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Binary Relations (recap)

" Definition: a binary relation R consists of two
sets, A (domain of R), B, (codomain of R), and
a subset of A X B called the graph of R

= We use “0 R b”, to mean that the pair (a,b) is in
the graph of R

"= Note: the Cartesian Product of two sets (A x
B) is the set of ordered pairs (a,b) where a €

A and b €B



N-ary Relations

" Generalization of binary relations to N sets

= Note: the Cartesian Product of the sets (4, X
A, X ... X A, ) is the set of ordered n-tuples
(ay,ay,.....,a,) Wwhere Vi, a, € A.

A]_XAQX"'XAn:
{(a1,a9,...,a,)|a; € A; fori=1,2,...n}



Representation

Example 9.1.7: The relation () from the set

{1,2,3} to the set {A, B,C}, with the ordered-
pairs model

Q = {(17A)7 (173)7 (270)7 (BvA)v (370)}
has the lists-of-relatives model
1: A B
2:C
3:AC

and the matrix model

A B C
LTt 1 0
210 0 1
311 0 1



Representation (digraphs)

Definition: a directed graph (digraph) is a graph or set of
nodes (vertices) connected by edges (arcs)

The edges have a direction associated with them
Digraph representation of binary relations:

Students Grades
O/O A

Stan
O B
Kyle O C
Kenny O O D
Eric O F



Composition of Binary Relations

DEF: Let () be a relation from S to 1" and R a re-
lation trom 7’ to U. Their composition ) o R is
the relation on S x U that is true for any pair (s, u)

such that
(Jdt € T)[Q(s,t) N R(t,u)]

Example 9.1.8: Construct ¢ o R, where

Q = {(17A)7 (17B)7 (270)7 (SvA)v (370)}
and

R = {(A,x), (4,9), (A,2), (B,w), (B,y)};



Composition (example)

Example 9.1.8: Construct Q o R, where

Q = {(17A)7 (173)7 (270)7 (SvA)v (370)}

and

R = {(A,2), (Ay), (A z), (B,w), (B,y)}

Q R
— — A B (C w
(1: A B (A:z,y,2) _ _ _
) ol 1 71 1 0] Ao
 2:C vo 4 Brw,y 2 10 0 1! x B 1
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Composition (solution)

Example 9.1.8:

Construct ) o R, where

Q = {(17A)7 (173)7 (270)7 (SvA)v (3’0)}

and

R = {(A,2), (A,y), (A, 2), (B,w), (B,y)}

R
B (A:z,y,2)
o Brw,y
7C) \C:Q /
QoR
(1:w,2,9, 2
< 2:0 0
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Powers of Relations

" Let R be arelation on a setS. Then the
powers of R are defined as:

RO = | R™1 = R1o R



Relation Powers with Digraphs

" The powers of a relation Ron a set S:
RO = | Rl = RO R

Example 9.3.2: Consider this relation:
R = {<17 2)? <27 3)? <37 3)? <37 4)? <47 1>}

1 2



Relation Powers (computing)

" The powers of a relation Ron a set S:
RO = | Rl = RO R

Example 9.3.2: Consider this relation:
R = {<17 2)? <27 3)? <37 3)? <37 4)? <47 1>}

1 2

Y



Properties of Relations

Let R be a relation on a set S. The relation is,

Reflexive IFF:  (Vx € S)| R(x,x)]

Symmetric IFF. (Vx,y € S)[R(x,y) — R(y,x)]

Transitive IFF: (Vx,y,z € S)[R(x,y)AR(y,z) = R(x,2)]
Antisymmetric IFF:. (Vx,y € S )[R(x, V)AR(y,x) = x= y]

Example: Inequality relation on real numbers.
* Reflexive, nonsymmetric, and transitive
* Antisymmetric



Properties (representation)

Reflexive IFF: (Vx& S )[R(x,x)]

Symmetric IFF: (Vx,y € S)[R(x,y) —> R(y,x)]

Transitive IFF: (Vx,y,z € S)[R(x,y) AR(y,z) — R(x,z)]
Antisymmetric IFF: (Vx,y € S)[R(x,y) AR(y,x)— x = y]

= List of relatives model:

*  Reflexive: every member of the domain is listed as one of its own relatives.

*  Symmetric: for every pair of elements x,y, each occurs in the list of the other.
= Matrix model:

. Reflexive: 1’s down the main diagonal.

