance. This technique incorporates pairs
of classifiers to the subensemble with minimum value of kappa, until ¢ hypothesis have
been selected:

sy = argmin k(hg, Hg, ;) (2.9)
k

2.2.1.4 Boosting-Based Ordering

The boosting-based ordering [28] uses the weights updates of boosting on bagging en-
sembles. Given a bagging ensemble of size T', the boosting-based ordering starts by
initializing the weights over the training dataset uniformly. In each iteration the method
chooses the classifiers with the lowest weighted error over the training set from the pool
of classifiers and updates the weights over the dataset according to the Adaboost rules.

The weighted error of a classifier over the training dataset is given by

1 N
€=~ > wn - T(he (%) # yn) (2.10)
n=1

and the Adaboost weight updates follow

(2.11)

v — gw—e't if he(xi) # vi
! Wy lf ht (XZ) =Y

The ordering rule of Boosting-based Ordering is

Sy = argmin e(hy,) (2.12)
k
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2.2.1.5 Reduce-Error Pruning

The Reduce-Error pruning, based on the method of the same name for pruning decision
trees, is introduced in [18]. This method, following a greedy strategy, iteratively adds
to S,_1 the classifier h, such that the voted combination of S,_1 U h, minimizes the
classification error. It is mentioned in [18] that better results can be obtained introducing
a back-fitting stage after each addition to the pruned ensemble, although as noted in [29]
this might not be necessarily true. The back-fitting stage consist in replacing one of the
already added classifiers with one of the classifiers in the pool. If the classification rate
is improved after the replacement, it tries to accomplish another replacement until the
ensemble converges or a preset maximum number of iterations is reached. The ordering
rule is given by

N
Sy = arg maxZH(HSu_luhk (Xn) = yn) (2.13)

k n=1

2.2.1.6 Complementary Measure Pruning

The Complementary Measure pruning technique [20] adds in each iteration the classi-
fier that is most accurate over the set of misclassified instances of the current pruned
ensemble. Initially the subensemble is initialized with the classifier with the lowest clas-
sification error, and iteratively incorporates the most diverse hypothesis. In this case
the most diverse classifier is the one that correctly classifies the misclassified instances

by the actual ordered ensemble. The ordering rule of the method follows

N
Sy = arg]?laXZ]I(hk(xn) =yn & Hg, ,(Xn) # Yn) (2.14)

n=1
2.2.1.7 Margin Distance Minimization

This method, first published in [20], uses the margin vector ¢! = (c!,d, ..., cly) of each
classifier to create the pruned ensemble. The margin of the classifier h; over the i-th
example is defined as

ch = 20(hy(xp) = yn) — 1 (2.15)

In order to build the ensemble, the method iteratively adds the classifier that minimizes
the distance between the aggregated margin of the pruned ensemble and a randomly
chosen point o in the same space whose coordinates are all positive but close to zero

0o; = pp € (0.05,0.25), representing and ideal classifier that does not misclassify any
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instance without being overly optimistic. The ordering rule of the method is

-1
: Lo N
Sy = argkmm d(o, T(c + tzl c)) (2.16)
The authors later proposed in [24] to update the point o as a function of the number of

iteration, finding a good approximation p(u) o< v/u.

2.2.1.8 Orientation Ordering

This Orientation Ordering method, described in [29], sorts the classifiers of the ensemble
by increasing order of the angles of the margin vector ¢’ and a reference vector ¢,¢s. In
order to do so, the reference vector is chosen as to maximize the influence of the perfect
classification performance (given by o, which is any vector oriented along the diagonal
of the first quadrant o = a - e, a € N and e; = 1 Vi) over the margin vector of the full
ensemble Cgps:

Cref =0+ ACens (217)

where
1
Cens = 7 d o (2.18)
t=1
and A is a constant such that c.,s and c,.s are orthogonal. The ordering rule of the

method is given by

k
. Cref - C )
Sy = arg min arccos | ——-———— (2.19)
‘ k <HcrefH||CkH

2.2.1.9 Ensemble pruning via Semi-definite Programming

This technique, proposed in [23], formulates the ensemble pruning as a quadratic integer
programming problem. The authors conjecture that the subensemble that achieves
optimal values of some accuracy-diversity measure will also attain optimal generalization
performance. Therefore the goal of the method is to find the subensemble of (fixed) size
t < T that minimizes the heuristic measure. The authors define ad-hoc the square matrix
G of size T that contains both a measure of the accuracy of the individual classifiers and
the pairwise diversity between classifiers. Specifically, the diagonal elements G;; are the
number of misclassified instances by the i-th hypothesis and elements G;; 7 # j is the

number of common of misclassified instances by the i-th and j-th hypothesis.
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The subset selection task is formulated as a quadratic programming problem to find a

fixed size subset of classifiers that minimize the sum of the elements of the G matrix

min 2! Gx
xT

T
st. allz= le =t (2.20)

i

x; € {O, 1}
where x; = 1 indicates that the i-th classifier belongs to the subset, and x; = 0 the
opposite. This problem is NP-hard in general, but it is very similar to the MC-k graph

partitioning problem, which is known for having a very good approximate solution algo-

rithm based on semi-definite programming (SDP). The original formulation of the MC-k

problem is
min yTWy
Y
T
st Y gi=N, -2 (2.21)
i
Y; € {—1, 1}

where W;; = 0, N, is the number of vertices in the graph and ¢ is the number of cuts

needed to separate the graph. Both formulations are similar, except for the values of

the variables x; and y;. The difference is fixed using the transformation z; = v';' L where
v; € {+1,—1}. The problem formulation becomes
. 1 T
min Z(v +e) G(v+e)
v
1 T
s.t. Z(U +e) I(v+e)=t (2.22)
V; € {—1, 1}

Another transformation is used to put the formulation back in quadratic form. In order

to do so we extend the definition of vector v as ¥/ = (1 v) and define the new matrices

H and D as
el'Ge TG n el
H= D= (2.23)
Ge G e 1
The new problem (2.24) is equivalent to (2.22)

min o7 H(?)
v

st. 0T Db =4t (2.24)
o € {—1,1}
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Proof.

Tqe TG 1
oo = (17 ) "
Ge G )

1
= <eTGe—|—vTGe eTG+vTG)< )
v

= el'Ge+v'Ge+ e Gv+ v  Gu
= el'Gle+v) + v Gle+v) = (e +v)TGle +v)

i"Di = (1 UT)<Z ej)(i)

1
= (n—i—vTe eT—i-vTI)( )
v

= nt+vle+relv+vlv=elTe+ v Te+ el Tv+ v Tv

= elIle+v)+0vTI(e4v) = (e+v) I(e+)

O

This formulation of the problem is equivalent to the MC-k partitioning problem. As
mentioned before, the partitioning problem is NP-hard, and thus cannot be solved in
polynomial time. But, the previous enunciation of the problem can be relaxed into a
convex SDP problem. In order to do so, first notice that the matrix V = vo® if and

only if V' = 0 and rank(V') = 1.
Proof. =
A matrix M is said to be positive-semidefinite if z7 Mz > 0 Vo € R™. In our case, given

r € R™,

Ve = <Z?:1:cﬂ/i1 D D m) Z ZOUVU

n n n

= g xjg Tivivj = E x]ng Tv; = E

7j=1 =1 =1
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To demonstrate that rank(V') = 1, it is enough to observe that any row V; of the matrix

is linearly dependent to the others

= ( ViVl ViV ... UViUp > = V; ( V1 V2 ... Up )
< If rank(V) =1 then all the rows of the matrix are linearly dependent of each other,

for example the i-th is V; = \; ( v Uz ... Up ) Again, if V is positive-semidefinite,

given any z € R”, 27V > 0. In that case

)\11}1 )\1’02 )\12}” I
)\21}1 )\2’02 )\gvn )
T —
v Ve = <:c1 T9 CEn>
AU1 ApU2 ... ApUp Tn
T
n T9
= (E )\ixi)(vl vy oo Un> .
i=1 :
Ln

- (Z )\le)(z Uixi) > 0= )\i = UiVi =V = UUT
=1 i=1

O
In that case the optimization problem becomes
min HeV
\%4

st. DeV =4t
diag(V) =e (2.25)
rank(V) =1
V=0

The constraints v; € {+1,—1} and diag(V) = e are equivalent because the diagonal
elements are V; = v;v; = (£1)2 = 1. The convex relaxation is obtained by dropping the
constraint rank(V’) = 1. Dropping this constraint is equivalent to allowing V to take
real values, and not only values in +1. Once the problem is solved, it will be necessary

to approximate a solution to the original values. The new formulation (2.26) is a convex
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SDP problem that can be solved in polynomial time.

min HeV
|4
st. DeV =4t
diag(V) =e (2.26)
V=0

A greedy version of the algorithm can be attained by iteratively selecting the classifier
sy that, parting from an initial pool of classifiers S, 1 minimizes the value of 2.20 the

most.

2.2.2 Dynamic Pruning Techniques

The dynamic pruning techniques focus on reducing the time devoted to make a predic-
tion. In these techniques, the number of classifiers that need to be queried is computed
for each instance. In order to do so, dynamic methods usually make estimations of the
probability that the decision made by the first & hypothesis will coincide with the deci-
sion output by the full ensemble. When this estimation is above a confidence threshold,
then the querying process is halted. Dynamic methods greatly improve the classifica-
tion speed but do not reduce the storage requirements, because all classifiers need to be

available during the classification process.

2.2.2.1 Dynamic Scheduling for Classification Ensembles

This method proposed in [30, 31] is formulated for cost-sensitive classification problems.
Here only a schematic summary of the method is given. Let w; the weight of hypoth-
esis hy and T'(x) the decision-threshold associated to instance x. The objective of the
ensemble is to detect if the label associated to the instance x is the class y(x) = yo
with the highest cost. Let Py(x) be the probability of a given instance being labeled as
class yo. For simplification purposes we suppose that the hypothesis of the ensemble are

already sorted from highest to lowest weight, that is wy > wgy1 VEk.

The weighted probability computed by the k first queried hypothesis of the ensemble is
given by

]-g_ wihi X
Fi(x) = ka—lw() (2.27)

The goal of the method is to halt the querying process once there is enough confidence
that the full ensemble would reach the same decision with respect to yy. The weighted

probability by the full ensemble F(x) is unknown. To overcome this fact, the method
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computes the probability distribution of the error over the training dataset, where the
error of an instance is given by ex(x) = Fi(x) — Fx(x). The interval [0,1] is divided
into £ bins of the same length. If Fi(x) € {%, %), then the statistics py; and O'i,i, the
mean and the variance of the error of the examples that have fallen in the i-th bin when

using only the first k classifiers, are used in the following decision rule

Fy(x) = pgi — B - o, > T(x), then yo
Fi(x) + pg,i + B - ox,i < T(x), then y; (2.28)

else, uncertain

where the parameter 3 is the confidence interval parameter. If the result at iteration k

is uncertain, then the k + 1-th hypothesis is queried and the process repeated.

2.2.2.2 Statistical Instance-based pruning

The usual ensemble classification scheme consists in querying (sequentially or in parallel)
every hypothesis and then output the majority class. However it is not always necessary
to query all the hypothesis to find the majority class. For example, in binary problems it
is possible to output the class voted by at least the 50% of the ensemble. The equivalent
rule for multiclass problems consists in labeling the most voted class when the difference
in votes between the most voted class and the second most voted class is higher than
the number of remaining hypothesis. In the following sections, we refer to this rule as
full-confidence pruning rule (o = 1). This pruning rule allows us to classify instances
in the same way as the full ensemble without querying all the classifiers. However, it
is also possible to halt the querying process if it is considered acceptable to classify an

instance within a confidence interval o < 1.

