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The	
  Bijec1on	
  Rule	
  

§  Principle:	
  count	
  one	
  thing	
  by	
  coun1ng	
  another	
  
§  Bijec&on	
  rule:	
  find	
  a	
  bijec1on	
  between	
  two	
  sets,	
  A	
  &	
  B.	
  

Then	
  the	
  sets	
  have	
  the	
  same	
  size.	
  
§  General	
  strategy:	
  get	
  really	
  good	
  at	
  coun1ng	
  just	
  a	
  few	
  

things,	
  then	
  use	
  bijec1ons	
  to	
  count	
  everything	
  else!	
  	
  
§  Example:	
  	
  
•  Set	
  A:	
  all	
  ways	
  to	
  select	
  a	
  dozen	
  donuts	
  when	
  five	
  varie1es	
  are	
  

available	
  	
  
•  Set	
  B:	
  all	
  16-­‐bit	
  sequences	
  with	
  exactly	
  4	
  ones	
  	
  
•  Map	
  donuts	
  to	
  to	
  sequences	
  of	
  bits	
  
•  Proves	
  sets	
  have	
  same	
  size,	
  without	
  knowing	
  how	
  big	
  exactly!	
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The	
  Sum	
  Rule	
  

§  Number	
  of	
  objects	
  in	
  the	
  whole	
  equals	
  the	
  sum	
  
of	
  objects	
  in	
  the	
  (disjoint)	
  parts	
  	
  

§  Sum	
  rule:	
  let	
  A	
  and	
  B	
  be	
  finite	
  disjoint	
  sets	
  (A	
  ∩  B	
  
=	
  ∅).	
  Then	
  |A  ∪  B|	
  =	
  |A|	
  +	
  |B|	
  	
  

§  Can	
  we	
  generalize	
  the	
  rule	
  to	
  n	
  sets?	
  	
  
§  If	
  A1,	
  A2,	
  ...	
  ,	
  An	
  	
  are	
  pairwise	
  disjoint	
  sets,	
  then:	
  	
  
	
  |A1  ∪  A2	
  ∪....	
  ∪  An|	
  =	
  |A1|	
  +	
  |A2|	
  +	
  ...	
  +	
  |An|	
  

§  What	
  if	
  the	
  sets	
  overlap?	
  	
  Inclusion-­‐Exclusion	
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Sum	
  Rule	
  (examples)	
  

§  Example	
  1:	
  suppose	
  there	
  are	
  	
  
•  19	
  French	
  speakers,	
  17	
  English	
  speakers	
  and	
  no	
  bilingual	
  

speakers	
  
•  How	
  many	
  ways	
  are	
  there	
  to	
  choose	
  someone	
  who	
  speaks	
  

either	
  language?	
  
•  Answer:	
  	
  19	
  +	
  17	
  =	
  36	
  

§  Example	
  2:	
  suppose	
  there	
  are	
  	
  
•  20	
  French	
  speakers,	
  40	
  English	
  speakers,	
  60	
  Russian	
  speakers,	
  

and	
  80	
  Spanish	
  speakers,	
  but	
  no	
  bilingual	
  speakers	
  among	
  them	
  
•  How	
  many	
  ways	
  are	
  there	
  to	
  choose	
  someone	
  who	
  speaks	
  	
  one	
  

of	
  these	
  languages?	
  
•  Answer:	
  	
  20	
  +	
  40	
  +	
  60	
  +	
  80	
  =	
  200	
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The	
  Subtrac1on	
  Rule	
  

§  If	
  two	
  sets	
  (parts)	
  overlap,	
  then	
  we	
  count	
  some	
  
objects	
  twice	
  when	
  we	
  count	
  the	
  whole	
  

§  Rule:	
  let	
  A	
  and	
  B	
  be	
  finite	
  sets.	
  Then,	
  	
  
	
   	
   	
  |A  ∪  B|	
  =	
  |A|	
  +	
  |B|	
  -­‐	
  |A	
  ∩  B|	
  	
  

§  General	
  principle	
  (n	
  sets):	
  inclusion-­‐exclusion	
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Inclusion-­‐Exclusion	
  

§  Recall:	
  if	
  two	
  sets	
  overlap,	
  then	
  we	
  count	
  some	
  
objects	
  twice	
  when	
  we	
  count	
  the	
  whole	
  

§  What	
  about	
  three	
  overlapping	
  sets:	
  
§  Rule:	
  let	
  A,B,C	
  be	
  finite	
  sets.	
  Then,	
  	
  

	
   	
   	
  |A  ∪  B	
  ∪  C|	
  =	
  |A|	
  +	
  |B|	
  +	
  |C|	
  	
  
	
   	
   	
   	
   	
   	
   	
   	
  -­‐	
  |A	
  ∩  B|	
  -­‐	
  |A	
  ∩  C|	
  -­‐	
  |B	
  ∩  C|	
  	
  
	
   	
   	
   	
   	
   	
   	
   	
  +	
  |A	
  ∩  B	
  ∩  C|	
  	
  

§  General	
  principle	
  (n	
  sets):	
  sums	
  with	
  alterna1ng	
  
signs,	
  the	
  sum	
  of	
  the	
  k-­‐way	
  intersec1ons	
  gelng	
  
the	
  sign	
  (-­‐1)k	
  –	
  1	
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The	
  Product	
  Rule	
  

§  How	
  can	
  we	
  count	
  sequences?	
  
