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CH 14.5 The Chain Rule
* Multivariate function where each variable is function of one variable
* Multivariate function where each variable is function of two variables
* Tree diagram
* Implicit differentiation for multivariate functions
CH 14.6 Directional Derivatives and Gradient
* Directional derivative - definition
* Gradient vector — definition
* Generalization to n dimensions
 Maximum rate of change
e Significance of gradient



Outline

= CH 14.7 Maximum and Minimum Values

Local and global extrema

Extrema for functions of one variable
Critical points

Fermat’s Theorem

Extrema for functions of two variables
2"d Derivatives test + proof
Determining global (absolute) extrema



Guiding Eyes (14.5)

A. How do you differentiate a multivariate function
where each variable is a function of one variable?

B. How do you differentiate a multivariate function
where each variable is a function of two variables?

C. How do you differentiate a multivariate function
implicitly?



Chain rule for functions where each variable is a function
of one variable

Consider functions of one variable: y = f(x) where x = g(t)

1) Differentiate using

What assumptions have we made? Functions are differentiable.

Proof of rule (section 3.4, p.204):

2) Apply property of increments to x = g(t), and y = f(x), where we assume
that b = g(a).

1 dy dydx
dt dx dt
2)Ay = f'(a)Ax + eAx where,e =0 as Ax—=0

2a) Ax = g'(a)At + & At where,e, =0 as Atr—0
2b) Ay = f'(b)Ax + eAx where,e, =0 as Ax—0
3) Ax = [g'(a)+81]At

Ay=[f'B)+&, |Ax=[f'(D)+¢,]|[g'(a)+¢ |At




Chain rule for functions where each variable is a function
of one variable

Consider functions of one variable: y = f(x) where x = g(t)

2) Apply property of increments to x = g(t), and y = f(x), where we assume
that b = g(a).
3) Simplify and substitute expressions into eq.  4) Take limit.

2a) Ax = g'(a)At + g At where, e, =0 as Ar—0
2b) Ay = f'(b)Ax + eAx where, e, =0 as Ax—0
3) Ax = [g'(a)+£1:|At

Ay = [f'(b)+82]Ax = [f'(b)+€2][g'(a)+81]At
4)lim = Ax —=0=¢,,6, =0

Ar—0
dy .. Ay . | | s |
—=lim===1lim[ [ D)+ 5 [g'(@+a]= f'(D)g' (@)

= f'(g(a))g'(@)



Chain rule for multivariate functions where each variable
is a function of one variable

Consider functions of two variables: z = f(x,y) where x = g(t), y = h(t)
Can we differentiate using

What assumptions have we made? Functions (f,g,h) are differentiable.
When is f(x,y) differentiable? Partial derivatives are cont.

Proof of rule:

1) Since fis differentiable, can use property for dz.

2) Since g,h are differentiable, when At goes to zero, so do Ax, Ay.

3) Substitute by definition.

1) Az = %Ax+gle +%Ay+32Ay
0x dy
where, €,,6, =0 as Ax,Ay —0

Az = [i+€1]M+[%+82]A)}
ox oy



Consider functions of two variables: z = f(x,y) where x = g(t), y = h(t)

1) Since fis differentiable, can use property for dz.
2) Since g, h are differentiable, when At goes to zero, so do Ax, Ay.
3) Substitute by definition.

1) Az = %Ax+8le +%Ay+£2Ay
o0x oy

where, €,,6, =0 as Ax,Ay—0

AZ=|:£+81]A)C+[%+82]A)/

0x oy
2)§=hm5=hm[i+gl]ﬁ+nm T e |BY
dr A—=0Ar A—=0]| gx At A0 gy At
At —0=Ar,Ay—0 1lim2X =% jimAY @

Ar—0 At dt A0 At dt
dz _Jf dx+c')fdy

3)
dt Jx dr Jy dt




Chain rule for multivariate functions where each variable

is a function of two variables

Consider functions of two variables: z = f(x,y) where x = g(s,t), y = h(s,t)

Can we differentiate using
We would like to compute partial derivatives of zw.r.t s & t.