Before going any further, some notation will be introduced. Let T" be the total number
of hypothesis that form the classification ensemble. During the classification stage, each
hypothesis outputs its predicted class y = h(x) for instance x. Assuming the ensemble

is queried sequentially, after iteration ¢ < T" we will have the following voting vector

l
t={tr,to, ..., ;> ti=t} (2.29)
=1

where t; is the number of votes emitted to the class y; by the first ¢ hypothesis. The

final voting vector T is

l
T:{Tl,TQ,...,Tl;ZTZ-:T} (2.30)
=1
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where again T; is the total number of votes assigned to class y; by all T' classifiers of the

ensemble. The majority vote rule says that the label assigned to instance x is
y(x) = argmax T;(x) (2.31)
i

Therefore one way to define the pruning task will be to estimate vector T based on

current t vector.

Statistical Instance-Based Pruning (SIBP) [25] is based in computing the probability
that the label predicted by a queried subensemble of size ¢ and the full ensemble of size T’
is the same with certainty «. For the computation of this probability it is only necessary
to know: the number of hypothesis in the full ensemble 7', the number of labels present
in the classification problem [ and the confidence interval . Two important assumptions
are made for the derivation: the hypothesis are independent and identically distributed
when conditioned to the training data, and the a priori distribution of votes for the
different classes is supposed to be equal. Following these assumptions, the authors
formulate in a Bayesian framework the probability of obtaining the voting vector T
after querying T classifiers given that a vector t has been observed after querying t

classifiers. l
(T — t)! Hz‘:l (ti + 1)Ti—tz’
[, (T—t)  E+Dr

where (a), = a(a+1)---(a + n — 1) is the Pochhammer symbol, or rising factorial,

P(T|t) = (2.32)

with @ and n nonnegative integers. We show the proof to this result in the following

Proposition.

Proposition 2.1. Given a classification ensemble of size T of independent and iden-
tically distributed classifiers, the probability of obtaining the voting vector T given the

vector t after querying the first t classifiers follows the formula

(T —)! H2:1 (t; + 1)1,
[, (T - t,)! (t+1)71—

P(T]t) =
Proof. Let p(x) be the probability vector

!
p(x) = {p1(x), p2(x), ..., p(x)}, Zpi(x) =1 (2.33)

where p;(x) is the probability of instance x is classified as class y; by any hypothesis
of the ensemble. At a given moment during the classification of the instance x, t votes

have been emitted. The distribution of the voting vector t restricted to p can be seen
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as a multinomial distribution of parameters (t; + 1,to +1,...,¢ + 1)

P(tlp) = t1't2 il le (2.34)

Following the previous assumption that the a priori probability of the classes is equally
likely, the prior distribution P(p) is uniform. Using the Bayes theorem we compute the

posterior distribution

P(plt) = P(t;f()g(p) T 1ttl+1 H : (2.35)
where P(t) is the normalization constant
t! _
P& = [ PpPEp = Tt (2.30
_ L T(ti+1) (2.37)

tiltl .t T(t+1)

The posterior distribution P(p|t) is a Dirichlet distribution of order [ and parameters
(t1 +1,ta+1,...,¢;+1). Now we can compute the probability that given vector t we

can obtain vector T when all the hypothesis have been queried

P(TIt) = /P ~ tp)P(plt)dp

B T —t)! T(t+1)
B Hﬁl(T—t) . t+1/sz

(T —t)! <t +1)  IL (T +1)
[ (T — ) I Tt +1)  T(T+D)
(T =) Ty (ti + Dy,
Mo, (T —t) @+ D

O

Finally, the probability that the class label predicted by the full ensemble and the label

predicted by the ¢ first classifiers coincide is given by the expression

* (T Hz 1 t +1)T —ti
PH(t,T) = . tT; AN (2.38)

where 7Tt is the set of vectors T that obey the following restrictions:

LTi>tYiand Y\ T, =T



Chapter 2. Classification Ensembles and Pruning Techniques 22

2. Let k¢ the majority class of t, then Ty, > T} Vj # k.

If P*(t,T) = 1, then we have full confidence on the result of the final classification given
by the ensemble and the querying process can be halted. However, if it is acceptable
that, with a small probability 1 — «, the prediction of the partially polled ensemble
and that of the complete ensemble disagree, the voting process can be stopped when
the probability (2.38) exceeds the specified confidence level a. The final classification
would be given as the combined decision of the polled classifiers only. In particular, the
querying process can be halted after ¢ classifiers have been queried, if the vector of class

predictions of the current subensemble t is such that P*(t,7) > «.

2.3 Experiments on SIBP

Table 2.1 shows the results of applying the SIBP technique on several classification
problems of the UCI Repository [32]. The experiments are performed on Random Forests
Ensembles of T'= 101 CART trees. The acceptance threshold is set on o« = 0.99. The
table contains the following information: column 1 is the name of the problem, column
2 shows the test error of the full ensemble, columns 3 shows the test error of the pruned
ensemble, column 4 shows the mean disagreement rate of between the full ensemble and
the pruned ensemble, column 5 and 6 display the number of queried trees by the full
ensemble and the pruned ensemble respectively, and finally column 7 contains the mean
speed-up rate of the SIBP technique with respect to the full-confidence pruning rule
(v =1). The mean error rate (MER) is given by the formula
1

MER = — ;H(H(Xn) == Yn) (2.39)

The mean disagreement rate (MDR) between the ensemble H and the SIB-pruned one

H is computed as

1Y )
MDR = ;H(?—l(xn) == H(x,)) (2.40)

The numbers show significant speed-up rates, from 4.4 to 8.5. Notice that the speed-up
rate is computed with respect to the full-confidence (o« = 1) pruning rule mentioned
before, and not with respect to the 101 trees of the ensemble. In the problems inves-
tigated, the error rate of the pruned ensemble is very similar to the error of the full
ensemble in all the analyzed problems The differences range from 0.1 in favor of SIBP
in echocardiogram to 0.2 in favor of full ensemble in german, sonar and threenorm. In

relation to the disagreement rates, it should be expected that the disagreement rates are



Test error # trees 1B
Problem RF IB-RF101 | Dis-rate a=1 a=0.99 | Speed-Up
australian 13.0£3.7  13.143.7 | 0.3+0.6 | 62.2+1.4 16.1+2.1 | 6.6+0.4
breast 3.24+2.1 3.24+2.1 | 0.1+0.4 | 54.240.9 8.9+1.4 | 8.04+0.2
diabetes 24.3+4.2  24.3+4.1 | 0.6+0.9 | 68.8£1.8 24.9+3.2 | 5.6+0.4
echocardiogram 22.24+14.3 22.14+14.7 | 0.743.1 | 68.0+4.6 22.6+8.2 | 5.7+1.1
german 23.4+3.5  23.6+£3.3 | 0.8+0.8 | 71.8£1.3 28.4+2.8 | 5.1+0.4
heart 18.3+£6.9  18.44+7.0 | 0.84+1.8 | 67.2+2.5 22.54+4.2 | 5.840.6
liver 27.1+6.7  27.14£7.0 | 1.0+£1.7 | 74.5£2.3 31.8+4.5 | 4.6+0.6
mushroom 0.04+0.0 0.0£0.0 | 0.0+£0.0 | 51.0+0.0  6.0£0.0 | 8.54+0.0
ringnorm 7.6+£1.3 7.7+£1.2 | 0.5+0.2 | 68.6£0.8 22.9+1.1 | 5.5+0.3
sonar 16.3£8.7  16.5+8.7 | 0.942.0 | 73.9+3.0 32.1+6.6 | 4.7+0.7
threenorm 17.8+£1.1  18.0+1.1 | 1.0£0.2 | 76.6+0.5 34.84+1.0 | 4.4+0.2
twonorm 4.740.6 4.840.6 | 0.4+0.1 | 67.2+0.2 21.04+0.5 | 5.840.1
votes 4.142.9 41429 | 0.1+£0.4 | 54.5+1.2  8.841.8 | 7.9+0.3

TABLE 2.1: Results of applying the SIBP technique to a Random Forest ensemble of
101 trees

close to the theoretical bound 1 — «, in this case 1%. However, most of them are much

lower than 1%. Depending on the problem from 0.0 for mushroom to 1.0 for liver and

threenorm. Although this might seem a positive feature, increasing the disagreement

rate would help to better find the balance position between error and speed-up rates.

We conjecture that this happens because no a priori knowledge is incorporated into the

SIBP technique. In Chapter 4, we propose an update into the SIBP technique that does

not assume a uniform prior distribution, and instead models different prior distributions

using the training data.






Chapter 3

Double Pruning Techniques For

Classification Ensembles

3.1 Introduction

The theoretical analysis of majority voting on which SIBP is grounded relies on the fact
that, in parallel ensembles, the individual classifiers are generated under the same con-
ditions and independently of each other. When the ensemble is sequential, the classifier
that is added at one point in the sequence depends on the classifiers that have been
included in the ensemble up to that point. As a result, correlations among classifiers are
introduced, which can result in biases in the estimation of the final ensemble prediction

on the basis of the outputs of the initial classifiers in the sequence.

The goal of this chapter is to determine whether SIBP can be also used in sequential en-
sembles. Specifically, SIBP is applied to two types of sequential ensembles: ordered bag-
ging ensembles and static-pruned boosting ensembles. This results in a double pruning
method that combines the advantages of static and dynamic pruning. Namely improved
generalization performance, reduced storage requirements because only classifiers in the
pruned ensemble need to be stored in memory, and improved speed-up rates during

classification process.

The results of experiments on several benchmark classification problems carried out in
this investigation show that the biases introduced by SIBP can cause some distortions
in the estimation of the error rate of the complete ensemble when the classifiers of the
ensemble are not independently generated. By contrast, SIBP is remarkably effective

when it is used to halt the aggregation process in a previously pruned sub-ensemble.

25
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Previous sections 2.2.1.4, 2.2.1.9 and 2.2.2.2 provide reviews of the Boosting-Based,
SDP and SIBP pruning algorithms respectively.

This chapter is organized as follows. Section 3.2 explains the methodology of the double
pruning technique, section 3.3 summarizes the results of experiments on benchmark
classification tasks and demonstrates the effectiveness of the double pruning algorithm

proposed and finally the conclusions of this chapter are exposed in section 3.4.

Part of the work presented in this Chapter was published in [33].

3.2 Double pruning applied to sequential ensembles

3.2.1 Double pruning in Ordered Bagging

In ordered bagging ensembles it is generally observed that the curves that trace the
dependence of the error rate on the size of the ordered ensemble exhibit a minimum at
intermediate ensemble sizes. This induces us to think that classifiers included at the
beginning and the end in the ordered bagging ensemble have rather different statistical
properties. As a matter of fact, the first classifiers of the ordered sequence produce a
steep error descent that indicates a higher degree of uncorrelated errors than the clas-
sifiers included at the end. In consequence, estimations based on the first classifiers in
the ensemble can be very different from the final decision, which takes into account all
the classifiers in the ensemble. By contrast, in the case of randomly ordered bagging en-
sembles, the test error rate monotonically decreases with the size of the ensemble, which
indicates that the statistics behind the outputs of the first classifiers are maintained
throughout the whole voting process. The results of extensive experimental evaluation
show that early stopping in the aggregation process allows us to identify pruned ensem-
bles, whose size is &~ 20% of the complete ensemble [28], which outperform bagging and
retain bagging’s resilience to noise in the class labels of the examples (see Figure 3.1).
This figure shows that by stopping the aggregation of classifiers at ~ 20 — 30% of the
total number of elements in the ensemble, a significant reduction in the classification er-
ror is obtained. These error curves are representative of the general behavior of bagging
and ordered bagging in all the datasets investigated. We will analyze empirically the
applicability of SIBP to ordered bagging ensembles.

3.2.2 Double pruning in Boosting

Boosting ensembles induce an intrinsic ordering during the training phase. One way

to avoid the correlations related to the ordered sequence is to shuffle the classifiers in
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the ensemble by a random permutation. In order to test the applicability of SIBP to
boosting ensembles, we do it following the original order of the classifiers and random
permutations. Furthermore we will analyze the potential applicability of a static prun-
ing strategy with SIBP. The boosting ensembles are statically pruned using the SDP
algorithm. Unlike ordered aggregation techniques, SDP does not induce an ordered se-
quence in the selected classifiers. Furthermore, the greedy variant of SDP is also tested

together with boosting ensembles.