§  Product	
  rule:	
  let	
  A	
  and	
  B	
  be	
  sets.	
  Then	
  the	
  set	
  of	
  
all	
  sequences	
  whose	
  1st	
  term	
  is	
  from	
  A,	
  and	
  2nd	
  
term	
  is	
  from	
  B	
  is	
  their	
  Cartesian	
  product	
  A  ×  B.	
  If	
  
sets	
  are	
  finite,	
  then:	
  	
  |A  ×  B|	
  =	
  |A|	
  ∙|B|	
  	
  

§  Example:	
  
•  Suppose	
  there	
  are	
  19	
  CS	
  majors	
  and	
  17	
  math	
  majors	
  	
  
•  Count	
  the	
  #	
  of	
  ways	
  to	
  pick	
  two	
  students	
  with	
  different	
  

majors	
  
•  Answer:	
  	
  19	
  x	
  17	
  =	
  323	
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Iterated	
  Product	
  Rule	
  

§  Can	
  we	
  generalize	
  the	
  product	
  rule	
  to	
  n	
  sets?	
  	
  
§  Iterated	
  Product	
  rule:	
  if	
  A1,	
  A2,	
  ...	
  ,	
  An	
  	
  are	
  finite	
  sets,	
  
then:	
  	
  
	
   	
  |A1  ×  A2	
  ×....	
  ×  An|	
  =	
  |A1|	
  ∙	
  |A2|	
  ∙	
  	
  ...	
  ∙	
  |An|	
  

	
  

§  Example:	
  
•  Passwords	
  on	
  a	
  given	
  system	
  consist	
  of	
  n	
  characters:	
  small	
  case	
  

le@ers	
  and	
  digits	
  	
  
•  Count	
  the	
  #	
  of	
  valid	
  passwords	
  
•  Answer:	
  	
  (26+10)	
  x	
  (26+10)	
  x	
  ...	
  x	
  (26+10)	
  	
  =	
  36n	
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6.1.8 Chapter 6 Counting

coursenotes by Prof. J. L. Gross for Rosen 7th Edition



Coun1ng	
  Passwords	
  Example	
  
	
  	
  

§  Example:	
  passwords	
  on	
  a	
  given	
  system	
  can	
  be	
  6-­‐8	
  
characters	
  longs,	
  where	
  each	
  character	
  is	
  a	
  lowercase	
  
le@er	
  or	
  a	
  digit.	
  Each	
  password	
  must	
  contain	
  at	
  least	
  one	
  
digit.	
  How	
  many	
  possible	
  passwords	
  are	
  there?	
  

§  Solu1on:	
  combine	
  coun1ng	
  rules	
  
•  Let	
  P	
  be	
  the	
  total	
  number	
  of	
  passwords,	
  and	
  let	
  P6,	
  P7,	
  

and	
  P8	
  be	
  the	
  passwords	
  of	
  length	
  6,	
  7,	
  and	
  8	
  	
  
•  By	
  Sum	
  Rule:	
  	
  P	
  =	
  P6	
  +	
  P7	
  +	
  P8	
  
•  To	
  find	
  each	
  of	
  P6,	
  P7,	
  and	
  P8	
  ,	
  we	
  find	
  the	
  number	
  of	
  

passwords	
  of	
  the	
  specified	
  length	
  composed	
  of	
  le@ers	
  
and	
  digits	
  and	
  subtract	
  the	
  number	
  composed	
  only	
  of	
  
le@ers	
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Coun1ng	
  Passwords	
  Example	
  (solu1on)	
  
	
  	
  

§  How	
  many	
  possible	
  passwords	
  are	
  there?	
  
§  Solu1on:	
  combine	
  coun1ng	
  rules	
  
•  Let	
  P	
  be	
  the	
  total	
  number	
  of	
  passwords,	
  and	
  let	
  P6,	
  P7,	
  

and	
  P8	
  be	
  the	
  passwords	
  of	
  length	
  6,	
  7,	
  and	
  8.	
  	
  
•  By	
  Sum	
  Rule:	
  	
  P	
  =	
  P6	
  +	
  P7	
  +	
  P8	
  
•  By	
  Product	
  Rule:	
  	
  	
  
	
   	
  P6	
  =	
  366	
  −	
  266	
  	
  
	
   	
  P7	
  =	
  367	
  −	
  267	
  	
  
	
   	
  P8	
  =	
  368	
  −	
  268

	
   	
  P	
  =	
  P6	
  +	
  P7	
  +	
  P8	
  =	
  2,684,483,063,360.	
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Generalized	
  Product	
  Rule	
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“mcs” — 2013/1/10 — 0:28 — page 496 — #504

Chapter 14 Cardinality Rules496

Prizes for truly exceptional Coursework

Given everyone’s hard work on this material, the instructors considered award-
ing some prizes for truly exceptional coursework. Here are three possible prize
categories:

Best Administrative Critique We asserted that the quiz was closed-book. On
the cover page, one strong candidate for this award wrote, “There is no
book.”

Awkward Question Award “Okay, the left sock, right sock, and pants are in
an antichain, but how —even with assistance —could I put on all three at
once?”

Best Collaboration Statement Inspired by a student who wrote “I worked alone”
on Quiz 1.

