
W3203	  
Discrete	  Mathema1cs	  

	  
Induc1on,	  Recursion,	  &	  Algorithms	  

Spring	  2015	  
Instructor:	  Ilia	  Vovsha	  
	  
hDp://www.cs.columbia.edu/~vovsha/w3203	  

	  

1	  



Outline	  
§  Induc1on	  Principle	  
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§  Recursive	  algorithms	  
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“P(r)oof”	  by	  Picture	  

Integer Sums
Non-Proof

Fibonacci Identities
Geometry

Partition Numbers

2Tn = n(n + 1)
T2n = 3Tn + Tn�1
1 + 3 + 5 + 7 + · · · + (2k � 1) = k2

Sum Of Squares

Triangular Numbers Revisited
Representing Tn with dots

Let’s try a visual representation:

n n

Tn blue dots and Tn red dots for a grand total of 2Tn dots

Robertson Bayer Proof By Picture

Integer Sums
Non-Proof

Fibonacci Identities
Geometry

Partition Numbers

2Tn = n(n + 1)
T2n = 3Tn + Tn�1
1 + 3 + 5 + 7 + · · · + (2k � 1) = k2

Sum Of Squares

Triangular Numbers Revisited

Proof.

n+1

n

2Tn = Total Dots = n(n + 1)

Robertson Bayer Proof By Picture
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Sum	  of	  Odd	  Integers	  
Integer Sums

Non-Proof
Fibonacci Identities

Geometry
Partition Numbers

2Tn = n(n + 1)
T2n = 3Tn + Tn�1
1 + 3 + 5 + 7 + · · · + (2k � 1) = k2

Sum Of Squares

Sum of the Odd Integers

Theorem

1 + 3 + 5 + · · · + (2k � 1) = k2

Proof.

Robertson Bayer Proof By Picture
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Sum	  of	  Squares	  

Integer Sums
Non-Proof

Fibonacci Identities
Geometry

Partition Numbers

2Tn = n(n + 1)
T2n = 3Tn + Tn�1
1 + 3 + 5 + 7 + · · · + (2k � 1) = k2

Sum Of Squares

Sum of Squares

Elegant Proof.

n(n+1)/2

2n+1

2Sn Black Dots + Sn Color Dots = 3SnTotal Dots = n(n+1)(2n+1)
2

Robertson Bayer Proof By Picture
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Guidelines	  

Integer Sums
Non-Proof

Fibonacci Identities
Geometry

Partition Numbers

Guidelines
In general, a picture is a proof only if:

1 The picture represents an abstract idea

n+1

n

(1 + 2 + · · · + n) + (n + (n � 1) + · · · + 1) =
(n + 1) + (n + 1) + · · · (n + 1) = n(n + 1)

2 The specific drawing of the picture isn’t actually important
3 The picture can be “scaled up” to as big an n as necessary

Remember: it’s not the picture that’s the proof–it’s the idea that the
picture is representing that really counts

Robertson Bayer Proof By Picture
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Mathema1cal	  Induc1on	  (idea)	  

§  Suppose	  we	  have	  an	  
infinite	  ladder:	  
1.  We	  can	  reach	  the	  first	  

rung	  of	  the	  ladder	  
2.  If	  we	  can	  reach	  a	  

par1cular	  rung	  of	  the	  
ladder,	  then	  we	  can	  
reach	  the	  next	  rung	  
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	  Ordinary	  Induc1on	  (principle)	  

§  Goal:	  prove	  that	  P(n)	  -‐-‐	  predicate	  on	  
nonnega1ve	  integers	  -‐-‐	  is	  true	  for	  all	  n	  
1.  Basis	  step:	  	  show	  that	  P(0)	  is	  true	  
2.  Induc2ve	  hypothesis:	  	  assume	  that	  P(k)	  

holds	  for	  an	  arbitrary	  (integer)	  k	  
3.  Induc2ve	  step:	  show	  that	  P(k)	  →	  P(k	  +	  1)  

holds	  for	  all	  k	  
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Induc1on	  (rule)	  