3.3 Experiments

For each classification problem, bagging and boosting ensembles of 101 CART trees are
built. Every ensemble is pruned off-line to a different size, depending on the type of
ensemble. Then, the on-line SIBP algorithm is applied to all the ensembles and results

are reported. The confidence parameter is set to o = 0.99.

All the experiments are performed on twelve binary classification problems from the
UCI repository [32]. The same learning setup is used to make comparisons possible. In
all cases the results reported are averages over 10 independent 10-fold cross validation
estimates. The protocol followed in each execution for a partition of the data into
training and test is as follows: (i) Build an ensemble of classifiers composed of 7' = 101
CART trees [34] using the training set. The standard settings for the generation of the
decision trees are used. The ordering of the initial ensemble is determined by the order
of generation, which is random in bagging and sequential in boosting. (ii) Estimate
the generalization error in the test set for the whole ensemble. Apply SIBP to the
complete ensemble using o = 99% recording the test error and the average number of
trees used to classify the instances. (iii) Modify the sequence of aggregation of the trees
in the ensemble using the chosen off-line technique (SDP and greedy for boosting and
boosting-based for bagging). Estimate the test error for the pruned ensemble and the
value for the number of selected trees for the off-line pruned ensemble. Compute the
average test error and the average number of classifiers used to classify the instances.
(iv) Finally, apply SIBP to the off-line pruned subensemble and record the number of

trees and classification error.

In the following sections the results of the experiments are summarized in tables display-
ing the error rates, disagreement rates between full and pruned ensembles, number of
queried trees and speed-up rates between full and pruned ensembles. For each dataset,
the tables show the average of the corresponding measure and its standard deviation

after the + sign.
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FIGURE 3.1: Test error curves with respect to the number of classifiers for bagging and
bagging ordered using boosting based ordering

3.3.1 Boosting-based Ordered Bagging

In order to determine whether SIBP can be used in combination with ordered bagging
several experiments are carried out. In the first set of experiments SIBP is applied to
a standard (randomly ordered) bagging ensemble. As expected, the results of these
experiments confirm the effectiveness of SIBP in parallel ensembles. A second batch of
experiments show SIBP applied to ordered bagging. Finally, SIBP applied to a pruned
ensemble that is obtained by selecting the first ~ 20% classifiers in the ordered bagging

ensemble.

The results of applying SIBP to bagging are summarized in Table 3.1. For each dataset,
the table shows the average test error for bagging (BAG101), bagging using the first 21
randomly generated classifiers (BAG21) and SIBP applied to the full bagging ensemble
(IB-BAG101). The average number of trees used to classify each instance in IB-BAG101
is shown in the last column of the table. These experiments confirm the results reported
in [25]. Table 3.1 shows that the generalization error of a bagging ensemble with 101 trees
is generally better than a bagging ensemble composed of 21 classifiers. This also confirms
the observation that increasing the size of parallel ensembles in which the generation
of the individual classifiers involves some form of randomization generally improves the
generalization performance of the ensemble [4]. In contrast, when SIBP is used to
determine when to stop querying for the classification of new instances, a performance
comparable to BAG101 is achieved in the studied datasets using on average a fairly
small fraction of the classifiers. In particular, the average number of trees that need to

be queried in IB-BAG101 ranges from 6.1 for Votes to 21.1 for Liver.

Table 3.2 compiles the results of the application of SIBP to ordered bagging ensembles.
The column labeled BAG101 displays the test error rate obtained by a bagging ensemble
composed of 101 trees. The third column presents the results of SIBP when applied to
the complete ordered bagging ensemble (IB-OB101). The average number of trees used
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in boldface)

TABLE 3.1: Average results for bagging (for each dataset the best method is highlighted

Test error # trees 1B
Problem BAG101 BAG21  IB-BAGI101 | (o =99%)
australian  14.5+3.8  14.5+3.8 14.5+3.8 7.4+1.0
breast 4.8+2.8 4.8+2.6 4.8+2.8 8.6+1.3
diabetes 24.943.9 24.944.0 24.943.9 14.34+2.3
german 25.6+3.1 25.94+3.5 25.7+3.1 18.04+2.6
heart 19.6+8.0 19.94£8.0  19.447.8 18.54+4.8
horse-colic  17.846.3 17.9+46.0 17.7+6.2 9.94+3.0
ionosphere  9.7+4.6 9.844.5 9.7+4.5 8.6£1.9
labor 13.4+12.8 14.1£129 13.7+12.6 | 17.7£8.7
liver 31.1+6.2 31.9+6.9 31.1+6.2 21.145.2
sonar 25.1+9.7 25.1+9.2  25.0+9.7 19.4+5.4
tic-tac-toe 1.6+1.3 2.2+1.5 1.6+1.3 10.1£1.3
votes 4.4+3.0 4.4+3.0 4.4+3.0 6.14+0.3

by IB-OB101 is given in the sixth column. The results for a pruned ensemble composed of
the first 21 trees of the ordered bagging ensemble are given in the column labeled OB21.
These results show that the performance of ordered bagging with 21 classifiers is better
than that of full bagging for all the datasets investigated except for Votes. Ordered
bagging has two advantages over bagging: faster classification, because only a small
fraction (= 20%) of the original classifiers is used, and, in general, better accuracy in
the test set. Instead of using a fixed number of classifiers, SIBP individually determines
the number of classifiers that are needed to estimate the complete ensemble prediction
for each particular instance. When SIBP is used in conjunction with ordered bagging
(column IB-OB101 in Table 3.2), the number of queried classifiers is generally lower than
the 21 trees used in pruned bagging (OB21). However, it is over the number of elements
queried by SIBP for randomly ordered bagging (right most column of Table 3.1). In
addition, the accuracy improvement with respect to bagging is not as ample as the
improvement of OB21 over BAG101. This poorer performance is a consequence of the
fact that IB-OB101 is making inference about the predictions of the complete ensemble
on the basis of the predictions of only the first classifiers in the ordered sequence. These
classifiers follow a distribution that is different from the overall distribution of classifiers
in bagging. These results can be understood analyzing the plots displayed in Fig. 3.1.
The curves depicted trace the dependence of the test error with the size of the ensemble

using bagging and ordered bagging for the classification tasks German and Sonar.

In the final batch of experiments SIBP is applied to a pruned ensemble composed of the
first 21 classifiers in ordered bagging. The results of these experiments are displayed in

the fifth column of Table 3.2 (IB-OB21). The last column shows the average number of
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TABLE 3.2: Average results for ordered bagging (for each dataset the best method is

highlighted in boldface)

Test error # trees (a = .99)
Problem BAG101 IB-OB101 OB21 IB-OB21 | IB-OB101 IB-OB21
australian  14.5+3.8 14.3+3.9 13.74+3.9 13.74+4.0 | 11.3+1.7 7.0+£0.5
breast 4.842.8 4.5+2.6 4.14+2.6 4.0+2.6 8.7+1.2 5.940.3
diabetes 24.943.9 24.7+4.0 24.3+3.9 24.3+3.9 | 17.2+2.3 8.7+0.6
german 25.6+3.1 25.2+3.3 24.8+3.7 24.7+3.8 | 21.1+£2.5 9.34+0.6
heart 19.6+8.0 18.9+7.6 18.6+7.2 18.6+7.1 | 20.2+4.0 9.4+1.0
horse-colic  17.8+6.3 17.5+6.2 16.3+6.6 16.3+6.5 9.842.1 6.64+0.7
ionosphere  9.7+4.6 8.5+4.4 7.5+4.2 7.5+4.1 | 10.9£2.0 6.7+0.6
labor 13.4+12.8 10.0+11.3 8.3+10.0 8.54+10.0| 14.8£7.5 7.9+1.9
liver 31.1£6.2 29.5+6.2 28.2+6.5 28.446.7 | 28.0+4.6 11.840.9
sonar 25.1+£9.7  23.6+£9.5 20.2+10.7 20.2j:10.ﬂ 26.1£5.3 11.2+1.3
tic-tac-toe 1.6+£1.3 1.4+1.2 1.4+1.2 1.5+1.2 9.4+1.0 6.5+0.4
votes 4.4+3.0 4.4+3.1 4.7+3.2 4.6+3.2 7.0+0.8 5.6+0.3

trees used by IB-OB21. These results, show that the generalization error of SIBP applied
to OB-21 is equivalent to that of OB21 in the problems analyzed. Small variations of one
or two tenths of a percent point both positive and negative can be observed for some
datasets. Therefore, the improvements obtained by IB-OB21 over complete bagging
(BAG101) are of the same magnitude as the improvements obtained by the pruned
ensemble obtained by early stopping in ordered aggregation (OB21). The number of
trees that need to be stored in memory is also reduced from 101 to 21 trees. Finally, the
average number of trees that need to be queried is further reduced by the application of
SIBP to the pruned ensemble OB21. Specifically, IB-OB21 employs an average number
of trees that ranges from 5.6 (Votes) to 11.8 (Liver). In summary, the application of
SIBP to the pruned ensemble obtained from ordered aggregation (OB21) improves the

accuracy and reduces the memory requirements of bagging as much as OB21 does. It

has the additional advantage that it predicts even faster than OB21.

The overall generalization performance of the different ensemble methods in the clas-
sification tasks analyzed is compared using the methodology proposed by Demsar [35].
Fig. 3.2 displays the rank of each method averaged over the results in the different
classification tasks. In this diagram, the differences between methods connected with
a horizontal line are not significant according to a Nemenyi test (p-value< 0.05). The
critical difference (CD=2.2 for 6 methods, 12 dataset and p-value< 0.05) is shown for
reference. The best overall performance corresponds to OB21 and IB-OB21. The per-
formance of these two methods is equivalent in the classifications tasks investigated.

According to this test the performance of OB21 and IB-OB21 in terms of average rank
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F1cUure 3.2: Comparison of the different methods using the Nemenyi test. Classifi-
cation systems whose performance are not significantly different according to this test
(p-value < 0.05) are connected by a line segment in the diagram.

is significantly better than standard bagging. The performances of the remaining meth-

ods are not significantly different from bagging.

3.3.2 SDP-pruned Boosting

We perform several experiments to confirm whether SIBP can be applied to boosting en-
sembles and to pruned boosting ensembles obtained by the ordered aggregation method
and the SDP method. First, SIBP is applied to boosting ensembles to see whether it
can be used to reduce the error rates and the number of queried classifiers in several
classification problems. Second SDP and its greedy variant is applied to the full ensem-
bles. Finally, the on-line SIBP algorithm is applied to the ensembles pruned with the

off-line technique.

Table 3.3 summarizes the mean error rate obtained by boosting ensembles with 101 clas-
sifiers (BOOST 101), ordered boosting ensembles with the first 51 classifiers (GREEDY
51) and pruned boosting ensembles using the SDP method with 51 classifiers (SDP 51).
Every ensemble has been tested using the full ensemble (FULL), using SIBP following
the natural order of the classifiers (IB-SEQ) or a random permutation of the classifiers
in the ensemble (IB-PERM). Table 3.5 displays the average number of trees queried to
classify every instance of a given problem. This table only shows the results obtained

by the IB-pruned methods from table 3.3.

Although the classifiers in a boosting ensemble are not independent from each other,
the experiments confirm that SIBP can be used to reduce the time and space cost
of boosting ensembles. These results show that the mean error rate is usually the

same or even better when the statistical instance based pruning algorithm is applied



Chapter 3. Double pruning techniques for classification ensembles 32

australian: error rate liver: error rate
45 T T T T T T T

,‘l Original Order ‘v“ —— Original Order
- = - Permutation ol - = —Permutation ||
H 1

35f!