Rule 14.3.1 (Generalized Product Rule). Let S be a set of length-k sequences. If
there are:

✏ n1 possible first entries,

✏ n2 possible second entries for each first entry,
:::

✏ nk possible kth entries for each sequence of first k � 1 entries,

then:
jS j D n1 � n2 � n3 � � �nk

In the awards example, S consists of sequences .x; y; z/. There are n ways to
choose x, the recipient of prize #1. For each of these, there are n�1 ways to choose
y, the recipient of prize #2, since everyone except for person x is eligible. For each
combination of x and y, there are n� 2 ways to choose z, the recipient of prize #3,
because everyone except for x and y is eligible. Thus, according to the Generalized
Product Rule, there are

jS j D n � .n � 1/ � .n � 2/

ways to award the 3 prizes to different people.



Permuta1ons	
  

§  Defini1on:	
  a	
  permuta&on	
  of	
  a	
  set	
  S	
  is	
  a	
  sequence	
  
that	
  contains	
  every	
  element	
  of	
  S	
  exactly	
  once.	
  It	
  is	
  a	
  
bijec1on	
  from	
  a	
  set	
  onto	
  itself	
  

§  How	
  many	
  permuta1ons	
  of	
  an	
  n-­‐element	
  set	
  are	
  
there?	
  	
  Answer:	
  n	
  ∙  (n-­‐1)	
  ∙	
  (n-­‐2)	
  ...	
  ∙  2	
  ∙  1	
  	
  =	
  n!	
  	
  	
  	
  

§  Ordered	
  r-­‐selec&on	
  (r-­‐permuta1on)	
  from	
  a	
  set	
  S	
  
(without	
  repe11on)	
  is	
  a	
  sequence	
  of	
  r	
  objects	
  from	
  S.	
  

§  Nota1on:	
  	
  nr	
  	
  =	
  n	
  ∙  (n	
  –	
  1)	
  ∙  ...	
  ∙  (n	
  –	
  r	
  +	
  1)	
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Permuta1ons	
  (examples)	
  

§  Nota1on:	
  	
  nr	
  	
  =	
  n	
  ∙  (n	
  –	
  1)	
  ∙  ...	
  ∙  (n	
  –	
  r	
  +	
  1)	
  	
  	
  
§  Example	
  1:	
  
•  Given	
  a	
  standard	
  52-­‐card	
  deck	
  
•  Count	
  the	
  #	
  of	
  ways	
  to	
  deal	
  a	
  5-­‐card	
  sequence	
  
•  Answer:	
  	
  52	
  x	
  51	
  x	
  50	
  x	
  49	
  x	
  48	
  =	
  525	
  

§  Example	
  2:	
  
•  Given	
  a	
  star1ng	
  loca1on	
  and	
  7	
  ci1es	
  to	
  visit	
  
•  In	
  how	
  many	
  ways	
  (orders)	
  can	
  you	
  visit	
  these	
  ci1es?	
  
•  Answer:	
  	
  7!	
  =	
  7	
  ∙	
  6	
  ∙	
  5  ∙	
  4  ∙	
  3  ∙	
  2  ∙	
  1  =	
  5040


14	
  



The	
  Division	
  Rule	
  

§  A	
  k-­‐to-­‐1	
  func&on	
  maps	
  exactly	
  k	
  elements	
  of	
  the	
  
domain	
  to	
  every	
  element	
  of	
  the	
  codomain	
  
•  Example:	
  the	
  func1on	
  mapping	
  each	
  ear	
  to	
  its	
  owner	
  

is	
  2-­‐to-­‐1	
  
§  If	
  the	
  finite	
  set	
  A	
  is	
  the	
  union	
  of	
  n	
  pairwise-­‐disjoint	
  
subsets,	
  each	
  with	
  d	
  elements,	
  then	
  n	
  =	
  |A|	
  /	
  d	
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“mcs” — 2013/1/10 — 0:28 — page 499 — #507

14.4. The Division Rule 499

3ä D 6 permutations of the 3-element set fa; b; cg, which is the number we found
above.

Permutations will come up again in this course approximately 1.6 bazillion times.
In fact, permutations are the reason why factorial comes up so often and why we
taught you Stirling’s approximation:

nä ⇠
p

2⇡n
⇣n

e

⌘n
:

14.4 The Division Rule

Counting ears and dividing by two is a silly way to count the number of people in
a room, but this approach is representative of a powerful counting principle.

A k-to-1 function maps exactly k elements of the domain to every element of
the codomain. For example, the function mapping each ear to its owner is 2-to-1.
Similarly, the function mapping each finger to its owner is 10-to-1, and the function
mapping each finger and toe to its owner is 20-to-1. The general rule is:

Rule 14.4.1 (Division Rule). If f W A! B is k-to-1, then jAj D k � jBj.

For example, suppose A is the set of ears in the room and B is the set of people.
There is a 2-to-1 mapping from ears to people, so by the Division Rule, jAj D
2 � jBj. Equivalently, jBj D jAj=2, expressing what we knew all along: the number
of people is half the number of ears. Unlikely as it may seem, many counting
problems are made much easier by initially counting every item multiple times and
then correcting the answer using the Division Rule. Let’s look at some examples.