§  Rule	  of	  inference:	  
1.  Premise	  1:	  	  P(0)	  
2.  Premise	  2:	  	  ∀k	  [	  P(k)	  →	  P(k	  +	  1)	  ]  
3.  Conclusion:	  ∀n	  P(n)	  	  

§  Note:	  in	  a	  proof	  by	  mathema1cal	  induc1on,	  we	  
don’t	  assume	  that	  P(k)	  is	  true	  for	  all	  posi1ve	  
integers!	  
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Sum	  of	  Integers	  (proof)	  

5.1.6 Chapter 5 Induction and Recursion

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

5.1.6 Chapter 5 Induction and Recursion

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Sum	  of	  Odd	  Integers	  (proof)	  5.1.4 Chapter 5 Induction and Recursion

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

11	  



Tiling	  Boards	  
Section 5.1 Mathematical Induction 5.1.7

NONALGEBRAIC APPLICATIONS of INDUCTION

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

§  Problem:	  can	  we	  1le	  a	  2k	  –	  by	  –	  2k	  board	  with	  one	  
covered	  square	  with	  L-‐shaped	  1les?	  
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Different	  Base	  Case	  
Section 5.2 Alternative Induction 5.2.3

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

13	  



Postage	  Example	  

Section 5.2 Alternative Induction 5.2.3

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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	  Strong	  Induc1on	  (rule)	  

§  Goal:	  prove	  that	  P(n)	  -‐-‐	  predicate	  on	  nonnega1ve	  
integers	  -‐-‐	  is	  true	  for	  all	  n	  
1.  Base	  case:	  	  show	  that	  P(0)	  is	  true	  
2.  Induc2ve	  hypothesis:	  	  assume	  that	  P(k)	  holds	  for	  all	  integers	  

less	  than	  an	  arbitrary	  (integer)	  k	  
3.  Induc2ve	  step:	  show	  that	  [P(0),P(1),	  ...	  ,P(k)]	  →	  P(k	  +	  1)  holds	  

for	  all	  k	  
§  Rule	  of	  inference:	  

1.  Premise	  1:	  	  P(0)	  
2.  Premise	  2:	  	  ∀k  [  [∀j  ≤  k,	  P(j)]	  →	  P(k	  +	  1)	  ]  
3.  Conclusion:	  ∀n	  P(n)	  
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Product	  of	  Primes	  Example	  

§  Theorem:	  every	  integer	  >	  1	  is	  a	  product	  of	  prime	  numbers	  
1.  Define	  predicate:	  P(n)	  ::=	  	  “n	  is	  a	  product	  of	  primes”	  
2.  Base	  case:	  	  P(2)	  is	  true	  since	  2	  is	  prime	  (product	  of	  length	  1)	  
3.  Induc2ve	  hypothesis:	  	  assume	  that	  for	  all	  integers	  less	  than	  an	  

arbitrary	  (integer)	  k	  ≥	  2,	  k	  is	  a	  product	  of	  primes	  
4.  Induc2ve	  step:	  show	  that	  k	  +	  1  must	  be	  a	  product	  of	  primes	  

§  Proof	  idea:	  
1.  If	  k+1	  is	  itself	  prime,	  then	  it	  is	  a	  product	  of	  length	  1	  by	  

defini1on	  
2.  If	  k+1	  is	  not	  prime,	  then	  by	  defini1on	  k+1	  =	  a*b.	  By	  Ind.	  Hyp.	  