40

30

25 =
.

Error Rate
Error Rate

10

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Ensemble Size Ensemble Size

Australian dataset Liver dataset

FI1GURE 3.3: Test error rate evolution following the original order and random permu-
tations for boosting ensembles

to the original order of classifiers. Given that the SIBP algorithm is formulated on the
hypothesis that the classifiers are uncorrelated, we test the method following a different
random permuted order for each instance. However, several experiments show that
SIB-pruned ensembles yield worse error and speed-up rates when applied over random
ordered boosting ensembles instead of following their original order (columns 3 and
4 of tables 3.3 and 3.5). Moreover the disagreement rates achieved by the permuted
ensemble are not acceptable, as they exceed the imposed bound 1% (column 3 of table
3.4). This can be explained looking at figure 3.3, where it can be observed that when
the order of the hypothesis is altered, the error rate curve is generally above that of
the original boosting. To understand this we conjecture the following: first, in the
randomly ordered ensemble the voting statistics are given by prior distributions similar
to the ones plotted in figure 3.4, and thus using a uniform prior distribution results in
unrealistic and optimistic stopping rules; and second, when using the original sequence
of boosting classifiers, the first hypothesis (those who have not been under the influence
of the boosting algorithm for being created in the early iterations) probably have a
more uniform voting distribution, and thus the best results. In conclusion, SIB-pruned
boosting ensembles improve the accuracy of the original ensemble and ameliorates the
classification process (only 30 — 50% of the original trees are queried) only when the

original order of classifiers is followed.

Comparing the performance of the statically pruned ensembles (by SDP or its greedy
version) with that of the full boosting ensemble (column 1 versus columns 5 and 7 from
tables 3.3 and 3.4). Unlike in the previous section, where the error rate curves of the
ordered ensembles suggested the ideal size of the pruned ensemble, the error curves
of neither method show an absolute minima. For this reason, 51 was chosen as the
pruning point. The SDP and Greedy methods slightly improve the test error rates

in our experiments, albeit some exceptions like labor and sonar where the error rates
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FIGURE 3.4: Prior distributions for hard to classify problems for boosting ensembles

are higher, and horse-colic and liver where the error rates are improved. There is no

significant evidence that either Greedy or SDP is better than each other.

SIBP applied to SDP and Greedy subensembles have a generalization performance com-
parable to the off-line pruned subensembles (see table 3.3). Nevertheless, our main
interest lies in speeding-up the classificacion process. In this regard, the double pruned
subensembles, besides achieving similar or better results than the full ensemble, query
between 14% (votes) and 33% (liver) of the trees queried by the original boosting en-
semble (columns 6 and 8 against column 1 of 3.5). This fact confirms that the off-line
pruning phase is useful to reduce the number of queried classifiers. Finally, the number
of queried trees by the SIB-Greedy-pruned subensembles is usually lower when compared
to SIB-SDP-pruned ensembles. Although the results obtained by both methods are very
similar, the greedy version of SDP is recommended because it is computationally less
expensive. Hence, this double-pruning method keeps and improves the error rates and
speeds up the classification process. The method consists in summarizing the original
boosting ensemble using the Greedy or SDP methods as explained previously and later
applying the on-line instance-based pruning algorithm. It is important to emphasize
that the method does not suppose an overhead of classification time as the execution of

SDP is off-line and the SIBP does not add any complexity to the classification process.

3.4 Conclusions

We propose to combine two existing pruning algorithms (static and dynamic) to reduce
the computational costs associated with the use of ensembles of classifiers for predic-
tion and to improve their generalization performance. Two different combinations are
proposed, depending on whether the ensemble learning algorithm used is bagging or

boosting. The first strategy applies a static pruning method: boosting-based ordering
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BOOST101 GREEDY51 SDP51
Problem FULL IB-SEQ IB-PERM FULL IB-SEQ FULL IB-SEQ
australian ~ 13.443.9 13.5£3.9  13.9£4.0 13.3£4.0 13.3£4.0 13.3+3.9 13.3£3.9
breast 3.3+2.1 3.3£2.1 3.4+2.1 3.24£2.0 3.3+£2.0 3.24+2.0 3.2 £1.9
diabetes 26.0£4.0 26.0£4.0  26.6£4.0 25.1+4.1  25.1+4.0 25.2+4.2 25.2+4.1
german 24.8+3.8 24.7+3.8  25.3%£4.1 24.5+3.6 24.6+£3.6 24.5+3.4 24.5+3.5
heart 19.7£7.1  19.4+6.7 20.1£7.5 19.5£7.1 19.6£7.1 19.6£7.0 19.6£7.0

horse-colic ~ 21.3+6.7 20.9£6.6  22.0+6.6 17.7+£5.7 17.5+£5.8 17.4+5.8 17.5+£5.9
ionosphere 6.3£3.5 6.3+£3.5 6.3+3.4 6.2+3.4 6.3+3.4 6.2+3.4 6.2+3.5

labor 6.7+9.8 6.7+9.8 6.84+10.0 7.1£10.5 7.1£10.5 7.24£10.5 7.1£10.5
liver 28.5£7.2 28.5£7.0  29.0£7.0 27.8£7.0 27.84£6.9 27.8£6.8 27.81+6.8
sonar 13.9£8.3 13.8+£8.1 14.4£8.3 15.2£8.2 15.1£8.1 15.1£8.5 15.14£8.3
tic-tac-toe 0.7+0.9 0.7+0.9 0.7£0.9 0.8+1.0 0.8+1.0 0.8%£1.0 0.8£1.0
votes 4.54+3.1 4.5+3.1 4.6£3.1 4.6+2.9 4.7+2.9 4.6+2.9 4.6+2.9

TABLE 3.3: Error rates comparison of the double-pruning scheme for boosting ensem-
bles (for each dataset the best method is high-lighted in boldface)

BOOST101 GREEDY51 | SDP51
Problem IB-SEQ IB-PERM IB-SEQ IB-SEQ
australian  0.1+£04 1.14+1.2 0.2+0.6 0.240.6
breast 0.0+0.2 0.2+0.5 0.0+0.2 0.0+0.2
diabetes 0.2£0.5 1.941.6 0.5+0.8 0.2+0.5
german 0.6+0.7 1.9+1.4 0.7+0.7 0.4+0.6
heart 0.2+1.0 1.1+1.9 0.3+1.2 0.14+0.6
horse-colic 0.6+1.4 1.9+2.4 0.5+1.1 0.240.7
ionosphere  0.0+0.0 0.24+0.9 0.1+£0.4 0.2+0.7
labor 0.0+0.0 0.9+4.1 0.0+0.0 0.2+1.7
liver 0.2£0.7 2.442.6 0.8+1.4 0.3+1.1
sonar 0.2+0.9 1.7+2.9 0.4+1.6 0.6+1.7
tic-tac-toe  0.0+£0.2 0.2£0.4 0.0+0.2 0.0+0.2
votes 0.0£0.2 0.24+0.7 0.1+0.5 0.0+0.0

TABLE 3.4: Disagreement rates comparison of the double-pruning scheme for boosting
ensembles

with early stopping in the case of bagging ensembles and SDP-pruning for boosting en-
sembles. The static methods reduce the storage requirements, speed-up the classification
process and improve the generalization performance. The second strategy consists in
applying the dynamic method Instance-Based Pruning. This method does not reduce
the storage requirements, but further reduces the classification time without decreas-
ing the accuracy significantly. SIBP is applied by computing the probability that the
majority class obtained after having queried ¢ classifiers is the same class given by the
full ensemble. If this probability is above a specified confidence level a the classification

process stops.

For bagging ensembles, SIBP applied to the original ensemble obtains error rates similar

to the complete ensemble and reduces the average number of queries more than the



BOOST101 GREEDY51 SDP51

Problem FULL IB-SEQ IB-PERM FULL IB-SEQ FULL IB-SEQ

australian  79.0£1.9 35.0+4.7 37.7+£4.2 37.1£0.8 19.6%£1.8 | 37.1+£0.8  19.9£2.0
breast 62.2+1.5 12.7£2.0 14.9£1.9 29.1+0.5 8.8+0.8 | 29.4£0.5 9.2£1.0
diabetes 85.4£1.7 49.1£5.2 52.2£4.5 39.840.7  25.2£1.7 | 39.7£0.8 25.1£2.0
german 85.4+1.5 49.3£4.6 51.6+3.9 40.8£0.6  26.9£1.5 | 40.6x£0.7 26.2£1.7
heart 81.7+£2.1 42.1+£6.0 42.8£5.8 38.5£1.1  22.9£2.7 | 384+1.2 22.6£3.0

horse-colic  86.042.2 45.7+6.1 53.81+6.2 39.1+1.1 22.842.6 | 39.5+1.1 23.4+2.7
ionosphere  71.8£1.7 21.6+3.8 25.5+£3.7 32.3£1.0 12.0+1.7 | 33.0+£0.9 13.1+£1.7

labor 72.3+4.5 27.3£10.5 25.5£9.1 33.6£2.5 14.24+5.1 | 34.4+24  16.2+5.0
liver 88.1+1.7 59.1£6.2 57.4+5.6 42.0£1.0 29.0£2.7 | 42.1+1.0 29.9£2.8
sonar 82.4+2.2 44.8£7.0 45.0£7.3 39.7£1.3 24.3£3.3 | 39.8+£1.3  25.1£3.0
tic-tac-toe  69.6£0.9 17.4+1.7 20.9+1.7 32.6£04 11.5+0.9 | 33.2+£0.5  12.6+£1.0
votes 66.3£1.8 15.6£3.2 18.9£2.5 30.0£0.7 9.4+1.2 | 30.5£0.8 10.4£1.4

TABLE 3.5: Number of trees comparison of the double-pruning scheme for boosting
ensembles (for each dataset the best method is high-lighted in boldface)

pruned ensemble that is built by selecting the first 21 classifiers in the ordered ensemble.
When SIBP is applied to the complete ordered ensemble its generalization accuracy is
better than the complete ensemble. Nevertheless, this accuracy is still inferior to the
pruned ordered ensemble. This is due to the fact that the distribution of the predictions
of classifiers that appear first in the ordered ensemble is different from the last classi-
fiers included. Therefore, one of the basic assumptions of IB does not hold, leading to
suboptimal performance. Finally, when SIBP is applied to the pruned ordered ensemble
itself, a significant speed-up is achieved with a performance that is similar to the pruned

ensemble and much better than bagging.

For boosting ensembles, SIBP applied to the original ensemble improves very slightly
its accuracy, despite being a sequential ensemble and thus not holding a basic SIBP as-
sumption. The number of queried trees is reduced 50 — 70% depending on the problem
without increasing the error rates. The SDP-pruned ensembles are reduced to 51 classi-
fiers and its accuracy is improved with respect to the full boosting ensemble. When the
SIBP method is applied to the pruned ensembles, the error rates are increased, although
they stay close to the rates achieved by the full ensemble. However, their speed-up rates

are further improved.

The result is a double pruning algorithm that significantly improves the performance
of the original ensemble learning algorithms: the accuracy is improved or maintained,
depending on the problem and the ensemble algorithm. Moreover, it reduces the memory
requirements with respect to the full ensemble, because only the classifiers that are
selected in the pruned ordered ensemble need to be accessible for potential queries, and

predicts much faster than both the original ensemble and the pruned one.






Chapter 4

Improved Statistical Instance

Based Pruning

4.1 Introduction

The Statistical Instance-Based Pruning technique ([25] and section 2.2.2.2) is a dynamic
pruning method for classification ensembles. The method works under the assumption
that the classifiers of the ensemble are independent from each other given the training
data. Iteratively, the method queries one classifier of the ensemble and updates the
number of votes assigned to each class. Using the voting information received until
that moment, SIBP computes the probability that the majority voted class by the full
ensemble and the queried subset coincide. If this probability exceeds a given confidence

threshold «, the classification process is halted.