14.4.1 Another Chess Problem
In how many different ways can you place two identical rooks on a chessboard
so that they do not share a row or column? A valid configuration is shown in
Figure 14.2(a), and an invalid configuration is shown in Figure 14.2(b).

Let A be the set of all sequences

.r1; c1; r2; c2/

where r1 and r2 are distinct rows and c1 and c2 are distinct columns. Let B be the
set of all valid rook configurations. There is a natural function f from set A to set
B; in particular, f maps the sequence .r1; c1; r2; c2/ to a configuration with one
rook in row r1, column c1 and the other rook in row r2, column c2.



Division	
  Rule	
  (round	
  table	
  example)	
  

§  Example:	
  how	
  many	
  ways	
  are	
  there	
  to	
  seat	
  4	
  people	
  
around	
  a	
  circular	
  table,	
  where	
  two	
  sea1ngs	
  are	
  
considered	
  the	
  same	
  when	
  each	
  person	
  has	
  the	
  same	
  leo	
  
and	
  right	
  neighbor?	
  
1.  Number	
  the	
  seats	
  around	
  the	
  table	
  from	
  1	
  to	
  4	
  proceeding	
  

clockwise.	
  	
  
2.  There	
  are	
  four	
  ways	
  to	
  select	
  the	
  person	
  for	
  seat	
  1,	
  3	
  for	
  seat	
  

2,	
  2,	
  for	
  seat	
  3,	
  and	
  one	
  way	
  for	
  seat	
  4	
  
3.  Thus	
  there	
  are	
  4!	
  =	
  24	
  ways	
  to	
  order	
  the	
  four	
  people	
  
4.  But	
  since	
  two	
  sea1ngs	
  are	
  the	
  same	
  when	
  each	
  person	
  has	
  the	
  

same	
  leo	
  and	
  right	
  neighbor,	
  for	
  every	
  choice	
  for	
  seat	
  1,	
  we	
  
get	
  the	
  same	
  sea1ng	
  

5.  Therefore,	
  by	
  the	
  division	
  rule,	
  there	
  are	
  24/4	
  =	
  6	
  different	
  
sea1ng	
  arrangements.	
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The	
  Subset	
  Rule	
  

§  How	
  many	
  r-­‐element	
  subsets	
  of	
  an	
  n-­‐element	
  set	
  are	
  
there?	
  	
  

§  Subset	
  rule:	
  the	
  number	
  of	
  k-­‐element	
  subsets	
  of	
  an	
  
n-­‐element	
  set	
  is	
  	
  “n	
  choose	
  k”	
  	
  	
  

§  Unordered	
  k-­‐selec&on	
  (k-­‐combina1on)	
  from	
  a	
  set	
  S	
  is	
  
a	
  subset	
  of	
  k	
  objects	
  from	
  S.	
  

§  Nota1on:	
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Subset	
  Rule	
  (deriva1on)	
  

§  How	
  can	
  we	
  count	
  subsets?	
  
§  Given	
  set	
  with	
  n	
  elements,	
  	
  

1.  Construct	
  mapping	
  from	
  each	
  permuta1on	
  into	
  a	
  k-­‐element	
  
subset	
  by	
  taking	
  the	
  first	
  k	
  elements	
  of	
  the	
  permuta1on	
  

2.  There	
  are	
  k!	
  possible	
  permuta1ons	
  of	
  the	
  first	
  k	
  elements	
  
3.  There	
  are	
  (n	
  –	
  k)!	
  permuta1ons	
  of	
  the	
  remaining	
  elements	
  
4.  By	
  Product	
  rule,	
  there	
  are	
  exactly	
  k!	
  (n	
  –	
  k)!	
  	
  permuta1ons	
  of	
  

the	
  set	
  that	
  map	
  to	
  a	
  par1cular	
  subset	
  
5.  Constructed	
  mapping	
  which	
  is	
  	
  k!	
  (n	
  –	
  k)!	
  –	
  to	
  –	
  1	
  
6.  There	
  are	
  n!	
  permuta1ons	
  of	
  an	
  n-­‐element	
  set	
  
7.  By	
  Division	
  rule,	
  n!	
  	
  =	
  	
  k!	
  (n	
  –	
  k)!	
  C(n,	
  k)	
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14.5. Counting Subsets 503

But we know there are nä permutations of an n-element set, so by the Division
Rule, we conclude that

nä D kä.n � k/ä

 
n

k

!

which proves:

Rule 14.5.1 (Subset Rule). The number of k-element subsets of an n-element set is
 

n

k

!
D nä

kä .n � k/ä
:

Notice that this works even for 0-element subsets: nä=0änä D 1. Here we use the
fact that 0ä is a product of 0 terms, which by convention2 equals 1.

14.5.2 Bit Sequences
How many n-bit sequences contain exactly k ones? We’ve already seen the straight-
forward bijection between subsets of an n-element set and n-bit sequences. For
example, here is a 3-element subset of fx1; x2; : : : ; x8g and the associated 8-bit
sequence:

f x1; x4; x5 g
. 1; 0; 0; 1; 1; 0; 0; 0 /

Notice that this sequence has exactly 3 ones, each corresponding to an element
of the 3-element subset. More generally, the n-bit sequences corresponding to a
k-element subset will have exactly k ones. So by the Bijection Rule,

Corollary 14.5.2. The number of n-bit sequences with exactly k ones is

 
n

k

!
.