Treat each partial separately, and apply previously derived rule.

dz 8f dx é)f dy _>GZ=8f ax_l_é)f oy
dt 0ox dt ay dt dt 0x dt Jy 0Ot
0z Gf 0x Gf oy
Jds Jdx ods ay ds

Q. Does the rule generalize to n variables?
A. As long as all functions are differentiable.

Concept: a
intermediate / independent variables.

describes the relation between dependent /



How do you differentiate multivariate functions implicitly ?

Consider functions of one variable: sometimes it is difficult to expressy as a
function of x explicitly. We can define function(s) implicitly instead (ch 3.5).
Simple example: circle.

Suppose F(x,y) = 0 defines y implicitly as a differentiable function of x.

VxeD,, F(x,f(x)) =0

Q. When is this assumption valid?

A. Implicit Function Theorem (IFT): exclude pathological cases.

F is defined on a disk containing point (a,b), F(a,b) =0, Fy(a,b) = ()
and partial derivatives are cont. on the disk, then assumption is valid near

the point (a,b). 7 = F(x,y) =0, x=g(x),y=f(x)
If assumption holds? dz _ JF dx N oF dy 0= oF " oF dy
Caselofchainrule. 7. 55 Jx dy dx ] ox Jdy dx
E;ﬁo=>ﬂ=—ai7’/af7=_i
dy dx ox 0y F,



How do you differentiate multivariate functions implicitly ?

What is the general approach? 1) Differentiate w.r.t x 2) Solve eq. for f(x).
Consider functions of two variables: we can define z implicitly as a
differentiable function of f(x,y): F(x,y, f(x,y)) = 0.

Q. When is this assumption valid?

A. IFT: instead of a disk, we need a sphere containing point (a,b,c). Partial
derivatives are cont. on the disk, then assumption is valid near the point.

F(a,b,c) =0, F.(a,b,c)=0
If assumption holds? use chain rule twice (for x and y).

u="F(x,y,z2)=0,x=g(x),y=f(y),z= f(x,y)

du oF ox o0F oy OF 0z oF oF 0z

= + + =0=—+0+——F
dx O0x dx Jdy dx 09z 0x 0x 0z 0x
oF 9z OF oF F, 9z F

— =0 = / e =—-—
0z o0x ox 0z F. 0y F

<



Guiding Eyes (14.6)

A. How do you compute the directional derivative?

B. In which direction does the function change fastest,
and what is the maximum rate of change?

C. What is the significance of the gradient vector?

D. What is the equation of the tangent plane to the level
surface?
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How do you compute the directional derivative?

Recall from section 14.3:

1) Choose a point (a,b,c) on the surface S, z = f(x,y).

2) Choose any arbitrary direction u (unit vector).

3) The direction we consider is a line which determines a plane in space.
We restrict our attention to the trace of the surface S in the plane.

4) The is the slope of the tangent line to the trace.

The “rate of change of z in the direction of u”.

J(x+hu,y+hu,)— f(x,y)

Duf(-xa y) = 11mh—>0

o
u=(1,0y=D,f=D,f=f = 9 L NN
Ox S
Gf c A
=(0,1 D f=D,f=f =— |
u < > — uf 2f fy ay 0_¥



How do you compute the directional derivative?

We need a simple formula to compute the directional derivative for any u.
We use a familiar trick to define a function g(h), compute g’(h) using the
chain rule, and show that g’(0) is by definition the directional derivative.

gh)=f(x+hu,y+hu,)= g0)=f(x,y)

D, f(x,y)=1lim, 8(h) }_l 80) =g'(0)

oy oy _of - of,

0x ah oy dh 0ox dy
g'(0)=f.(,yu + f,(x, u,
D, f(x,y) = fo(x.3), f,(x,9)) - (uty 11, )
D, f(x,y)=Vf(x,y) u
Vf (6 y) = (f (), f,(x, )




How do you compute the directional derivative?

Problem: find the directional derivative at point P where u makes an angle
O with the positive x-axis.
Solution: by definition, u= <COS 6,sin (9>

Compute using the formula: Duf(x,y) _ fx (x.y)cosO + fy (x.y)sin@

Concept: the gradient vector of a function is the vector of 15t partial
derivatives.

Problem: find directional derivative at point P in the direction of vector v.
Solution: 1) Compute gradient vector (partial derivatives) at point P.

2) Convert v to a unit vector (divide by magnitude)

3) Compute the dot product of the two vectors.