After extensive empirical evidence, it has been observed that often the disagreement rates
between the full ensemble and the SIB-pruned ensemble is usually below the theoretical
bound 1 — a. We conjecture that this is due to the fact that no prior information on
the classification problem is included in the derivation. The original method assumes a
uniform prior distribution of the votes, which may result in unrealistic pruning points and
disagreement rates lower than the user’s imposed theoretical bound. By incorporating
the prior knowledge about the specific problem, our goal is to improve the disagreement
estimation between the full and pruned ensembles and to speed-up the classification

time in those cases where the disagreement rate is underestimated.

In this chapter we propose three different ways to model the prior distribution over
the probability vectors P(p) from the SIBP technique. In that formulation the prior

distribution over the probability vector p(x) was considered uniform.

37
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The probability vector p(x) is defined as

l
p(x) = {p1(x),....m(x)}, > pi(x)=1 (4.1)
i=1
where p;(x) is the probability that instance x is predicted as class y; by any hypothesis
in the ensemble, regardless of the real class. The real distribution of this probability
vector is unknown. However, approximated samples can be obtained from the training
dataset using, for example, out-of-bag or cross-validation. Using these empirical samples
the value of p;(x;) can be obtained as tg /T, where tg is the number of votes assigned
to class i for instance x;. These empirical probability vector samples can be used to

estimate the distribution over p.

The two first proposals consider that p follow a Dirichlet distribution. The third al-
ternative introduces a discrete approach to the instance based pruning technique and
model the prior distribution of p using a discrete non-parametric distribution of the
votes in the training data. In the next sections we develop the mathematical equations

involved are derived and the results of the new proposed methods are described.

Our experiments prove that by incorporating prior knowledge about the problem, the
disagreement rates come closer to the theoretical bound and the speed-up rates are
improved significantly for those problems with prior distributions over p very different
from the assumed uniform distribution. In addition, the test error rates are kept close

to the error rates achieved by the original ensemble.

This chapter is organized as follows. In section 4.2 the prior distribution is modelled
after a Dirichlet distribution. In section 4.3 a mixture of Dirichlet distribution is used
to better fit the multi-modal distributions. Section 4.4 presents a reformulation of the
SIBP technique that allows us to model the prior with a non-parametric distribution.
Section 4.5 discusses the computational complexity of each method. Section 4.6 shows
the experimental results of the proposed methods over a set of benchmarking problems.

Finally, section 4.7 contains the conclusions of the whole chapter.

4.2 Prior following a Dirichlet distribution

We consider that the distribution P(p) follows a Dirichlet distribution

N () N - o
P(p;B) = N il_[lpi (4.2)
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where 3 is the vector B8 = (f,...,5;) such that 5; > 0, § = 22:1 B; and [ > 2.
The Dirichlet distribution is equivalent to a beta distribution in a 2-dimensional prob-
lem. The support of the Dirichlet distribution is the hyperplane of points that satisfies
Zizl pi = 1and 0 < p; < 1 Vi. We choose to model the prior after a Dirichlet dis-
tribution because it models random variables that can be interpreted as probabilities,
which is the case with vector p(x). Moreover, given that the likelihood P(t|p) is mod-
eled after a multinomial distribution, the posterior distribution over p is also a Dirichlet

distribution, which is a desirable property.

Before proceeding to the mathematical proof of the method, it is important to point out
that by introducing this prior, the §; parameters might no longer be integers. This must
be taken into account when evaluating the gamma function I'(;). The gamma function
is defined for complex numbers with a positive real part 2 € C* = {x € C: Re{z} > 0}
by the following equation

I'(z) = /000 e tat (4.3)

The Gamma function satisfies
Fz)=(E-1I'(z-1) (4.4)

Notice that when n is a positive integer greater or equal to 1, the previous formula
simplifies to I'(n) = (n — 1)!. Property 4.4 allows us to avoid the computation of the
integral until 0 < Re{z} < 1, which is an expensive calculation. Fortunately, the Gamma
functions in our calculations will always appear in fractions of the form I'(z + ¢)/I'(x).
This form allows us to simplify the computations to products of real numbers, without

having to compute the integral 4.3, as:

Lz+t) | (@)...(z+t-1)=(z) teN, zcR"
INC)) 1 t=0

After clearing up this implementation detail, let us go back to the derivation. Just as
in the original SIBP, our goal is to compute the probability that the ensemble of size T’
classifies an instance with the same label as the one predicted by the sub-ensemble of

size t. We denote that probability as P*(t,T).

Proposition 4.1. Assuming that the distribution over vector p(x) follows a Dirichlet
distribution of parameters 3 = {p1,...,01} and that the likelihood P(t|p) follows a
multinomial distribution, the conditional probability of vector T = {T1,...,T;} given

vector t = {t1,...,t;} obtained after querying t classifiers is

(T =) Ty (i + B,

POV = G

(4.5)
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Proof. Given a probability vector p, the probability distribution of vector t = {¢1,...,¢;}

follows a multinomial distribution
t 4.6
P(tlp) = tl'tQ = | |pl (4.6)

The class predicted at time ¢ is given by k4 = argmax;t;. The posterior probability
P(plt) can be obtained by applying Bayes Theorem and considering that the prior P(p)
follows equation (4.2).

7o = B S L H o o

where P(t), the normalization constant is given by:

P®) = /DP(t|p)7?(p)dp: F(ﬁlf(ﬁ) L'(6) tl't2 ! /Hpt o

L (5) 0 ILi D+ 8)
T(B)...T(B) tiltal.. .t T(t+7)

Thus the posterior distribution of p given the observed votes vector t is given by a

Dirichlet distribution of order | and parameters (t1 + 51,t2 + B2, ..., t1 + 5).

Before inducing the equation of P(T|t), it is necessary to understand two mathematical
matters. First, the probability distribution P(T|t) is the same as P(T — t|t). And
second, the probability distribution P(T — t|p,t) is equivalent to P(T — t|p). Both
remarks are direct consequences of the individual classifiers being independent from

each other given the training data.

P(T|t)

T—uw:/Pauﬂnommmm:/PauumMMWm

_ (T - )! I'(t+8) Ti+Bi—
- Hi1( _t)'Hfl (ti + Bi) /HP

(T —t)! D(t+B) iy I(T + B)
[T, (T =t T Dt + Bi)  T(T+5)
(T - t) Hz’:l (ti + 51')Ti*ti
Mo, (T =) @+ B

where (t), =t(t+1)---(t +n — 1) is the Pochhammer symbol, ¢ is a non-negative real

number and n is a non-negative integer. U

Finally, the probability that the classes predicted by the subensemble of size ¢ and the
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full ensemble of size T' coincide is the sum of the conditional probabilities P(T|t) for each
T € T¢, where Tg is the set of vectors T such that kv = k¢, T; > t; and Zizl T, =1T.

Therefore we have

* (T Hz 1 t +52)T —ti
Pt = (t+ﬁ) 1; L (T —ty)! (4.8)

Notice that if 5; = 1 Vi (parameters corresponding to the uniform distribution), and

thus § = [, the exact same formula from the regular instance-based method is recovered.

4.3 Prior following a mixture of Dirichlet distributions

Using only one Dirichlet distribution to model the prior might not always provide a good
fit. The distributions P(p) for the examined datasets often show two or more different
modes which cannot be accurately approximated with one Dirichlet distribution. Given
that usually each mode corresponds to the distribution of instances of each class, we
choose to fit the prior distribution with a mixture of Dirichlets, where the number of
Dirichlets is given by the number of classes in the dataset and each Dirichlet is estimated
using only examples of one class. Following this scheme, the prior distribution can be
defined as

l
P(p) = > P(c;)P(plc;) Z Hp‘“ (4.9)

where each Dirichlet is weighted by wj, the class prior, that can be estimated by the
frequency of each class, i.e. w; = n—]\} where N = 22:1 n;. The remaining part of
the mathematical proof follows the same steps as in the previous section, albeit the

differences included with the new prior.

Proposition 4.2. Assuming that the distribution over vector p(x) follows a mixture
of Dirichlet distributions (4.9), and that the likelihood P(t|p) follows a multinomial
distribution, the conditional probability of vector T = {Ty,...,T;} given vector t =
{t1,...,t;} obtained after querying t classifiers is

L w77 i)
P(TIt) = — (T—t)! 2= B [Tj=1 (Bj);

_ . 4.10
Hj:l (Tj o tj)! 22:1 (EUT’% Hi:1 (55)% | )

Proof. The conditional probability distribution P(t|p) follows a multinomial distribution
(see Eq. (4.6)). In order to apply the Bayes Theorem, we first need to compute the
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normalization constant P(t):
P(t) = /Ptm
l ti+p] —
- tll Z J) /D Hp g dp

lrm+@>
ol 'Z th+5ﬂ ZHl NG

l

B a w; ;
Tl ; (B9, E(ﬂi )t (4.11)

The posterior distribution P(p|t) is computed applying the Bayes Theorem. Unlike
in the previous section, numerator and denominator cannot simplify, and the resulting

equation is computationally more complex:

487 -1
l ] l p; ‘
P(t) Zé 1 (;UJJ 1=1 (ﬁj)
Finally, the probability of vector T given vector t, or P(T|t), is given by:
P(TI) = [ P(T )Pl
T+Bj 1

(T —t)! Z — T (B7) ) Jp 1Tz = F(ﬁ]) ~=dp

[Ty (T3 — t2)! zéuw1L1w0

-t Tia (Bl [T (B,
Hé‘:1 (T] - tj)! Zé 1 ( Hz 1 (ﬂ])tz
]

And the probability that the class predicted by the full ensemble and the partially

queried ensemble of size t is

Low T (B
PHET) =Y = (T(;‘t)! 2i=1 iy =1 By

l j l j
ter Limn (T =)' 35y gy Lliea (B

(4.13)

where the vectors T € Ty satisfy that kv = k¢, T; > t; and zlizl T, ="1T.
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4.4 A Reformulation of the SIBP Method

In this section we propose an equivalent formulation of the SIBP method using a dis-
crete Hypergeometric distribution. This new formulation, equivalent to the original one,

allows us to incorporate a discrete non-parametric prior distribution.

The classification process can be modelled after the classical urn models. Suppose we
have a total of T" balls in the urn of [ different classes, of which T} is the number of balls
of class gy with 1 < k < [. The total number of balls and the number of balls for each
class is fixed. After ¢ balls have been extracted without replacement, a number of ¢ of
them belong to class yy, zlizl t; = t. The probability of extracting ¢y balls of class yg
after extracting a total of ¢, given a total of T" balls in the urn, of which T} belong to

class yg, can be described by the hypergeometric distribution:

T ()

P(t|T) = - (4.14)
()
The posterior distribution P(T|t) is computed applying the Bayes Theorem
T T
peryey = PEDP@ _ PP () ()P
- - * ) TF TF %
P(t) >oreeq, PAIT)P(TY) - Spco, () - (1) P(T*)
Ty! 1!
o (letl)! te (Tlitl)'P(T) (4 15)
S o L P(T) '
TeQe (TF—t1)! " (TF—t;)!
where )y is the set of vectors T such that T; > t; Vi and Zﬁ T, ="T.
Assuming a uniform prior distribution P(T) = ﬁ, where ||T|| stands for the number

of possible T vectors, we recover the formula of the original SIBP method (2.38). A
proof of that result is included in Appendix B (for binary problems).

The distribution P(T) can be modeled using a non-parametric prior. The values of this
prior can be obtained from the training data by some in-sample validation: out-of-bag
or cross validation. Out-of-bag is faster, since it does not require multiple generations of
the ensemble. However, each instance x,, is classified only by a fraction of the classifiers
T™, such that T" = Tln 4.+ Tl", where TZ" is the number of out-of-bag votes assigned

to class 7 for instance x,,. In order to estimate the number of votes for each class with

T 1Ty
T =~ round( = Z)
Tn

respect to T, we proceed
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FIGURE 4.1: Prior of a selected fold from the German problem

This normalization process generates artifacts in the prior distributions. In figure
4.1(left) it can be observed that some probability values of T; are zero, while nearby
probability values of T; are very high. In order to reduce the spurious effect of the
normalization, the value of each probability is smoothed by averaging the values using a
sliding window of size 5. Figure 4.1(right) shows the distribution P(T) on the left plot
after being smoothed. Figures A.6 and A.7 in Appendix A show the smoothed prior

distributions for all analyzed problems.

