IN SEARCH OF THE UNKNOWABLE

Joseph F. Traub

Computer Science Department

Columbia Universit y

Presented at the

Alfred P. Sloan Workshop on the Known, the Unknown, and the Unknowable:

What Have We Learned? What Should Be Explored?

October 27, 2000

Some years ago I mentioned to a ver ysenior European sci entist that Iwas interested in understanding the intrinsic limits to scientific knowledge. He replied that such limits had been established b yKurt Goedel. That interpretation of Goedel´s fundamental contribution to logic seems to be a commonl yheld belief, but it is simpl ynot so. I want to tell you wh yGoedel´s theor ydoes not limit scientific knowledge and then discuss how we might establish intrinsic limits.

Manyof you are familiar with the place of Goedel´s theorem in twentieth centur ythought.

For those of you who are not, here´s a quick summar y.

The great mathematician David Hilbert posed the following decision problem: Devise a mechanical procedure that could determine whether or not an ygiven mathematical statement was true. Hilbert believed that such procedures existed and for decades mathematicians tried to solve Hilbert´s decision problem. Then in 1931 Goedel shocked the mathematical world by showing that if a syst em as rich as arithmetic is consistent it cannot be complet e. That is, there are st atements within arithmetic that cannot be proved true or false within the system; arithmetic is undecidable. Starting with Goedel´s seminal paper there followed a stream of impossibilit yresults on undecidabilit y, non-computabilit y, and intractabilit y.

Now what does this have to do with sci ence? Goedel´s theorem and the other impossibilit y results are about the formal manipulation of s ymbols; that is, about mathematics. Science certainl yuses mathem atics, but science is also very different from mathematics. (Of course, you´d hardl yknow that if you looked at some of the papers in Ph ysical Review.)

Science is about understanding the universe and ever ything in it. A scientific question does not come equipped with a m athematical model. Here are som e examples of scientific questions:

· How do children acquire l anguage?

· Will human activities cause major global changes, and what will be the effects of those changes on ocean levels, on agriculture, and on biodiversit y?

· How do physi cal processes in the brain give rise to subjective experience - that is, how do such processes explain consciousness?

· Will the universe expand forever, or will it collapse?

· Can the health y, active lives of people be prolonged b y, sa y, a factor of two or three?

What would be the effects on societ y?

There are limits in various disciplines. We heard about some of them yesterda y. M y question is: Can we prove discipline-independent limits? For example, can we appl y suitabl ymodified ideas from theoretical computer science to obtaining limits to scientific knowledge? In particular, can we use suitabl ymodified ideas from m yown field of computational complexity?

The computational complexit yof a mathematicall yposed probl em is the minimal computational resource required to solve the problem. Often the resource that´s studied is time. Then the computational complexit yis the minimal time required to solve a problem. Establishing the computational complexit ycan be ver ydifficult. Ind eed, for manyproblems we have no idea of their computational complexit y. For other problems the computational complexit yhas been proven to be exponential in the size of the input. Such problems are said to be computationall yintractable. Solving a computationall yintractable problem on even the fastest computers could take longer than the time since the big bang. ( I should mention parentheticall ythat there is much interest in quantum computation because it might enable us to solve problems which are believed to be computationally intractabl e on a classi cal computer.)

Note that computational complexit yis a propert yof the problem. That´s because the computational complexityis the minimal cost of an ypossible al gorithm for solving the problem. We consider all possible al gorithms and take the minimal cost. That´ll be important when I talk about limits to knowledge.

Now I want to up the ante.

Can we use this mode of thought, which is for m athematicall yposed probl ems, to prove a limit to scientific knowledge? Here´s one gedankenattack (that´s a neologism using two languages like ei genvalue).

Imagine considering all the mathematical models that capture the essence of a certain scientific question. That´s analogous to considering all possible al gorithms for a fixed mathematical problem when we stud ycomplexit y. But Í ve gone up a level. I fix the scientific question and consider all mathematical models. For each model I consider all algorithms. Perhaps we can prove impossibilit ytheorems for each of the mathematical models. Perhaps we could prove that ever yone of these models is undecidable, non-computable, or intractable. That would do it. - - It would show that the sci entific question is unanswerable.

Here´s another idea: In est ablishing the computational complexit yof a mathematical problem the ke ypart is to prove a lower bound theorem which states that no al gorithm, whether currentl yknown or not, can solve the problem with lower computational cost.

To prove a lower bound theorem we do not, of course, list all possible al gorithms. The attack is indirect -- we use certain properties of the mathematical problem to prove the lower bound. Can we use this mode of thought to show that an ymathematical model that captures the essence of a scientific question must fail.

To summarize:

1. Do impossibilit ytheorems on formal models impl ylimits to knowledge?

NO

2. Will the two gedankenattacks I´ve outlined succeed in establishing limits to scientific questions?

OPEN

Where does that leave us? Icert ainl ybelieve there are limits to knowledge. Perhaps general attacks such as I´ve outlined above will succeed for at least some questions.

For other questions, broad principles such as data limitations will indicate the answer to the scientific question is unknowable. The limits to knowledge ma ybe discipline dependent, being ver ydifferent in, sa y, ph ysics than in prehistoric linguistics.

As you all know, often the most fun in research is when we have a tree of ideas but don´t yet know the answer or how to get to the answer. That´s where we stand today as we search for the unknowable.