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ABSTRACT
| will talk briefly about some of the changes I’ ve witnessed over
almost half a century of computing. Then I'll discuss the unifying
idea of scaling laws, with examples ranging from Moore's law to

computational complexity. What are some of the implications of
scaling laws for the future of computing?

| can remember vividly the moment | was hooked on computers. | can’t tell you
the date, which was probably in 1957, but | remember the moment. Let me give you the
context.

| entered Columbiain 1954 intending to take aPh.D. in physics. In 1955 |
learned that IBM had aresearch lab at Columbiaand | started taking coursesin
computing and applied mathematics. In 1957 | started working on my thesis which was
the following: Experimentalists could make accurate measures of quantities such as the
Lamb shift aswell as relativistic corrections and the theoreticians wanted to test their
theories to see if they agreed with experiments. This required solving the Schroedinger
eguations to obtain the wave function and using that to calculate the quantities of interest.

| wanted to do this for the ground and excited states of helium. Asyou know, helium

has two electrons, two protons, and two neutrons. It is the smplest element after



hydrogen and yet the helium calculations were at the cutting edge of computing in the
mid-to-late 50’s.

What machines were available at IBM’ s research laboratory? The first machine
that | used in 1955 was a plugboard machine. That is, you programmed the machine by
placing wires into a plugboard. By thetime | started my thesis the IBM 650 was
available. This was a machine with a main memory consisting of a drum with 2000
words. That was a bit of achallenge. Of those 2000 words, 500 were used to turn the 650
into a 3 address machine and 500 for mathematical routines like the sine function. That
left 500 words for my program and about 500 words for my data; | had to store three
matrices, each of order 18. The secondary memory consisted of punch cards. Doing this
“super-computer” calculation on a 2000 word drum memory machine was, in part, what
made it aPh.D. thesis.

Just a couple of more things before | tell you about the moment | got hooked on
computing. The way that the wave function was calculated was to assume it had a certain
form with adjustable parameters. The parameters were adjusted via a variational
principle. One assumed values of parametersin the wave function, computed the
corresponding energy level and adjusted the parameters to make the energy smaller.

| worked on parts of the program for some 6 months, planning, coding, running
and debugging various modules. Now | was ready for my first complete run. My output
from the 650 was punched into cards which | carried over to the printer which started to
print the energies which were decreasing as the wave functione improved. The first
number that | saw was the calculated ground state energy of helium which agreed with

experiment to 4 decimal places. A chill ran down my spine. | was doubly amazed. | was



amazed you could model nature with an equation, solve the equation and obtain results
that agreed with physical experiments, and | was amazed that | could program for six
months, do extensive calculations, and out would come the experimentally measured
energy, good to four places. Then | watched the printout as the energy dropped, dropped,
dropped, dropped which meant | was converging. That was the moment | was hooked.

After finishing my degree, | went to Bell Labs. That was a golden time at the
Labs. If you were hired by the Research Division, you could work on anything you chose.
The only criterion was that your work should have impact. One day in late 1959, one of
my colleagues came into my office and asked how to calcul ate the solution of a certain
problem. | could see avariety of ways to solve the problem. What was the best, that is,
the optimal method? The problem was continuous and had to be solved numerically.
That meant that you could only solve it approximately, to within an error €. By optimal |
mean the method which used the minimal computational resources, for example time, to
compute an €-approximation. To my surprise, there was no existing theory. | got
fascinated by this question and in 1964 published a monograph on optimal iteration
theory. It wasn't until 1968 that | heard Al Borodin give atalk on what he called the sexy
phrase “computational complexity” and realized that’s what | was working on.
Hartmanis and Stearns had coined the phrasein 1965. It was independently introduced
by the Soviet polymath, Kolmogorov.

For over 40 years my colleagues and | have worked on the computational
complexity of continuous problems, such as high-dimensional integration, continuous
optimization, partial and integral equations, and approximation. Thisfield istoday called

information-based complexity, a name suggested in the 80’ s by Richard Karp.



Back to the 60’ s for a moment. People would ask me what do you do and if |
mentioned computers they didn’t know what to make of it. They thought it had
something to do with numbers and they might mention that their uncle was a certified
public accountant. It seems hard to believe today, but well into the 70’ sthere was rarely a
mention of computersin the popular media. If, say, the New Y ork Times, or Newsweek,
mentioned computers, that was an occasion. This changed especially after personal
computers became widespread in the early 80’ s and became transformed with the world
wideweb inthe 90's.

The first computer science departments were created inthemid 60's. In 1971 |
was asked to head the Computer Science Department at Carnegie-Mellon University. For
those of you familiar with the School of Computing at Carnegie-Mellon today, the size of
the department in 1971 might surprise you. There were about 8 of us. Of course they
were an extraordinary group including Herb Simon, who passed away very recently.
Herb was one of the founding fathers of artificial intelligence and was to be named a
Nobel laureate in economics. Then in 1979 | was asked to start the department at
Columbia

| was lucky to have started in computation in the mid 50’ s and to have had the
opportunity to build theories, departments and journals. | liketo say that in my scientific
work | can just walk along and pick up diamonds; | never haveto strip mine. | ana
theoretical computational scientist and I'll discuss why thisis specificaly truein my
field. But it has been true and it istrue today all over computer science,
telecommunications and electrical engineering. The genera reason is the incredible rate

of change.