{a,b}	  are	  products	  of	  primes	  
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Recursion	  
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Recursively	  Defined	  Func1ons	  

§  Problem:	  given	  a	  sequence	  (a0,	  a1,…,ak)	  construct	  a	  
consistent	  rule	  to	  determine	  any	  (nth)	  term:	  
Ø  By	  recursion	  
Ø  Closed	  form	  (can	  be	  difficult!)	  
Ø  A	  func1on	  f(n)	  is	  the	  same	  as	  a	  sequence	  where	  f(i)	  =	  ai	  	  

§  Recursive	  defini1on:	  
1.  Basis	  step:	  specify	  the	  value	  of	  the	  func1on	  at	  zero	  
2.  Recursive	  step:	  give	  a	  rule	  for	  finding	  its	  value	  at	  an	  

integer	  from	  its	  values	  at	  smaller	  integers.	  
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Recursively	  Defined	  Func1ons	  (examples)	  

2.4.4 Chapter 2 Sets, Fcns, Seqs, Sums

SPECIFYING a RULE

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

2.4.4 Chapter 2 Sets, Fcns, Seqs, Sums

SPECIFYING a RULE

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

Section 2.4 Sequences and Sums 2.4.5

INFERRING a RULE

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

Section 2.4 Sequences and Sums 2.4.5

INFERRING a RULE

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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More	  Func1ons	  (examples)	  

Section 5.3 Recursive Definitions 5.3.1

5.3 RECURSIVE DEFINITIONS

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

5.3.2 Chapter 5 Induction and Recursion

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

5.3.2 Chapter 5 Induction and Recursion

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Recursively	  Defined	  Sets	  

§  To	  define	  a	  set	  recursively:	  	  	  
1.  Basis	  step:	  specify	  ini1al	  collec1on	  of	  elements	  
2.  Recursive	  (constructor)	  step:	  give	  a	  rule	  for	  forming	  

new	  elements	  from	  old	  ones	  
§  Example:	  the	  natural	  numbers	  N	  
•  (B)  Basis  step:    0  ∊	  N
•  (R)  Recursive  step:    If	  n	  is	  in	  N,	  then	  n	  +	  1	  is	  in	  N	  
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Strings	  (defini1on)	  

§  Defini1on:	  a	  set	  of	  characters/leDers/symbols	  is	  
called	  an	  alphabet	  

§  Defini1on:	  a	  sequence	  in	  an	  alphabet	  is	  a	  string	  

Section 2.4 Sequences and Sums 2.4.3

STRINGS

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Strings	  (recursive	  defini1on)	  

§  Given	  alphabet	  A,	  define	  recursive	  data	  type	  A*	  of	  
strings	  over	  A:	  	  
•  (B):    λ	  ∊	  A*	  	  (λ	  is	  the	  empty	  string)
•  (R):    If	  a  ∈  A  and	  s  ∈  A*,	  then	  sa  ∈  A*	  	  

§  Example:	  	  
Ø  A	  =	  {0,1}	  
Ø  A*:	  all	  bit	  strings,	  λ,0,1,  00,01,10,  11,  etc.	  

§  Example:	  	  
Ø  A	  =	  {a,b}	   	  show	  that	  aab	  ∈  A*	  
1)  λ	  ∊	  A*	  and	  a  ∊	  A 	   	  →   a	  ∊	  A*	  
2)  a	  ∊	  A*	  and	  a  ∊	  A	   	  → aa	  ∊	  A*	  
3)  aa	  ∊	  A*	  and	  b  ∊	  A 	  →   aab	  ∊	  A*	  
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Strings	  (examples)	  
5.3.8 Chapter 5 Induction and Recursion

SUBCLASSES of STRINGS

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

5.3.8 Chapter 5 Induction and Recursion

SUBCLASSES of STRINGS

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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String	  Concatena1on	  

§  Given	  alphabet	  A,	  and	  a	  set	  of	  strings	  A*,	  
define	  the	  concatena2on	  of	  two	  strings,	  
denoted	  by	  ∙  ,  recursively	  	  
•  (B):    If  w	  ∊	  A*	  	  then	  w	  ∙  λ	  =	  w
•  (R):    If	  w1	  ∊	  A*,	  w2	  ∊	  A*,	  and	  x	  ∊	  A,	  	  then	  	  
	   	   	   	  w1  ∙	  	  (w2  ∙    x)	  =	  	  (w1  ∙	  w2)	  x	  
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String	  Length	  