4.5 Computational complexity

The original SIBP formulation, with uniform prior distribution, permits to compute for
binary problems a look-up table indexed by the number of votes of the minority class and
whose values are the minimum number of votes of the majority class given confidence
interval o. The consequence of using a uniform prior is that all classes are considered
equivalent. Hence it is sufficient to compute one look-up table for all classes. When
incorporating the prior knowledge, the prior probability of votes for each class is not
necessarily the same and P(t; = n,ty = m) is not necessarily equal to P(t; = m,ty = n)
for n # m. Therefore one effect of introducing prior knowledge of the p distribution, is

that one look-up table per class will be necessary.

In addition, it is also necessary to compute a different set of tables for each dataset. The
prior distribution is estimated from the training data and, hence, it is dependent on the
problem. Furthermore, for experimental comparisons, since these instances are different
for each partition of the data, it is necessary to recompute again the look-up tables for

each realization.

Finally, the calculation of the look-up tables for the Dirichlet-based SIBP methods is

computationally more expensive with respect to the original uniform SIBP method. In
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Products Divisions
One Dirichlet 2T —t—-1) 1
Mixture of Dirichlets (T +t-1) 20 +1
Difference 200 -1)(T - 1)+ t(l +1)] 21

TABLE 4.1: Complexity comparison of the priod-based SIBP methods

the following paragraphs we offer some insight into some of the implementation details
used to build the look-up tables. The hypergeometric formulation only uses integers
in its computations, making it possible to use the tricks described in [36] to improve
the computation speed of the look-up table. The authors of [36] propose to decompose
all the terms in (2.38) in prime factors, then to simplify numerator and denominator,
and to compute only the irreducible fractions, which avoids numerical overflows for high
values of T'. Moreover, for a fixed vector ¢, the denominator is the same for all the set

of possible vectors T, allowing to compute it only once.

The Dirichlet-based methods, on the contrary, cannot take advantage of these tricks
because the estimated parameters of the distribution are real numbers and therefore a
decomposition in prime factors is not possible. Analyzing equations (4.5) and (4.10), it
can be observed that the mixture of Dirichlets (4.10) is computationally more expen-

sive. Ignoring the term B ()
& & 3:1 (T —t5)!

of operations for each equation is shown in Table 4.1. The table displays the number

which is common to both equations, the number

of products and divisions operations involved in the computation of P(T|t), for both
Dirichlet-based methods. The third row shows the additional number of operations that
need to be performed by the mixture of Dirichlets method, with respect to the single
Dirichlet approach.

4.6 Experiments

In order to test the prior-based SIBP methods a series of experiments have been carried
out. The proposed modifications are compared with the full ensemble and the SIBP
method in its original formulation with uniform prior. The performance is evaluated
using as a benchmark several problems (binary and multiclass) included in the UCI
Repository [32]. The fitting algorithm for the Dirichlet distributions used is described
in [37] and the FastFit Matlab ToolBox [38].

For each problem, 100 partitions are created, and for each partition a Random Forest

ensemble of size T' = 101 is trained. We compute the mean error rate of the full ensemble
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and the mean number of queried trees. It is important to point out that the speed-
up rate is computed with respect to the real number of queried trees using the full-
confidence rule (o = 1), and not with respect to the size of the full ensemble (101 in
this case). Then SIBP is applied to the ensemble querying process using the following
priors: uniform, Dirichlet, mixture of Dirichlets and the non-parametric prior following
the hypergeometric re-formulation. The confidence interval is set to a = 0.99 for all the
experiments. The ensembles are queried until the o confidence is reached. At that point
the generalization error rate, number of queried trees, speed-up and the disagreement

rates between the SIB-pruned ensemble and the original ones is computed.

Figures A.1, A.2, A.3 A4 and A.5 display the prior distributions of the tested binary
problems using a Dirichlet prior (left column) and a mixture of Dirichlets prior (right
column). Figures A.6, A.7 and A.8 display the prior distributions when using the hyper-
geometric re-formulation of the pruning problem. All the figures display the histogram
of the prior probability distribution over p; (or ¢; in the case of the hypergeometric re-
formulation). In addition, the plots that display the Dirichlet priors show the estimated
Dirichlet parameters and the Dirichlet curve itself. A look at the prior distribution
plots can provide useful information about the problem in question. Easy classification
problems concentrate most of its probability mass close to the end points p = 0 and
p =1, since they are characterized by easily separable classes. However, hard problems
concentrate its mass probability close to p = 0.5 in one or two modes, making the task
of classification much harder. By comparing the prior distribution plots and the dis-
agreement rates of the random forest ensembles using the original SIBP method, it is
clear that easy problems have disagreement rates closer to 0.0 and hard problems have

disagreement rates close to 1.0.

Tables 4.2, 4.3, 4.4 and 4.5 show the error rates, disagreement rates, number of queried
trees and speed-up rates respectively for all the tested classification problems. The
tables display the results of the full ensemble (RF), the full ensemble using the original
SIBP method (SIBP), the SIBP using a Dirichlet prior (1DIR), the SIBP using a prior
formed by a mixture of Dirichlets (NDIR) and finally the hypergeometric reformulation
with prior (HYPER). All the results are displayed as mean + std. deviation over the
100 partitions. The best results for each problem are marked with bold fonts.

From table 4.2 it can be observed that the mean error rates obtained by all pruning
methods are similar to the original Random Forests. Although for some problems the
mean error rates are slightly worse than the rates obtained by the full ensemble, the dif-
ference between them is never greater than 0.3 percentage points. All proposed methods

obtain disagreement rates that are closer to 1% than the SIBP method with uniform
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Problem RF SIBP 1DIR NDIR HYPER
australian 13.00£3.7 13.0943.7 13.14+3.7 13.1443.7 13.254+3.8
breast 3.22+2.1 3.23+2.1 3.40+2.3 3.45+2.2 3.76+£2.3
diabetes 24.34+4.2 24.254+4.1 24.31+4.1 | 24.214+4.0 | 24.23£4.0
echocardiogram  22.18+£14.3 | 22.05+14.7 | 22.46+14.6 | 22.184+14.4 | 22.18+14.1
german 23.43+3.5 23.65+3.3 23.60+3.3 23.61£3.3 23.62+3.3
heart 18.30+6.9 18.37£7.0 18.44+7.0 18.44+7.1 18.37+7.2
horse-colic 15.47+5.6 | 15.44+5.4 | 15.47+5.4 15.49+5.4 15.44+5.4
ionosphere 6.44+4.1 6.44+4.1 6.50£4.0 6.55+4.0 6.52+3.9
labor 6.331+8.9 6.17+8.8 6.33+8.9 6.331+8.9 6.43+9.1
liver 27.10+6.7 27.0947.0 27.04+6.9 27.01+6.9 | 27.01+6.9
mushroom 0.00+0.0 0.00+0.0 0.00+0.0 0.084+0.2 0.084+0.2
new-thyroid 4.294+4.0 4.384+4.0 4.614+4.3 4.9444.5 4.524+4.3
ringnorm 7.60+1.3 7.72+1.2 7.74+1.2 7.78+1.2 7.82+1.2
sonar 16.25+8.7 16.45+8.7 16.40+8.7 16.50+8.7 16.45+8.8
spam 4.59+1.5 4.63+1.5 4.724+1.5 4.794+1.5 4.86+1.4
threenorm 17.85+1.1 18.04+1.1 17.94+1.1 17.95+1.1 17.97+£1.1
tic-tac-toe 1.05+1.1 1.16+1.1 1.20+1.2 1.344+1.3 1.72+1.5
twonorm 4.66+0.6 4.77+0.6 4.76+0.6 4.90+0.6 4.90+0.6
votes 4.05+2.9 4.1242.9 4.234+2.9 4.234+2.9 4.30+2.9
waveform 17.30+0.9 17.36+0.8 17.654+0.8 17.46+0.8 17.4240.8
wine 1.69+2.8 1.744+2.8 2.19+3.2 2.24+3.4 2.13£3.2

TABLE 4.2: Error rates comparison of the SIBP variants (for each dataset the best

method is high-lighted in boldface)

prior, except in problems liver, sonar and threenorm. In these problem the prior distri-
butions over p (see Appendix A) are somehow similar to a uniform distribution and the
disagreement for the original SIBP method is already very close to the expected one.
Nonetheless, the disagreement rates of the proposed methods do not divert significantly
from the expected 1%. From the proposed methods, the one that shows the poorest fit
of the disagreement rate to the theoretial bound is 1DIR. NDIR improves significantly
the fit of the disagreement, possibly because it can better model bimodal distributions.
Finally the HYPER method achieves the best fit of the disagreement rates, except in

the echocardiogram problem.

As for the number of queried trees (see table 4.4) and speed-up rates (table 4.5), the
proposed methods improve with respect to the SIB-pruned ensemble in many of the
tested datasets. The benefit of using the prior distribution becomes more evident in
the mushroom problem. For this problem, the predictions of most classifiers agree as
it can be observed in figures A.4(a) and A.7(c). That information is incorporated into
the pruning method, that queries a mean number of just one or two classifiers before
casting a decision, achieving a speed-up rate of 51 times. Other problems in which

the proposed methods improve the speed-up rates are australian, breast, ionosphere,
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Problem SIBP 1DIR NDIR | HYPER
australian 0.3£0.6 | 0.5£0.8 | 0.4+0.8 | 0.9£1.1
breast 0.1£0.4 | 0.3£0.7 | 0.5+0.9 | 1.0£1.1
diabetes 0.6+£0.9 | 0.8+1.1 | 0.7+1.0 | 0.8£1.0
echocardiogram 0.7+3.1 | 0.8£3.3 | 0.84+3.3 | 1.4+4.6
german 0.8+£0.8 | 0.940.9 | 0.8+0.8 | 0.8£0.9
heart 0.8£1.8 | 1.0+1.9 | 1.0£2.0 | 1.0£2.1
horse-colic 0.4+0.9 | 0.44+0.9 | 0.5+1.0 | 0.7£1.3
ionosphere 0.1+0.6 | 0.2£0.7 | 0.3£0.9 | 0.7%1.3
labor 0.2+1.7 | 0.3+2.3 | 0.3+2.3 | 1.2+4.5
liver 1.0+1.7 | 0.8£1.4 | 0.841.4 | 0.9+1.5
mushroom 0.0+£0.0 | 0.0£0.0 | 0.1+0.2 | 0.1£0.2
new-thyroid 0.1£0.7 | 0.5£1.5 | 0.9+2.2 | 0.5£1.5
ringnorm 0.5+0.2 | 0.5£0.2 | 0.6£0.2 | 0.840.3
sonar 0.9+£2.0 | 0.6+1.8 | 0.8+41.9 | 0.8£1.9
spam 0.1£0.2 | 0.4£0.3 | 0.5+0.4 | 0.7£0.4
threenorm 1.04+0.2 | 0.7+0.1 | 0.7£0.2 | 0.840.2
tic-tac-toe 0.1£0.4 | 0.2£0.4 | 0.3+£0.6 | 0.7£1.0
twonorm 0.4+£0.1 | 0.44+0.1 | 0.7+0.2 | 0.7£0.2
votes 0.1£0.4 | 0.44+1.1 | 0.5+1.2 | 1.0£1.8
waveform 0.6+0.1 | 1.740.4 | 1.0+0.2 | 0.8£0.2
wine 0.1£0.6 | 0.8£2.1 | 0.9+2.3 | 0.9£2.0

TABLE 4.3: Disagreement rates comparison of the SIBP variants (for each dataset the
best method is high-lighted in boldface)

new-thyroid, spam, tic-tac-toe, votes and wine.