. Symmetric: matrix is symmetric around the main diagonal.

. Transitive: nth power of R is a subset of R.



Digraph Representation (example)

= LetRbetherelationonasetS=1{1,2,...,14} defined as:
1. xproperly dividesy.

2. Thereis no integer u such that x properly divides u and u
properly divides y.

2" :{3:_ 5 7 11 13
¥ N bt
4 6 9 10 15 14
¥ K‘m‘
8 12

= Proper divisibility relation: not reflexive, not symmetric, and
not transitive



Digraph Representation (properties)

" Consider the digraph for the relation R on a set S:
1. Risreflexive IFF there is a at every vertex.

2. Ris symmetric IFF for each arc from-x-to-y there is an
arc from-y-to-x.

3. Ris transitive IFF for each from-x-to-y
there is also an arc directly from-x-to-y.

4. R is antisymmetric IFF given an arc from-x-to-y (x #v),
there is no arc from-y-to-x.



Equivalence Relations

= Definition: an is a binary relation that is
reflexive, symmetric, and transitive

Example 9.5.1: Set S = {a,b,c,d,e, f} and

R ={ (a,a),(b,b),(b,c),(c,b), (c,c), (d, d), (d,e),
(d, f), (e, d), (e,e), (e, f), (f,d), (f,e), (f. ) }



Equivalence Relations (example)

" Binary relation that is reflexive, symmetric, and transitive
Example 9.5.1: Set S = {a,b,c,d,e, f} and

R ={ (a,a),(b,b),(b,c),(c,b), (c,c), (d, d), (d,e),
(d, f), (e, d), (e,e), (e, f), (f,d), (f,e), (f. ) }

a b c d e f
(’ d al 1
a b 1 1

C 1 1

d 1 1 1
e f

e 1 1 1
b C
OB o



Equiv. Classes (geometry example)

= Consider 2-by-2 colored boards. Two boards are related if
one can be obtained from the other by rotation or reflection.

CEED D™

_______________________________

"B | "] =l BN




Equiv. Classes (fractions & congruence)

Example 9.5.4: domain = rational fractions
p
{5 ‘p,qé Z,Q#O}

Then a4 and 2 are related if ad = be

b

The partition cells are rational fractions of equal
value.

Example 9.5.5: domain Z
eq. rel. = congruence mod 3
Equivalence Classes:

03 ={...,—6,-3,0,3,6,9,...}
13 ={...,—5,—2,1,4,7,10,...}
2] =1{...,—4,-1,2,5,8,11,...}




Partial Order

Definition: a (weak) partial order = is a binary relation that is
reflexive, antisymmetric, and transitive.

Definition: a partial ordered set (poset) (S, <) is a set
together with a partial order on it

Example 9.6.1: domain: SAT scores (M, V)
relation: double domination

(800, 800)

N

(750, 660) (640, 710)

N

(620, 590)

21



Poset (subset example)

= Wewrite “x <y”if X < y” and x 2y
= Consider: X ={a,b,c}, then the poset (X, €) is shown below

abc Transitive ACB

/ T \ BCC
ab ac bc ACC
l><b><i Reflexive ACA

Antisymmetric| ACB
\ ; /

BCA
A=B




(In)Comparable Elements

Definition: two elements x, y from a poset (X, R) are
comparable if either xRy or yRx and incomparable

otherwise.

Subset example: no line connects {a,b} and {b,c} because
neither is a subset of the other. We say these two sets are

incomparable in that ordering. abc
ab ac bc

5>
N

23



Poset (divisibility example)

Consider: X = {1 £ n £ 24}, and the divisibility relation “|”.

An element y covers an element x in a poset if “x< y” and
there is no element u such that “x<u=<vy”

The for (X, |) only shows cover relations

24 16

N

18 12 8 20

NN

22 9 6 4 10 15 14 21

DN

19 17 11 3 2 5 7 13 23

\%




Linear Extension

Definition: a linear order has no incomparable elements.
Every pair of element is comparable.

Example: < relation on numbers

Definition: a linear extension of a poset (X, R) is a total
ordering Q on S such that R <€ Q.

abc linear extensions:
/T\ D<a<b<c<ab<ac<be<abc
ab ac bc D<a<b<ab<e<ac<be< abe

5>
N

25