Also, the bijection between selections of flavored donuts and bit sequences of
Lemma 14.1.1 now implies,

Corollary 14.5.3. The number of ways to select n donuts when k flavors are avail-
able is  

nC .k � 1/

n

!
:

2We don’t use it here, but a sum of zero terms equals 0.



Subset	
  Rule	
  (examples)	
  

§  Nota1on:	
  	
  C(n,	
  k)	
  
§  Example	
  1:	
  
•  Given	
  a	
  standard	
  52-­‐card	
  deck	
  
•  Count	
  the	
  #	
  of	
  5-­‐card	
  hands	
  that	
  can	
  be	
  dealt	
  
•  Answer:	
  	
  C(52,	
  5)	
  	
  =	
  	
  525	
  	
  /	
  	
  5!	
  

§  Example	
  2:	
  
•  Count	
  the	
  number	
  of	
  n-­‐bit	
  sequences	
  with	
  exactly	
  k	
  ones	
  	
  
•  Answer:	
  	
  C(n,  k)


§  Example	
  3:	
  
•  How	
  many	
  ways	
  to	
  select	
  n	
  donuts	
  with	
  exactly	
  k	
  varie1es?	
  	
  
•  Answer:	
  	
  C(n+(k-­‐1),  n)
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But we know there are nä permutations of an n-element set, so by the Division
Rule, we conclude that

nä D kä.n � k/ä

 
n

k

!

which proves:

Rule 14.5.1 (Subset Rule). The number of k-element subsets of an n-element set is
 

n

k

!
D nä

kä .n � k/ä
:

Notice that this works even for 0-element subsets: nä=0änä D 1. Here we use the
fact that 0ä is a product of 0 terms, which by convention2 equals 1.

14.5.2 Bit Sequences
How many n-bit sequences contain exactly k ones? We’ve already seen the straight-
forward bijection between subsets of an n-element set and n-bit sequences. For
example, here is a 3-element subset of fx1; x2; : : : ; x8g and the associated 8-bit
sequence:

f x1; x4; x5 g
. 1; 0; 0; 1; 1; 0; 0; 0 /

Notice that this sequence has exactly 3 ones, each corresponding to an element
of the 3-element subset. More generally, the n-bit sequences corresponding to a
k-element subset will have exactly k ones. So by the Bijection Rule,

Corollary 14.5.2. The number of n-bit sequences with exactly k ones is

 
n

k

!
.

Also, the bijection between selections of flavored donuts and bit sequences of
Lemma 14.1.1 now implies,

Corollary 14.5.3. The number of ways to select n donuts when k flavors are avail-
able is  

nC .k � 1/

n

!
:

2We don’t use it here, but a sum of zero terms equals 0.



Sequences	
  of	
  Subsets	
  

§  Choosing	
  a	
  k-­‐element	
  subset	
  of	
  an	
  n-­‐element	
  set	
  is	
  the	
  
same	
  as	
  splilng	
  the	
  set	
  into	
  two	
  subsets	
  (size	
  k,	
  size	
  n-­‐k)	
  

§  Generaliza1on	
  to	
  more	
  than	
  two	
  subsets:	
  “sequence	
  
with	
  restricted	
  repe11ons”,	
  “permuta1on	
  with	
  
indis1nguishable	
  objects”	
  

§  Let	
  A	
  be	
  an	
  n-­‐element	
  set	
  and	
  (k1,k2,  ...  ,  km)	
  be	
  
nonnega1ve	
  integers	
  whose	
  sum	
  is	
  n.	
  Define	
  a	
  split	
  of	
  A	
  
as	
  a	
  sequence	
  (A1,A2,  ...  ,Am  )	
  of	
  disjoint	
  subsets,	
  |Ai|	
  =	
  ki	
  	
  

§  To	
  count	
  number	
  of	
  splits,	
  follow	
  approach	
  used	
  to	
  
derive	
  subset	
  rule	
  

20	
  



Mul1nomial	
  Coefficient	
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14.6 Sequences with Repetitions

14.6.1 Sequences of Subsets
Choosing a k-element subset of an n-element set is the same as splitting the set
into a pair of subsets: the first subset of size k and the second subset consisting of
the remaining n � k elements. So the Subset Rule can be understood as a rule for
counting the number of such splits into pairs of subsets.

We can generalize this to splits into more than two subsets. Namely, let A be
an n-element set and k1; k2; : : : ; km be nonnegative integers whose sum is n. A
.k1; k2; : : : ; km/-split of A is a sequence

.A1; A2; : : : ; Am/

where the Ai are disjoint subsets of A and jAi j D ki for i D 1; : : : ; m.
To count the number of splits we take the same approach as for the Subset

Rule. Namely, we map any permutation a1a2 : : : an of an n-element set A into
a .k1; k2; : : : ; km/-split by letting the 1st subset in the split be the first k1 elements
of the permutation, the 2nd subset of the split be the next k2 elements, . . . , and the
mth subset of the split be the final km elements of the permutation. This map is
a k1ä k2ä � � � kmä-to-1 function from the nä permutations to the .k1; k2; : : : ; km/-
splits of A, so from the Division Rule we conclude the Subset Split Rule:

Definition 14.6.1. For n; k1; : : : ; km 2 N, such that k1Ck2C � � �Ckm D n, define
the multinomial coefficient

 
n

k1; k2; : : : ; km

!
WWD nä

k1ä k2ä : : : kmä
:

Rule 14.6.2 (Subset Split Rule). The number of .k1; k2; : : : ; km/-splits of an n-
element set is  

n

k1; : : : ; km

!
:

14.6.2 The Bookkeeper Rule
We can also generalize our count of n-bit sequences with k ones to counting se-
quences of n letters over an alphabet with more than two letters. For example,
how many sequences can be formed by permuting the letters in the 10-letter word
BOOKKEEPER?