Q. Does the definition apply to functions of 3 (n) variables?
A. Add dimensions (components) to your vectors.



In which direction does the function change fastest?

By definition of dot product, the maximum value of the directional
derivative occurs when u is in the same direction as the gradient.
Therefore, the gradient is the direction of maximal increase, and the
maximal rate of change is the magnitude of the gradient.

u|=1= D, f =Vf -u=|Vf||u|cos8 =|Vf|cos6
cosf@=1 = 6=0

Problem: given z = f(x,y) find the rate of change at point P in the direction
of point Q. In what direction is the rate maximal? What is its value?
Solution: 1) Compute gradient vector (partial derivatives) at point P.

2) Convert a unit vector u (divide by magnitude) in the direction of PQ.

3) Compute the dot product of the two vectors.

4) Maximal rate of change is in direction of grad. Value is |g| at P.



Equation of tangent plane to level surface

Consider the level surface S, F(x,y,z) = k.

Let r(t) denote any curve on S that passes through point P(x,,Y,,Z,)-

We assume all functions are differentiable, and use the chain rule.

We observe that the gradient is perpendicular to the tangent vector r'(t).
We can define the tangent plane to the level surface at P (grad = normal).

Fx.y.2)=k r(®)=(x).y(1).z(1))
VF=(F.F.F.) r'@)=(x'1).y®).z'()

oF dx + oF dy + oF dZ —0 VF (x4, Yo, 2)
o0x dt ay dt aZ dt £ tangent plane
' i
VFr'(1)=0 £
VF(x()ayoazo).<x9y9z>_<x0’y0’zo> j‘/ /}0\‘“~

F(xayaz) = f(xa)’)—Z =0= F; =-1 \/\ -
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What is the significance of the gradient vector?

Consider a function f of two variables:

1) The gradient is the direction of maximal increase.

2) The gradient is perpendicular to the level curve f(x,y) = k.

Intuition: as we move away from a point along the level curve, the value of

f remains constant. If we move in the perpendicular direction, we expect to
get the maximum increase. ¥

V(%05 Yo)
A curve of steepest ascent can be drawn by \
making it perpendicular to all the contour lines Pxo.yo) -

A plot of each grad vector for a set of points level curve

is called a gradient vector field. flx,y) =k

Example: gradient vector field for the function °
superimposed on a contour map of f.

=Y

curve of
steepest
ascent 100
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Guiding Eyes (14.7)

A. How do you identify the of a function?

B. How does the 2" derivative test generalize to
functions of two variables?

C. How do you determine whether the extremum is
absolute ( )?



How do you identify the extremum of a function?

Concept: a function f has a local extremum at a point P if its value at P is
larger / smaller than nearby values of f.

Concept: a function f has a global extremum at a point P if its value at P is
larger / smaller than all values of f.

Consider functions of one variable: y = f(x) at point x = a:
If f(a) =0 or f(a) d.n.e then we MIGHT have extremum at a.
If extremum exists at a, then we MUST have f’(a) =0 or f(a) d.n.e.

Concept: a function f has a critical (stationary) point P if the 15t derivative(s)
at P are zero or undefined.

Fermat’s Theorem (Section 4.1):
Assuming that,

1) f has a local extremum at a.
2) f'(a) exists.

It follows that f(a) =0



How do you identify the extremum of a function?

Consider functions of one variable: y = f(x) at point x = a:
If f(a) =0 or f(a) d.n.e then we MIGHT have extremum at a.
If extremum exists at a, then we MUST have f’(a) =0 or f(a) d.n.e.

Fermat’s Theorem (Section 4.1):

Assuming f has a local extremum at a and f’(a) exists, implies f(a) = 0.
Proof: we “squeeze” f'(a) to zero.

Consider the LH and RH limits. These limits must equal the two-sided limit
due to assumption (2). Approaching from one side we bound f'(a) from
above, approaching from the other side, we bound f'(a) from below.

f'(a)=1imf(a+h)_f(a) =1imf(a+h)_f(a)

h—0 h h—0* h

h>0= f'(a)=1lim 2 4*FM 1D _1i0-0

h—0* h h—0*

h<0= f'(a)=1lim 24T =JD_ i10-0

h—0~ h h—0~




How do you identify the extremum of a function?