§  Given	  alphabet	  A,	  and	  a	  set	  of	  strings	  A*,	  
recursively	  define	  the	  length	  of	  string	  w	  
denoted	  by	  |w|:	  	  
•  (B):   |λ|	  =	  0
•  (R):   |wx|  =	  |w|+	  1,	  where	  w	  ∊	  A*,	  x	  ∊	  A	  
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	  Structural	  Induc1on	  

§  Goal:	  prove	  that	  P(r)	  -‐-‐	  predicate	  on	  recursively	  defined	  
set	  R	  -‐-‐	  is	  true	  for	  all	  elements	  of	  the	  set	  r	  ∈	  R	  

	  	  
1.  Base	  case:	  	  show	  that	  P(b)	  is	  true	  for	  base	  case	  elements	  b	  ∈	  R	  	  	  
2.  Induc2ve	  hypothesis:	  	  assume	  that	  P(k)	  holds	  for	  all	  elements	  

used	  to	  construct	  new	  elements	  in	  the	  recursive	  step	  
3.  Induc2ve	  step:	  show	  that	  the	  result	  holds	  for	  the	  newly	  

constructed	  elements	  
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Algorithm	  (defini1on)	  

§  Defini1on:	  an	  algorithm	  is	  a	  finite	  set	  of	  precise	  
instruc1ons	  for	  performing	  computa1on	  or	  
solving	  a	  problem	  

§  General	  considera1ons:	  
•  Running	  1me,	  resources	  	  
•  Average/worst/best	  case	  scenarios	  
•  When	  do	  we	  terminate	  the	  algorithm?	  
•  How	  do	  we	  compare	  algorithms?	  
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Pseudocode	  (defini1on)	  

§  Pseudocode:	  representa1on	  of	  an	  algorithm	  in	  
prose	  +	  code.	  Prepara1on	  step	  before	  
implementa1on	  

3.1.2 Chapter 3 Algorithms and Integers

Algo 3.1.1:

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Binary	  Search	  (idea)	  	  

§  Problem	  defini1on:	  
•  Given	  sorted	  list	  (vector)	  of	  numbers	  V,	  and	  a	  number	  X.	  Find	  the	  

index	  k	  such	  that	  V(k)	  =	  X.	  Return	  k	  =	  -‐1	  if	  X	  is	  not	  in	  V.	  

§  Solu1on	  approach:	  
•  Scan	  through	  the	  list	  and	  compare	  X	  to	  each	  element	  	  
•  Linear	  running	  1me,	  does	  not	  take	  advantage	  of	  the	  list	  being	  sorted	  

§  BeDer	  approach:	  
•  Divide	  and	  conquer	  algorithms	  
•  Break	  problem	  into	  subproblems	  of	  the	  same	  type	  
•  Constant	  1me	  to	  cut	  problem	  size	  by	  a	  frac1on	  (usually	  ½)	  
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Binary	  Search	  (algorithm)	  

§  Pseudocode:	  
•  Input:	  sorted	  (ascending	  order)	  vector	  V	  with	  N	  elements,	  element	  X	  	  
•  Goal:	  find	  index	  	  k	  where	  V(k)	  =	  X	  	  or	  return	  -‐1	  
•  Assump/on:	  >	  <	  operators	  exist	  
•  Algorithm:	  

1.  low_k	  =	  1,	  high_k	  =	  N	  
2.  while	  low_k	  <=	  high_k	   	   	  %	  we	  s1ll	  have	  indices	  to	  check	  	  

	  	  	  	  m	  	  =	  	  (low_k	  +	  high_k)	  /	  2 	  %	  middle	  element	  
	  	  	  	  	  compare	  X	  to	  V(m)	  	  
	  	  	  	  	  If	  X	  ==	  V(m)	  è	  	  stop,	  return	  k	  =	  m	  
	  	  	  	  	  If	  X	  >	  V(m)	  è	  search	  right	  half:	  low_k	  =	  m	  +	  1;	  	  

	  	   	  	  	  	  	  if	  X	  <	  V(m)	  è	  search	  le~	  half:	  high_k	  =	  m	  –	  1;	  
3.	  	   	  Return	  k	  =	  -‐1	   	   	   	   	  %	  we	  failed	  to	  find	  X	  in	  V	  
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Sor1ng	  (selec1on	  sort	  algorithm)	  