Sequences	
  of	
  Subsets	
  (examples)	
  

§  Nota1on:	
  	
  
§  Example	
  1:	
  
•  Count	
  the	
  #	
  of	
  strings	
  obtainable	
  by	
  rearranging	
  le@ers	
  of	
  

BANANA	
  
•  Answer:	
  	
  3A	
  1B	
  2N	
  	
  	
  è	
  

§  Example	
  2:	
  
•  Count	
  the	
  #	
  of	
  strings	
  obtainable	
  by	
  rearranging	
  le@ers	
  of	
  

BOOKKEEPER	
  
•  Answer:	
  	
  1B	
  3E	
  2K	
  2O	
  1P	
  1R	
   	
  è	
  


22	
  

6!
3!1!2!

10!
1!3!2!2!1!1!

“mcs” — 2013/1/10 — 0:28 — page 504 — #512

Chapter 14 Cardinality Rules504

14.6 Sequences with Repetitions

14.6.1 Sequences of Subsets
Choosing a k-element subset of an n-element set is the same as splitting the set
into a pair of subsets: the first subset of size k and the second subset consisting of
the remaining n � k elements. So the Subset Rule can be understood as a rule for
counting the number of such splits into pairs of subsets.

We can generalize this to splits into more than two subsets. Namely, let A be
an n-element set and k1; k2; : : : ; km be nonnegative integers whose sum is n. A
.k1; k2; : : : ; km/-split of A is a sequence

.A1; A2; : : : ; Am/

where the Ai are disjoint subsets of A and jAi j D ki for i D 1; : : : ; m.
To count the number of splits we take the same approach as for the Subset

Rule. Namely, we map any permutation a1a2 : : : an of an n-element set A into
a .k1; k2; : : : ; km/-split by letting the 1st subset in the split be the first k1 elements
of the permutation, the 2nd subset of the split be the next k2 elements, . . . , and the
mth subset of the split be the final km elements of the permutation. This map is
a k1ä k2ä � � � kmä-to-1 function from the nä permutations to the .k1; k2; : : : ; km/-
splits of A, so from the Division Rule we conclude the Subset Split Rule:

Definition 14.6.1. For n; k1; : : : ; km 2 N, such that k1Ck2C � � �Ckm D n, define
the multinomial coefficient

 
n

k1; k2; : : : ; km

!
WWD nä

k1ä k2ä : : : kmä
:

Rule 14.6.2 (Subset Split Rule). The number of .k1; k2; : : : ; km/-splits of an n-
element set is  

n

k1; : : : ; km

!
:

14.6.2 The Bookkeeper Rule
We can also generalize our count of n-bit sequences with k ones to counting se-
quences of n letters over an alphabet with more than two letters. For example,
how many sequences can be formed by permuting the letters in the 10-letter word
BOOKKEEPER?



Binomial	
  Coefficients	
  

§  Defini1on:	
  a	
  binomial	
  is	
  a	
  sum	
  of	
  two	
  terms,	
  a	
  +	
  b	
  
§  Defini1on:	
  the	
  binomial	
  coefficients	
  are	
  the	
  
coefficients	
  of	
  the	
  terms	
  in	
  the	
  expansion	
  of	
  the	
  
binomial	
  to	
  some	
  power	
  (a	
  +	
  b)n	
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that you play through: “You know? The Bookkeeper Rule? Don’t you guys know
anything?”

The Bookkeeper Rule is sometimes called the “formula for permutations with
indistinguishable objects.” The size k subsets of an n-element set are sometimes
called k-combinations. Other similar-sounding descriptions are “combinations with
repetition, permutations with repetition, r-permutations, permutations with indis-
tinguishable objects,” and so on. However, the counting rules we’ve taught you are
sufficient to solve all these sorts of problems without knowing this jargon, so we
won’t burden you with it.

14.6.3 The Binomial Theorem
Counting gives insight into one of the basic theorems of algebra. A binomial is a
sum of two terms, such as aC b. Now consider its 4th power, .aC b/4.

By repeatedly using distributivity of products over sums to multiply out this 4th
power expression completely, we get

.aC b/4 D aaaa C aaab C aaba C aabb

C abaa C abab C abba C abbb

C baaa C baab C baba C babb

C bbaa C bbab C bbba C bbbb

Notice that there is one term for every sequence of a’s and b’s. So there are 24

terms, and the number of terms with k copies of b and n � k copies of a is:

nä

kä .n � k/ä
D
 

n

k

!

by the Bookkeeper Rule. Hence, the coefficient of an�kbk is
�n
k

�
. So for n D 4,

this means:

.aC b/4 D
 

4

0

!
� a4b0 C

 
4

1

!
� a3b1 C

 
4

2

!
� a2b2 C

 
4

3

!
� a1b3 C

 
4

4

!
� a0b4

In general, this reasoning gives the Binomial Theorem:

Theorem 14.6.4 (Binomial Theorem). For all n 2 N and a; b 2 R:

.aC b/n D
nX

kD0

 
n

k

!
an�kbk

“mcs” — 2013/1/10 — 0:28 — page 506 — #514

Chapter 14 Cardinality Rules506

that you play through: “You know? The Bookkeeper Rule? Don’t you guys know
anything?”