Q. If we have a critical point, how can we confirm that it is indeed an

extremum?

A. 2"¢ derivative test:

If f”(a) >0 or f’(a) < 0 then we have an extremum at a.
If f”(a) =0 or f”(a) d.n.e then test is inconclusive.

Q. What should you do if 2" test is inconclusive?
A. 1st derivative test: does f'(x) change sign around a.

Consider functions of two variables: z = f(x,y) at point x = (a,b):

1

Definition A function of two variables has a local maximum at (a, b) if

f(x,y) = f(a, b) when (x, y) is near (a, b). [This means that f(x, y) < f(a, b) for
all points (x, y) in some disk with center (a, b).] The number f(a, b) is called a
local maximum value. If f(x, y) = f(a, b) when (x, y) is near (a, b), then f has a
local minimum at (a, b) and f(a, b) is a local minimum value.

Geometric interpretation: tangent plane at extremum is horizontal.

22



How do you identify the extremum of a function?

f(x, y) =x?+y? Normal to tangent plane is in direction of z-axis.
f(0,0)=0 and f,(0,0)=0 — minimum at (0,0).

fx,y)=y*-x* = £,(0,0)=0 and f,(0,0)=0.
But (0, 0) is not an extreme value (its a saddle point)!

Consider functions of two variables: z = f(x,y) at point x = (a,b):
If f.(a,b) = f,(a,b) = 0 or at least one of the partials d.n.e then we MIGHT
have extremum at (a,b).

2 | Fermat's Theorem for Functions of Two Variables If fhas a local maximum or

minimum at (a, b) and the first-order partial derivatives of f exist there, then
fila, b) = 0 and f,(a, b) = 0.

23



How do you identify the extremum of a function?

Consider functions of two variables: z = f(x,y) at point x = (a,b):
If f.(a,b) = f,(a,b) = 0 or at least one of the partials d.n.e then we MIGHT
have extremum at (a,b).

2 | Fermat's Theorem for Functions of Two Variables If fhas a local maximum or

minimum at (a, b) and the first-order partial derivatives of f exist there, then
fila, b) = 0 and f,(a, b) = 0.

Recall Fermat’s Theorem (Section 4.1):
Assuming f has a local extremum at a and f’(a) exists, implies f(a) = 0.

Proof of extended version:

1) Fix y = b, and consider the partial derivative w.r.t x. By assumption,

g(x) = f(x,b) has extremum at (a,b) and f (x,b) = g’(x) exists.

2) Apply Fermat’s TH to g(x). Conclude that g’(a) = f,(a,b) = 0.

3) Repeat argument but fix x = a, and consider the partial derivative w.r.tYy.

24



2nd Derjvatives Test

Q. Given critical point of a multivariate function, is it an extremum?
A. Non-trivial generalization of the 2"“ derivative test.
For functions of one variable:

If f”(a) >0 or f’(a) < 0 then we have an extremum at a.
If f”(a) =0 or f”(a) d.n.e then test is inconclusive.
Now we have more than one 2" derivative (partials)!

|dea: evaluate the 2" directional derivative, and show that it is positive
(negative) for any choice of direction.

Duf = fxul +f;/u2
DXf = D,(D,f) = - (D,f) t, +=(D, u,
o0x oy

= (fl, + fyxuz) u, + (fxyul + fyyuz u,
2 2
= folty + fyxuzul + fxyulu2 + fyyuz

2 2
= fxxul + 2fxyu1u2 + f;zyu2



2nd Derjvatives Test

|dea: evaluate the 2" directional derivative, and show that it is positive
(negative) for any choice of direction.

Use Clairaut’s TH. to combine mixed partial derivatives, and complete
square.

Duf = f;cul + J[;;l/tz
Dbztf = fxxu12 + 2f;cyulu2 + f‘yyug

_ 2 2 fxy »f;zy 2
=Ju | U T uu, + u,

e e

= Jx (”1 "'ji_zuz) +;_i(f;cxf;/y _f)zcy)

fu>0,D=(fofiy—f%)>0=D.f>0
fu<0,D=(fufyy—[3%)>0=D.f <0



2nd Derjvatives Test

3

Second Derivatives Test Suppose the second partial derivatives of f are contin-

uous on a disk with center (a, b), and suppose that f(a, b) = 0 and f,(a, b) = 0
[that is, (a, b) is a critical point of f]. Let

D — D(aa b) :f-f-l‘(a’ b)ﬁ\ (Cl, b) o [f*‘)‘(av b)]z

(a) If D > 0 and f.,(a, b) > 0, then f(a, b) is a local minimum.
(b) If D > 0 and f..(a, b) < 0, then f(a, b) is a local maximum.