From the observations of tables 4.3 and 4.5 we consider that the Hypergeometric formu-
lation with incorporated prior is the best of the new proposed methods in terms of best
fitting the disagreement rates and speeding-up the classification process. This can be
explained given that this method does not assume that the prior follows any parametric

distribution.

4.7 Conclusions

The Statistical Instance-Based Pruning method is a dynamic pruning algorithm for clas-
sification ensembles. This pruning technique queries sequentially the classifiers of the
ensemble until the probability that the output class by the classifiers queried up until
that point and the predicted output class of the full ensemble is the same exceeds a pre-
set threshold «. The original pruning technique is based on a scheme of majority voting
and does not include prior knowledge about the classification problem. The disagree-
ment rates between the full ensembles and the SIB-pruned ensembles are often much

lower than the theoretical bound given by 1 — a. In order to better fit the empirical
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Problem RF SIBP 1DIR NDIR HYPER
australian 62.2+1.4 | 16.1+£2.1 | 14.6+£2.2 | 14.7+2.1 | 12.8+2.3
breast 54.240.9 8.9+1.4 5.84+1.3 5.1+1.1 4.0+£1.0
diabetes 68.8+£1.8 | 24.9+3.2 | 23.7+£3.3 | 24.5+3.3 | 24.0+3.2
echocardiogram 68.04+4.6 | 22.64+8.2 | 21.54+8.1 | 21.848.2 | 20.0+8.0
german 71.8+£1.3 | 28.44+2.8 | 27.3+2.8 | 28.1+2.8 | 27.7+2.9
heart 67.2+2.5 | 22.54+4.2 | 21.7+4.3 | 21.4+4.2 | 20.9+4.2
horse-colic 66.2+2.1 | 20.2+3.5 | 19.6+£3.5 | 19.0£3.5 | 17.5£3.7
ionosphere 57.9+1.5 | 11.9+£2.3 9.9+2.3 9.3+2.3 7.842.1
labor 61.6£4.0 | 14.1£6.0 | 12.5+£6.0 | 12.1£6.0 9.7+5.3
liver 74.5+2.3 | 31.844.5 | 32.6+4.5 | 32.5+4.5 | 31.7+4.5
mushroom 51.0+0.0 6.0+0.0 3.0£0.0 1.0+0.0 1.0+0.0
new-thyroid 55.2+1.8 | 10.7£2.6 6.2+2.4 5.4+2.2 6.3+2.4
ringnorm 68.6£0.8 | 22.9+1.1 | 22.6+£1.3 | 21.3+1.4 | 20.4+1.5
sonar 73.9+3.0 | 32.1+6.6 | 32.7+6.6 | 32.1+6.4 | 32.61+6.8
spam 57.1£0.3 | 11.1+£0.5 8.5+0.6 7.940.7 7.2+0.6
threenorm 76.6+0.5 | 34.8+1.0 | 36.6+1.1 | 36.3+1.1 | 35.84+1.6
tic-tac-toe 60.7£0.9 | 12.841.4 | 11.1£1.3 9.4+1.3 7.8+1.2
twonorm 67.2+£0.2 | 21.0£0.5 | 20.9+£0.5 | 18.6+£0.6 | 18.4+0.9
votes 54.5+1.2 8.84+1.8 5.84+1.7 5.14+1.6 4.1+1.4
waveform 72.3+0.7 | 29.3+1.1 | 24.9+1.1 | 26.9+1.2 | 28.1+1.6
wine 57.3+£2.1 | 11.4+2.7 6.7+2.4 6.1+2.2 | 6.1+1.8

TABLE 4.4: Number of queried trees comparison of the SIBP variants (for each dataset
the best method is high-lighted in boldface)

disagreement rates to the theoretical bound, we propose to incorporate prior knowledge
about the actual classification problem to the SIBP method. Three different methods
have been developed and tested in this work that incorporate prior knowledge over the
distribution of class votes from specific problem into the SIBP. The first method in-
corporates the prior knowledge by modelling the prior probability distribution after a
Dirichlet distribution. The second method models the prior distribution after a mixture
of Dirichlet distributions that can fit multimodal distributions. The third method pro-
poses a reformulation of the SIBP method in which the voting process is modeled after
a hypergeometric distribution. In this case the prior is modelled using a non-parametric

distribution.

The proposed methods succeed in achieving disagreement rates that are closer to the
preset 1 — « with respect to the ones obtained by the original SIBP formulation. The
method that obtains disagreement rates closer to the fixed one is the hypergeometric
formulation with non-parametric prior. Obtaining disagreement rates close to the desired
one means that the pruning technique has a more reliable and foreseeable behavior.
Additionally, the proposed methods obtain a generalization performance very close to

the one obtained by the full ensemble. Furthermore, the proposed methods significantly
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Problem SIBP 1DIR NDIR HYPER
australian 6.6+0.4 8.1+0.7 8.0+0.5 | 10.0+0.9
breast 8.0+0.2 | 14.840.4 | 16.3+0.5 | 22.4+1.5
diabetes 5.6+0.4 | 6.8+0.8 6.2+0.5 6.4+0.6
echocardiogram  5.7£1.1 6.8+1.7 6.6+£1.4 7.842.0
german 5.1+0.4 | 6.0+0.5 5.7£0.5 5.84+0.5
heart 5.840.6 6.5+0.9 6.6+0.9 6.8+1.0
horse-colic 5.940.5 6.6+0.7 6.84+0.7 7.9+1.2
ionosphere 7.3+£0.4 | 10.2+0.6 | 11.0£0.7 | 14.0£1.0
labor 6.7+1.3 8.7+1.8 8.6+1.9 | 11.1+2.5
liver 4.6+£0.6 | 4.3£0.6 4.3+0.6 4.440.6
mushroom 8.5+0.0 | 17.0£0.1 | 51.0+0.0 | 51.04+0.0
new-thyroid 6.840.3 | 15.841.1 | 19.3+3.0 | 15.1+1.2
ringnorm 5.5+0.3 5.84+0.5 6.3+0.7 6.61+0.6
sonar 4.7+0.7 | 4.440.6 4.6+0.7 4.44+0.7
spam 7.5+0.1 | 11.44+0.2 | 13.2+1.2 | 14.54+0.7
threenorm 4.440.2 | 3.7+0.2 3.7£0.2 3.8£0.3
tic-tac-toe 6.940.3 9.3+0.5 | 10.7+0.6 | 12.8+1.4
twonorm 5.840.1 5.840.2 7.2+0.2 7.14+0.3
votes 7.940.3 | 14.5£0.7 | 16.2£0.8 | 20.7£3.0
waveform 4.5+0.1 | 7.8+0.4 5.940.3 5.240.4
wine 6.5+0.5 | 15.1+1.4 | 15.24+1.3 | 13.841.3

TABLE 4.5: Speed-up rates comparison of the SIBP variants (for each dataset the best

method is high-lighted in boldface)

improve the classification speed, especially for datasets where the mass of the prior is

close to 0 and 1. For the analyzed datasets, the method based on the hypergeometric

reformulation with non-parametric prior achieves the best results both getting closer to

the disagreement rate and speeding-up the classification process.
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Conclusions

In this work two contributions have been made to ensemble pruning. The first contribu-
tion is a double pruning scheme, presented in Chapter 3. This double scheme combines
the two types of ensemble pruning techniques: static and dynamic. Specifically the
scheme consists in applying a static method that reduces the number of classifiers of the
original ensemble and improves the accuracy with respect to the full ensemble. Using
only the classifiers selected by the static method, the classification is performed using
the dynamic Statistical Instance-Based Pruning (SIBP) method. Applying SIBP al-
lows us to further reduce the classification time and keep the accuracy of the statically
pruned ensembles. Two variants of the double pruning scheme were presented: one for
parallel ensembles and one for sequential ensembles. The parallel variant uses boosting-
based ordering with early-stopping to reduce the size of the ensemble and the sequential

counterpart uses SDP pruning (or its greedy version).

Based on the observation that ordered bagging ensemble reach a local minima in its ac-
curacy after querying around 20% of its classifiers, the boosting-based bagging ensembles
are pruned off-line at that point. When SIBP is applied to the off-line pruned ensemble,
the number of queried classifiers is decreased to 5-12% of all classifiers of complete the
ensemble, depending on the problem. For boosting ensembles the static method selects
a subensemble with 50% of the original classifiers. After applying SIBP, the number
of queried trees during the classification phase is reduced to 8-30% of all the original

classifiers.

The second contribution of this Master Thesis, described in Chapter 4, is an updated
version of the SIBP method. The SIBP queries sequentially the classifiers of the ensemble
until the probability that the output class by the classifiers queried up until that point
and the predicted output class of the full ensemble is the same exceeds a preset threshold

. The original formulation of the SIBP method does not have into account previous
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knowledge about the class votes distribution of the classification problem. We have pro-
posed three different ways to include this prior knowledge from estimates obtained from
the training data. The first proposal includes a Dirichlet prior distribution. The second
one includes a probability distribution that follows a mixture of Dirichlets. Finally the
third method, is a reformulation of the SIBP method based on the hypergeometric dis-
tribution, equivalent to the original, that permits to introduce a non-parametric prior
distribution. The prior-based SIBP methods succeed at achieving disagreement rates
(with respect to the original ensemble) closer to the theoretical bound given by 1 — a.
One direct consequence is that the number of queried classifiers is further reduced, espe-
cially for easy separable problems. The main consequence is that the proposed pruning
technique has a more reliable and foreseeable behavior with respect to the disagreement
rate which is a necessary property for the application of these techniques. The pro-
posal based on the non-parametric prior and hypergeometric distribution is the one that

delivers better results.



Appendix A

Prior Probability Distributions

In this Appendix, all the prior distribution plots are included for the binary classification
problems. It is important to remark that, in order to facilitate the visualization of the
prior distributions, the plots displayed here contain all the out-of-bag votes from all
the dataset partitions. Therefore, the plots might be more optimistic than the actual
distributions used during the classification process, which only contain the out-of-bag

information from one of the partitions.
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(a) Mushroom dataset

5 T T T T T T T T T 5 T T T T T T

. B,=0.089294 [,=0.0859 . B=277.124 B,=0.174

B?=0.177 B=287.438

3 3
—~ —~
— —
£ 2 & 25
o o
2 2

§ — D T |

0 0.1 02 03 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 02 03 0.4 05 0.6 0.7 0.8 0.9 1

Py Py

(b) Ringnorm dataset

5 T T T T T T T T T 5 T T T T T T

asl B,=0.86747 B,=1.0386 ] asl B=6.710 B}=2.519

2_ 2_.
p’=0.881 (=3.020

P(p,)

(c) Sonar dataset

5 T T T T T T T T T 5 T T T T T T T T

i B,=1.5041 [,=1.3426 J i 31:4.475 8221.874

2_ 2_.
p’=1.609 B3=3.151

P(p,)

(d) Spam dataset

5 T

. B,=0.23726 B,=0.17679 . Bj=2.200 B}=0.212

2_ 2_
p’=0.222 B=1.369

P(p,)

03 0.4 05 06 0.7 0.8 1

Py

FIGURE A.4: Dirichlet-based Prior Distributions for datasets (a) Mushroom, (b) Ring-
norm, (c¢) Sonar and (d) Spam



Appendix A. Prior Probability Distributions

o7

(a) Threenorm dataset
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Appendix B

On the SIBP equivalence

In order to prove the equivalence between the original formulation of the SIBP method
and the new formulation when the prior distribution is uniform, we first need to know
three important results, shown in the theorem and the proposition below. Notice that
in order to keep simple the notation and simplify the computations, it is assumed that
the classification problem is binary. However it is entirely possible to generalize all the
results shown here to a multiclass problem.