§  Pseudocode:	  
•  Input:	  vector	  V	  with	  N	  elements	  
•  Goal:	  sort	  vector	  in	  ascending	  order	  	  
•  Assump/on:	  comparison	  based	  sor1ng	  (>	  <	  operators	  exist)	  
•  Algorithm:	  

1.  Set	  k	  =	  1	  
2.  Locate	  minimum	  element	  in	  (sub)vector	  V(k..N)	  
3.  Switch	  (swap)	  that	  element	  with	  element	  at	  index	  k	  
4.  Increment	  k	  	  (k	  =	  k+1)	  and	  go	  to	  step	  2,	  stop	  when	  k	  =	  N-‐1	  
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Selec1on	  Sort	  (analysis)	  

§  Es1mate	  efficiency	  of	  sor1ng	  algorithm:	  
•  Number	  of	  element	  comparisons	  
•  Number	  of	  element	  exchanges	  

§  Selec1on	  sort:	  
•  First	  itera1on	  of	  the	  loop:	  	  N-‐1	  comparisons,	  1	  exchange	  
•  Some	  itera1on:	  	  N-‐k	  comparisons,	  1	  exchange	  
•  Last	  itera1on:	  1	  comparison,	  1	  exchange	  
•  Total	  comparisons:	  	  	  (N-‐1)	  +	  (N-‐2)	  +	  …..+	  2	  +	  1	  	  	  =	  	  N	  x	  (N-‐1)	  /	  2	  
•  Total	  exchanges:	  	  N-‐1	  (at	  most)	  	  
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Big-‐O	  Nota1on	  (idea)	  

§  Es1mate	  efficiency	  of	  algorithm,	  rela1ve	  to	  other	  
algorithms	  for	  iden1cal	  task	  
•  Difficult	  to	  get	  precise	  measure	  
•  Approximate	  effect	  on	  change	  of	  number	  of	  items	  (N)	  

processed	  
•  Compare	  growth	  rates	  
•  Order	  of	  magnitude	  (O) 	  	  
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Big-‐O	  Nota1on	  

§  Comparing	  growth	  rates:	  

	  
§  Func1on	  classes: 	  	  

Section 3.2 Growth of Functions 3.2.1

3.2 GROWTH OF FUNCTIONS

BIG OH CLASSES

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

Section 3.2 Growth of Functions 3.2.1

3.2 GROWTH OF FUNCTIONS

BIG OH CLASSES

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Witnesses	  

Section 3.2 Growth of Functions 3.2.3

WITNESSES

CLASSROOM EXERCISE

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Big-‐O	  Nota1on	  (example)	  

3.2.2 Chapter 3 Algorithms and Integers

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

37	  



Witnesses	  (example	  1)	  

Section 3.2 Growth of Functions 3.2.3

WITNESSES

CLASSROOM EXERCISE

coursenotes by Prof. J. L. Gross for Rosen 7th Edition

3.2.2 Chapter 3 Algorithms and Integers

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Witnesses	  (example	  2)	  

Section 3.2 Growth of Functions 3.2.5

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Algorithmic	  Complexity	  

§  Complexity	  is	  a	  measure	  of	  resource	  (1me/space)	  
consump1on	  

§  Time	  complexity:	  number	  of	  computa1onal	  steps	  
required	  to	  execute	  an	  algorithm	  as	  a	  func1on	  of	  input	  
size	  

§  Es1mate	  running	  1me	  of	  algorithm:	  
•  Worst	  case	  scenario:	  bound	  
•  Average	  case	  scenario:	  hard	  to	  compute	  
•  Analysis	  pinpoints	  boDlenecks	  
•  No	  par1cular	  units	  of	  1me	  
•  Analyze	  inside	  out	  
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P	  	  vs	  	  NP	  

§  “P”:	  class	  of	  problems	  which	  can	  be	  solved	  with	  
polynomial	  1me	  algorithms	  	  	  