(¢c) If D < 0, then f(a, b) is not a local maximum or minimum.

Note: case (c) is the “saddle point”.
Note: if D = 0, the test gives no information.

Concept: the matrix of 2"d partial derivatives is called the Hessian.

D

=(f;cxfyy _f?cy)=

Jo Jo
Joo Ty
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How do you identify the extremum of a function?

Problem: find local extrema / saddle points of z = f(x,y).

Solution: 1) Compute partial derivatives.

2) Solve the resulting equations simultaneously to locate critical points.
3) Calculate the 2" partial derivatives and D.

4) Determine which case of 2"d derivatives test applies.

flx, y) =x2+y?2—2x—-6y + 14. t /
1) f.(x,y)=2x-2 f,x,y)=2y—-6 ¥
2) Critical pointis (1, 3) /
Completing the square, (1,3, 4)
fOoy)=4+(x-1)*+(y-3)° 0

Since (x—1)?=0and (y—3)? =0, we have /\7

f(x, y) = 4 for all values of x and y.
Therefore f(1, 3) =4 is a local minimum



How do you identify the extremum of a function?

Problem: find local extrema / saddle points of z = f(x,y).

Solution: 1) Compute partial derivatives.

2) Solve the resulting equations simultaneously to locate critical points.
3) Calculate the 2" partial derivatives and D.

4) Determine which case of 2"d derivatives test applies.

flx,y) =x*+y*—4xy + 1.

1) fxy)=4c -4y  fxy)=4y’—4x

2)x3-y=0 y>-x=0 Critical points are (0, 0) (1,1) (-1,-1)

3) f,. (%, y) = 12x? fooy)=4 f,(x,y)=12y> D=144xy*-16
4)

D(0,0)=-16<0 (0,0)—> saddle point
D(1,1)=128>0 f,(1,1)=12>0 (1,1)—> local minimum
D(-1,-1)=128>0 f,(-1,-1)=12>0 (1,1)—> local minimum



How do you determine a global extremum?

Consider functions of one variable: y = f(x):

Extreme Value Theorem: if fis cont. on the closed interval [a,b], then f has
an absolute (global) minimum and maximum values on the interval.

To determine global extrema, evaluate f at critical points and interval end
points.

Consider functions of two variables: z = f(x,y):
Consider closed set (contains all boundary points) instead of interval.

8 | Extreme Value Theorem for Functions of Two Variables If f is continuous on a
closed, bounded set D in R?, then f attains an absolute maximum value f(x,, y;)
and an absolute minimum value f(x», y,) at some points (x;, y;) and (x,, y2) in D.

To determine global extrema, evaluate f at critical points and boundary
curves. — T I
|
[ \ ] |
\ / |
|

|
|
|

Closed sets Sets that are not closed
30



How do you determine a global extremum?

Problem: find global extrema of z = f(x,y) on the domain D.

Solution: 1) Verify that fis cont. on a closed bounded set.

2) Compute partial derivatives.

3) Solve the resulting equations simultaneously to locate critical points.
4) Evaluate function values at critical points, and on the boundary.

5) Find largest / smallest of the values in step (4).

f(x, y) =x*>—=2xy + 2y on the rectangle D={(x,y)|0=sx=<3,0sy=<2}.
2)f,=2x—-2y=0 f,=-2x+2=0

3)x=1 Critical pointis (1,1) £(1,1)=

4) Boundary: f(x,0) =x* f(x,2)=x*—-4x+4 O<xs<3

f(o,y)=2y f(3,y)=9-4y Osys?
minimum:  f(x,0) = x2 = f(x,2)=0  f(O,y)=0  f(3,y)=
maximum: f(x,0) = x2 = f(x,2)=4  f(O,y)=4  f(3,y) =

5) Global maximum: f(3,0) 9 Global minimum: f(0,0) = f(2,2) =