Theorem B.1. Chu-Vandermonde Identity (Generalization of the Vandermonde Iden-

tity)
Let s,t € C and n € N, then

<S . t) - :0 (k:) <n : k:) (B.1)

Proposition B.2. Upper negation

Letr € C and k € Z, then
r pf(k—1r—1
:—1 B.2
()= ("7 (8.2

This proposition is the key to proving the equivalence between the two formulations.

The previous theorem and proposition are used here.

Proposition B.3. Let t1 and ty be positive integers such that t1 +to =t and t < T.
Then
Ti? iN(T—-i\ (T+1 (B3)
_ t ta ) \T—t '
1=t1

Proof. The difficulty of this proof lies in the series indices being situated in the upper
part of the Newton’s binomial. We first use the symmetry property to bring down the
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Tf <75i1> <Tt; Z> B Tf <Z jtl) (T T;—Z 752> (B4

i=t1 i=t1

indices

The upper indices are removed by applying the upper negation property B.2

B ()T B () as

1=11

Now the Vandermonde Convolution B.1 can be applied
T—to
—t1—1 —lg—1 it T—i—t —t=2 Tt
—1)T (=) TR = -1 B.6
> () ) e R[S (B
i=t

Finally the upper negation is applied and the desired result is obtained

R (50) IR (50) B
Ol

Proposition B.4. Following the hypergeometric reformulation as explained in section
4.4 and assuming that the prior distribution follows a uniform distribution, the hyper-

geometric reformulation and its original are equivalent.

Proof. Let t1,to € N such that t1 +to =t and t <T =17 + Tb.

P(t|T)P(T P(t|T)P(T
piryy = PUTPT) __ PETP -
P(t) > =y, P(&|T*)P(T*)
: o _ @) 1 ,
Following the formulas in section 4.4, P(t|T) = ) and P(T) = 775. We use the

t
results on proposition B.3 to simplify the denominator and the original SIBP equation
2.38 is obtained:

— (H(2) B (H(2) B tﬂ(%litl)!m!(%itz)!
73( |t) - T—ta (TF\(Ty\ ~  (T+1\ — (T+1)!
= () (2)  (750) IO
Y 2 ,
_ Q(T t)- Hz:l (tl + 1)Ti*ti (B.9)

[T (Ti—t:) (E+2)7



Bibliography

[1]

[12]

Lars Kai Hansen and Peter Salamon. Neural network ensembles. IEEE Transactions
on Pattern Analysis and Machine Intelligence, 12:993-1001, 1990.

Leo Breiman. Bagging predictors. Machine Learning, 24(2):123-140, 1996.

Yoav Freund and Robert E. Schapire. Experiments with a new boosting algorithm.
In Proc. of the 13th International Conf. on Machine Learning, pages 148-156. Mor-
gan Kaufmann, 1996.

Leo Breiman. Random forests. Machine Learning, 45(1):5-32, 2001.

G. Martinez-Munoz and A. Suarez. Switching class labels to generate classification
ensembles. Pattern Recognition, 38(10):1483-1494, 2005.

Thomas G. Dietterich. Ensemble methods in machine learning. In Multiple Classi-

fier Systems: First International Workshop, pages 1-15, 2000.

Thomas G. Dietterich. An experimental comparison of three methods for construct-
ing ensembles of decision trees: Bagging, boosting, and randomization. Machine
Learning, 40(2):139-157, 2000.

Ludmila I. Kuncheva. Combining Pattern Classifiers: Methods and Algorithms.
Wiley-Interscience, 2004. ISBN 0471210781.

Leo Breiman. Out-of-bag estimation. Technical report, Statistics Department,

University of California, 1996.

Leo Breiman. Heuristics of instability and stabilization in model selection. The

Annals of Statistics, 24(6):2350-2383, December 1996.

Michael Kearns and Leslie Valiant. Cryptographic limitations on learning boolean
formulae and finite automata. Journal of the Association for Computing Machinery,
41:67-95, January 1994.

Robert E. Schapire. The strength of weak learnability. Mach. Learn., 5:197-227,
July 1990.

63



Bibliography 64

[13]

[14]

22]

Yoav Freund. Boosting a weak learning algorithm by majority. Inf. Comput., 121:
256285, September 1995. ISSN 0890-5401. doi: 10.1006/inco.1995.1136. URL
http://portal.acm.org/citation.cfm?id=220262.220446.

Yoav Freund and Robert E. Schapire. A decision-theoretic generalization of on-line
learning and an application to boosting. In Proc. of the 2nd European Conference

on Computational Learning Theory, pages 23-37, 1995.

Y. Freund and R. Schapire. A short introduction to boosting. Japanese Society for
Artificial Intelligence, 14(5):771-780, 1999.

Leo Breiman. Arcing classifiers. The Annals of Statistics, 26(3):801-849, 1998.

R.E. Schapire, Y. Freund, P. Bartlett, and W.S. Lee. Boosting the margin: A new
explanation for the effectiveness of voting methods. The Annals of Statistics, 12
(5):1651-1686, 1998.

Dragos D. Margineantu and Thomas G. Dietterich. Pruning adaptive boosting. In
Proc. of the 14th International Conference on Machine Learning, pages 211-218.
Morgan Kaufmann, 1997.

Z.-H. Zhou, J. Wu, and W. Tang. Ensembling neural networks: Many could be
better than all. Artificial Intelligence, 137(1-2):239-263, 2002.

Gonzalo Martinez-Munioz and Alberto Sudrez. Aggregation ordering in bagging.
In Proc. of the IASTED International Conference on Artificial Intelligence and
Applications, pages 258— 263. Acta Press, 2004.

Rich Caruana, Alexandru Niculescu-Mizil, Geoff Crew, and Alex Ksikes. Ensemble
selection from libraries of models. In Proc. of the 21st International Conference
on Machine Learning, page 18, New York, NY, USA, 2004. ACM Press. ISBN
1-58113-828-5.

Robert E. Banfield, Lawrence O. Hall, Kevin W. Bowyer, and W. Philip
Kegelmeyer. Ensemble diversity measures and their application to thinning. Infor-

mation Fusion, 6(1):49-62, 2005.

Yi Zhang, Samuel Burer, and W. Nick Street. Ensemble pruning via semi-definite

programming. Journal of Machine Learning Research, 7:1315-1338, 2006.

Gongzalo Martinez-Munoz, Daniel Hernandez-Lobato, and Alberto Sudrez. An anal-
ysis of ensemble pruning techniques based on ordered aggregation. IEEFE Transac-

tions on Pattern Analysis and Machine Intelligence, 31(2):245-259, 2009.


http://portal.acm.org/citation.cfm?id=220262.220446

Bibliography 65

[25]

[32]

33]

Daniel Hernandez-Lobato, Gonzalo Martinez-Munioz, and Alberto Sudrez. Statisti-
cal instance-based pruning in ensembles of independent classifiers. IEEE Transac-
tions on Pattern Analysis and Machine Intelligence, 31(2):364-369, 2009.

Patrice Latinne, Olivier Debeir, and Christine Decaestecker. Limiting the number
of trees in random forests. In Multiple Classifier Systems, pages 178-187. 2001.
URL http://dx.doi.org/10.1007/3-540-48219-9_18.

Amanda Sharkey, Noel Sharkey, Uwe Gerecke, and G. Chandroth. The Test and
select approach to ensemble combination. In Multiple Classifier Systems, pages
30-44. 2000. URL http://dx.doi.org/10.1007/3-540-45014-9_3.

Gonzalo Martinez-Munioz and Alberto Sudrez. Using boosting to prune bagging

ensembles. Pattern Recognition Letters, 28(1):156-165, 2007.

Gonzalo Martinez-Munioz and Alberto Sudrez. Pruning in ordered bagging ensem-
bles. In Proc. of the 23rd International Conference on Machine Learning, pages
609616, 2006.

Wei Fan, Fang Chu, Haixun Wang, and Philip S. Yu. Pruning and dynamic schedul-
ing of cost-sensitive ensembles. In Proc. of the 18th National Conference on Arti-
ficial Intelligence, pages 146-151. American Association for Artificial Intelligence,
2002.

Haixun Wang, Wei Fan, Philip S. Yu, and Jiawei Han. Mining concept-drifting
data streams using ensemble classifiers. In KDD ’03: Proceedings of the ninth
ACM SIGKDD international conference on Knowledge discovery and data mining,
pages 226235, New York, NY, USA, 2003. ACM Press. ISBN 1-58113-737-0. doi:
http://doi.acm.org/10.1145/956750.956778.

A. Asuncion and D.J. Newman. UCI machine learning repository, 2007. URL
http://www.ics.uci.edu/~mlearn/MLRepository.html.

Victor Soto, Gomnzalo Martinez-Munoz, Daniel Herndndez-Lobato, and Alberto

Sudrez. A double pruning algorithm for classification ensembles. In MCS, pages

104-113, 2010.

L. Breiman, J. H. Friedman, R. A. Olshen, and C. J. Stone. Classification and
Regression Trees. Chapman & Hall, New York, 1984.

Janez Demsar. Statistical comparisons of classifiers over multiple data sets. Journal
of Machine Learning Research, 7:1-30, 2006. ISSN 1533-7928.


http://dx.doi.org/10.1007/3-540-48219-9_18
http://dx.doi.org/10.1007/3-540-45014-9_3
http://www.ics.uci.edu/~mlearn/MLRepository.html

Bibliography 66

[36] Gonzalo Martinez-Munoz, Daniel Hernandez-Lobato, and Alberto Suérez. Statisti-
cal instance-based ensemble pruning for multi-class problems. In ICANN (1), pages

90-99, 2009.

[37) Thomas Minka. Estimating a dirichlet distribution. Website, 2003. URL
http://research.microsoft.com/en-us/um/people/minka/papers/dirichlet /.

[38] Thomas Minka. Fastfit ~matlab toolbox. Website. URL
http://research.microsoft.com/enus/um/people/minka/software/fastfit /.


http://research.microsoft.com/en-us/um/people/minka/papers/dirichlet/
http://research.microsoft.com/enus/um/people/minka/software/fastfit/

	Abstract
	Acknowledgements
	List of Figures
	List of Tables
	Symbols
	1 Introduction
	2 Classification Ensembles and Pruning Techniques
	2.1 Classification Ensembles
	2.1.1 Bagging
	2.1.2 Boosting
	2.1.3 Random Forests

	2.2 Pruning Techniques for Classification Ensembles
	2.2.1 Static Pruning Techniques
	2.2.1.1 Early Stopping
	2.2.1.2 KL-divergence Pruning
	2.2.1.3 Kappa Pruning
	2.2.1.4 Boosting-Based Ordering
	2.2.1.5 Reduce-Error Pruning
	2.2.1.6 Complementary Measure Pruning
	2.2.1.7 Margin Distance Minimization
	2.2.1.8 Orientation Ordering
	2.2.1.9 Ensemble pruning via Semi-definite Programming

	2.2.2 Dynamic Pruning Techniques
	2.2.2.1 Dynamic Scheduling for Classification Ensembles
	2.2.2.2 Statistical Instance-based pruning


	2.3 Experiments on SIBP

	3 Double Pruning Techniques For Classification Ensembles
	3.1 Introduction
	3.2 Double pruning applied to sequential ensembles
	3.2.1 Double pruning in Ordered Bagging
	3.2.2 Double pruning in Boosting

	3.3 Experiments
	3.3.1 Boosting-based Ordered Bagging
	3.3.2 SDP-pruned Boosting

	3.4 Conclusions

	4 Improved Statistical Instance Based Pruning
	4.1 Introduction
	4.2 Prior following a Dirichlet distribution
	4.3 Prior following a mixture of Dirichlet distributions
	4.4 A Reformulation of the SIBP Method
	4.5 Computational complexity
	4.6 Experiments
	4.7 Conclusions

	5 Conclusions
	A Prior Probability Distributions
	B On the SIBP equivalence
	Bibliography