The Bookkeeper Rule is sometimes called the “formula for permutations with
indistinguishable objects.” The size k subsets of an n-element set are sometimes
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terms, and the number of terms with k copies of b and n � k copies of a is:
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n

k

!

by the Bookkeeper Rule. Hence, the coefficient of an�kbk is
�n
k

�
. So for n D 4,

this means:
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!
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!
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!
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.aC b/n D
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n

k

!
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Binomial	
  Theorem	
  

§  General	
  statement	
  for	
  expansions	
  
•  Extends	
  to	
  mul1nomials	
  
•  Explains	
  why	
  n-­‐choose-­‐k	
  is	
  called	
  a	
  binomial	
  

coefficient	
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The	
  Pigeonhole	
  Principle	
  

§  The	
  problem:	
  a	
  drawer	
  in	
  a	
  dark	
  room	
  contains	
  red,	
  
green,	
  and	
  blue	
  socks.	
  How	
  many	
  socks	
  must	
  you	
  
withdraw	
  to	
  be	
  sure	
  that	
  you	
  have	
  a	
  matching	
  pair?	
  	
  

§  The	
  Pigeonhole	
  Principle:	
  if	
  there	
  are	
  more	
  pigeons	
  
than	
  holes	
  they	
  occupy,	
  then	
  at	
  least	
  two	
  pigeons	
  
must	
  be	
  in	
  the	
  same	
  hole	
  	
  

§  If	
  k	
  +	
  1	
  objects	
  are	
  placed	
  into	
  k	
  boxes,	
  then	
  there	
  is	
  
at	
  least	
  one	
  box	
  containing	
  two	
  or	
  more	
  objects	
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Pigeonhole	
  Principle	
  (approach)	
  

1.  The	
  set	
  A	
  (pigeons,	
  objects)	
  
2.  The	
  set	
  B	
  (pigeonholes,	
  boxes)	
  
3.  The	
  func1on	
  f	
  	
  (rule	
  for	
  mapping	
  pigeons	
  to	
  holes)	
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1st  sock

2nd  sock

3rd  sock

4th  sock

red

green

blue

Figure 14.3 One possible mapping of four socks to three colors.

What pigeons have to do with selecting footwear under poor lighting conditions
may not be immediately obvious, but if we let socks be pigeons and the colors be
three pigeonholes, then as soon as you pick four socks, there are bound to be two
in the same hole, that is, with the same color. So four socks are enough to ensure
a matched pair. For example, one possible mapping of four socks to three colors is
shown in Figure 14.3.

A rigorous statement of the Principle goes this way:

Rule 14.8.1 (Pigeonhole Principle). If jAj > jBj, then for every total function
f W A ! B , there exist two different elements of A that are mapped by f to the
same element of B .

Stating the Principle this way may be less intuitive, but it should now sound
familiar: it is simply the contrapositive of the Mapping Rules injective case (4.5).
Here, the pigeons form set A, the pigeonholes are the set B , and f describes which
hole each pigeon occupies.

Mathematicians have come up with many ingenious applications for the pigeon-
hole principle. If there were a cookbook procedure for generating such arguments,
we’d give it to you. Unfortunately, there isn’t one. One helpful tip, though: when
you try to solve a problem with the pigeonhole principle, the key is to clearly iden-
tify three things:

1. The set A (the pigeons).

2. The set B (the pigeonholes).

3. The function f (the rule for assigning pigeons to pigeonholes).



Set-­‐Theore1c	
  Pigeonhole	
  Principle	
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§  Consider	
  a	
  func1on	
  f :  A  →  B    with	
  finite	
  domain	
  and	
  
codomain.	
  If	
  any	
  two	
  of	
  three	
  proper1es	
  hold,	
  then	
  
so	
  does	
  the	
  third:	
  
1.  f is one-to-one 
2.  f is onto 
3.  |A|	
  =	
  |B|	
  	
  

§  Example:	
  	
  given	
  7	
  people,	
  suppose	
  no	
  two	
  of	
  them	
  
were	
  born	
  on	
  same	
  week	
  day.	
  Then,	
  one	
  each	
  day,	
  
someone	
  was	
  definitely	
  born	
  



Pigeonhole	
  Principle	
  (examples)	
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§  Func1on	
  f :  A  →  B    with	
  finite	
  domain	
  and	
  codomain:	
  
1.  f is one-to-one 
2.  f is onto 
3.  |A|	
  =	
  |B|	
  	
  

§  Example:	
  	
  given	
  n	
  people,	
  suppose	
  no	
  two	
  of	
  them	
  were	
  
born	
  on	
  same	
  week	
  day,	
  and	
  at	
  least	
  one	
  was	
  born	
  on	
  
each	
  day.	
  Then,	
  n	
  =	
  7	
  

§  Example:	
  Boston	
  has	
  about	
  500,000	
  non-­‐bald	
  people,	
  
and	
  say	
  the	
  number	
  of	
  hairs	
  on	
  a	
  person’s	
  head	
  is	
  at	
  
most	
  200,000.	
  We	
  can	
  conclude	
  that	
  at	
  least	
  two	
  people	
  
in	
  Boston	
  have	
  exactly	
  the	
  same	
  number	
  of	
  hairs.	
  We	
  
don’t	
  know	
  who	
  they	
  are,	
  but	
  we	
  know	
  they	
  exist!	
  