§  “NP”:	  (nondeterminis1c	  polynomial	  1me,	  
exponen1al)	  class	  of	  problems	  whose	  solu1on	  can	  be	  
verified	  in	  polynomial	  1me	  

§  Implica1ons	  of	  P	  =	  NP:	  
•  Complete	  chaos	  
•  Can	  solve	  problems	  as	  quickly	  as	  we	  can	  verify	  the	  solu1on	  
•  Cryptography	  breaks	  
•  Mathema1cians	  replaced	  by	  machines	  
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Factorial	  
5.4.4 Chapter 5 Induction and Recursion

Algo 5.4.5:

coursenotes by Prof. J. L. Gross for Rosen 7th Edition
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Fibonacci	  Numbers	  

§  F0	  =	  1,	  F1	  =	  1,	  F2	  =	  2,	  F3	  =	  3,	  F4	  =	  5,…,	  Fi	  =	  Fi-‐1	  +	  Fi-‐2	  	  	  	  	  
§  Clever	  use	  of	  recursion? 	  	  

func1on	  	  F	  =	  fib(N)	  
if	  	  N	  	  <=	  	  1	  

	  F	  =	  1;	  
else	  

	  F	  =	  fib(N-‐1)	  +	  fib(N-‐2);	  
end	  
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Fibonacci	  Func1on	  (call	  tree)	  

Fib(5) 

Fib(4) 

Fib(3) 

Fib(2) 

Fib(3) 

Fib(1) Fib(0) 

Fib(0) 
Fib(0) 

Fib(1) 
Fib(1) 

Fib(1) 

Fib(1) 

Fib(2) 
Fib(2) 
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Binary	  Search	  (analysis)	  	  

§  Binary	  search	  is	  a	  recursive	  algorithm,	  we	  can	  define	  
and	  solve	  a	  recurrence	  rela2on:	  
•  Base	  case:	  	  T(0)	  =	  constant	  
•  Recursive	  case:	  	  T(N)	  =	  	  T(subproblems)	  +	  T(combine	  solu1ons)	  	  	  

§  Running	  1me	  depends	  on:	  
•  Number	  of	  subproblems	  
•  Size	  of	  subproblems	  
•  Cost	  of	  combining	  solu1ons	  
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Mergesort	  (idea)	  

§  Classic	  divide	  and	  conquer	  strategy:	  
•  Divide	  list	  into	  2	  halves	  (each	  half	  =	  subproblem)	  
•  Apply	  algorithm	  recursively	  to	  sort	  each	  half	  
•  Merge	  the	  two	  sorted	  lists	  	  	  

§  Merging	  two	  sorted	  lists:	  
•  One	  pass	  through	  the	  input	  (N	  elements)	  
•  Linear	  running	  1me,	  at	  most	  N-‐1	  comparisons	  
•  Requires	  a	  temporary	  array	  (addi1onal	  resource)	  
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Mergesort	  (algorithm)	  

§  Pseudocode:	  
•  Input:	  vector	  V	  with	  N	  elements	  
•  Goal:	  sort	  vector	  in	  ascending	  order	  	  
•  Assump/on:	  comparison	  based	  sor1ng	  (>	  <	  operators	  exist)	  
•  Algorithm:	  

1.  le~	  =	  1,	  right	  =	  N	  
2.  if	  	  le~	  <	  right	   	   	   	   	  %	  we	  s1ll	  need	  to	  sort	  	  	  

	  	  	  	  m	  	  =	  	  (le~	  +	  right)	  /	  2 	   	  %	  middle	  element	  
	  	  	  	  	  mergeSort(V,	  le~,	  m,	  T)	  	   	  è	  sort	  le~	  half	  
	  	  	  	  	  mergeSort(V,	  m+1,	  right,	  T)	   	  è	  sort	  right	  half	  

	  	   	  	  	  	  	  merge(V,	  le~,	  m+1,	  right,	  T)	  	  è	  merge	  sorted	  halves	  
3.	  	   	  Return	  V	   	   	   	   	   	  %	  finished	  
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