Generalized	
  Pigeonhole	
  Principle	
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§  Generalized	
  Pigeonhole	
  Principle:	
  if	
  |A|	
  >	
  k	
  ∙|B|,	
  
then	
  every	
  func1on	
  f :  A  →  B    with	
  finite	
  domain	
  and	
  
codomain	
  maps	
  at	
  least	
  k+1	
  different	
  elements	
  of	
  A	
  
to	
  the	
  same	
  element	
  of	
  B	
  

§  Example:	
  A	
  =	
  	
  500,000	
  non-­‐bald	
  people,	
  B	
  =	
  200,000	
  
hairs.	
  Since	
  |A|	
  >	
  2|B|,	
  at	
  least	
  3	
  people	
  in	
  Boston	
  
have	
  exactly	
  the	
  same	
  number	
  of	
  hairs.	
  We	
  s1ll	
  don’t	
  
know	
  who	
  they	
  are,	
  but	
  we	
  know	
  they	
  exist!	
  



Symmetry	
  Iden1ty	
  

§  How	
  do	
  you	
  prove	
  the	
  iden1ty?	
  

§  You	
  have	
  n	
  objects	
  but	
  want	
  to	
  keep	
  only	
  k	
  of	
  them	
  
§  You	
  can	
  select	
  k	
  objects	
  to	
  keep	
  
§  You	
  can	
  select	
  n-­‐k	
  objects	
  to	
  throw	
  out	
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Combinatorial	
  Proof	
  

§  We	
  wish	
  to	
  prove	
  that	
  a	
  given	
  equality	
  holds	
  
§  Combinatorial	
  proof:	
  an	
  argument	
  that	
  establishes	
  
and	
  algebraic	
  fact	
  by	
  relying	
  on	
  coun1ng	
  principles	
  

§  General	
  proof	
  structure:	
  	
  
1.  Define	
  a	
  set	
  S	
  
2.  Show	
  that	
  |S|	
  =	
  	
  n	
  by	
  coun1ng	
  one	
  way	
  
3.  Show	
  that	
  |S|	
  =	
  	
  m	
  by	
  coun1ng	
  another	
  way	
  
4.  Conclude	
  that	
  n	
  =	
  m	
  

§  Caveat:	
  it	
  can	
  be	
  tricky	
  to	
  define	
  the	
  set	
  S	
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Pascal’s	
  Iden1ty	
  

§  Suppose	
  you	
  are	
  one	
  of	
  n	
  people	
  vying	
  for	
  k	
  spots	
  on	
  a	
  
team.	
  In	
  how	
  many	
  ways	
  can	
  the	
  team	
  be	
  selected?	
  

§  Approach	
  1:	
  count	
  #	
  of	
  k-­‐element	
  subsets	
  of	
  an	
  n-­‐
element	
  set	
  

§  Approach	
  2:	
  consider	
  two	
  cases	
  
1.  You	
  are	
  selected:	
  count	
  #	
  of	
  k-­‐1	
  element	
  subsets	
  of	
  an	
  n-­‐1	
  

element	
  set	
  	
  
2.  You	
  are	
  not:	
  	
  count	
  #	
  of	
  k	
  element	
  subsets	
  of	
  an	
  n	
  element	
  set	
  	
  
3.  By	
  sum	
  rule:	
  	
  case	
  1	
  +	
  case	
  2	
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Pascal’s	
  Iden1ty	
  (algebraic	
  proof)	
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6.4.4 Chapter 6 Counting

PASCAL’S RECURSION

coursenotes by Prof. J. L. Gross for Rosen 7th Edition



Pascal’s	
  Triangle	
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6.4.6 Chapter 6 Counting

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Section 6.4 Binomial Coefficients 6.4.7

BINOMIAL COEFFICIENT IDENTITIES

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Section 6.9 Partitions 6.9.1

6.9 PARTITIONS

coursenotes by Prof. J. L. Gross for Rosen 7th Edition



Par11ons	
  

§  Objec1ve:	
  count	
  the	
  par11ons	
  of	
  a	
  set	
  of	
  n	
  objects	
  
without	
  lis1ng	
  them	
  all	
  

§  Defini1on:	
  the	
  S&rling	
  subset	
  number	
  (S1rling	
  
coefficient	
  of	
  the	
  2nd	
  kind)	
  is	
  the	
  #	
  of	
  par11ons	
  of	
  n	
  
objects	
  into	
  r	
  unlabeled	
  cells	
  	
  

	
  
§  “Dis1nguishable	
  objects	
  in	
  undis1nguishable	
  boxes”	
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6.9.2 Chapter 6 Counting

coursenotes by Prof. J. L. Gross for Rosen 7th Edition



S1rling’s	
  Recursion	
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Section 6.9 Partitions 6.9.3

coursenotes by Prof. J. L. Gross for Rosen 7th Edition