I’ll zoom in on my own field of computational complexity. Every timethereisa
major change in architecture, the rules of the game change. The rules are what we call the
model of computation. It isasif you were a chess player and every decade or so thereisa

radical changein, say, the type of pieces, their legal moves, the type and shape of the

board and perhaps even the dimension of the board changing from 2to d . Every time
the rules change you' ve got to master what is essentially a new game. In thefirst few
decades, computers were sequential. Then we got parallel computers, asynchronous
computers, and heterogeneous workstation farms. More recently, DNA computation,
nanotube chips, and quantum computation are being considered . | will return to quantum
computation later. Furthermore, the computational resources of interest vary; they
include time, memory, area on the chip, and communication costs. So there are always
new challenges for the theoretician and | don’'t see that ending.

| turn now to scaling laws as a unifying principle, both temporally (past, present
and future) and across the various areas of computing and telecommunications.

As an example of ascaling law consider Moore' s law which states that the
number of transistors on a chip doubles every 18 to 24 months. Thisimplies a doubling
of computer power or ahalving of cost over the sametime. Moore'slaw has held for
some 40 years. If we take the more conservative number of doubling every two years, we

have had 20 doublingsin 40 years. Thus means based on chip density, computers

are2® or about 10° times more powerful than around 1960.

Moore' s law is an example of an exponential scaling law. An exponential scaling

law is of the form &" where @ isaconstant and X isavariable. For



Moore'slaw a isthe square root of 2 and X isthe number of yearsit can be applied.
There are quantities that are doubling much faster than every 18 months. For example,
George Gilder claims that bandwidth is doubling every 6 months. He points out that the
doubling is still in its early stages; it may take some years before werealy know the

doubling rate. This bandwidth doubling rate is sometimes called Gilder’s law. It isaso

exponential, but of the form a*with a now equal to 4. It is amuch steeper exponential
than Moore's law. It’simportant to understand what effect the much faster increasein
communication power than in computational power will have on networks and how we
do our computing.

| will turn next to scaling laws in computational complexity. A central question
here is how must the difficulty of a problem scale with itssize. | want to contrast
polynomial scaling with exponential scaling. If a problem scales polynomially with size
and the degree of the polynomial issay 2 or 3, then we can solve the very large problems
that occur in practice. But if a problem scales exponentially, then it'simpossible to solve
large problems and such problems are said to be computationally intractable.

Are combinatoria problems, such as the travelling salesman problem,
polynomially or exponentially hard? We don’'t know. Technically the questionis
whether P = NP and it is perhaps the most important open question in theoretical
computer science. What we know, due to work initiated by Steven Cook and Richard
Karp in 1971 and 1972, is that there are hundreds of combinatorial problems that scale
either polynomially or exponentialy. That isthey are all easy or al intractable, but we

don’t know which. The belief of the expertsisthat they scale exponentially.



But we have to solve large combinatoria problems. Since these are complexity
results, intractability cannot be broken by inventing a clever new algorithm. Two of the
ways intractability may be broken are the following:

» Settle for an approximate solution; this sometimes breaks intractability of
combinatorial problems.

* Replace the worst case assurance by a stochastic one. For example, analyze the
average complexity or use randomization.

One area where exponential scaling has been proven, not just conjectured is for
continuous problems, which we study in information-based complexity. For these
problems the size is the number of variables, that is, the dimension. In the 50's Richard
Bellman noticed that the difficulty of certain problems grew rapidly more difficult with
their dimension and called this the “curse of dimensionality”. That was before we started
to study complexity, so it was just an observation. Now we know that if you want aworst
case assurance of error at most €, then the complexity of most continuous problemsis

exponential in dimension. The base of the exponential isthe reciprocal of €. For
example, if you want 4 place accuracy, the baseis 10" and if there are d variables then the

complexity scales as 10 ,

We want to solve problems with very larged. Path integrals where d isinfinity
occur in physics, chemistry and finance. Very high dimensional integrals with d = 360
must be calculated in mathematical finance. Canwe break exponential scaling , that is,
can we vanguish the “ curse of dimensionality”?

Sometimes we can vanguish the curse and | would like to tell you how thisis

done for certain problemsin finance on which my research colleagues and | have been



working. The problem isto value financial derivatives. A financial derivativeisan
instrument whose value is derived from the value of an underlying asset. Alan Greenspan
estimates that the notional value of all financia derivativesis some 90 trillion dollars.
That is about 10 times our gross national product. So there is some interest in how to
value derivatives.

An example of afinancia derivativeisaCMO, that is, a collateralized mortgage
application. Think of it as abasket of 30 year mortgages. If | want to estimate future cash
flows, | have to compute integrals in 360 dimensions -- 360 being the number of months

in 30 years. If | want to be assured of an error at most €, the complexity of this problem

360
P If wewant atwo place answer, the complexity is of order 10™°.

grows as (/€

Of course, we cannot use that much time, so for several decades the financial
community has been using Monte Carlo methods. Then this problem can be solved at
cost which isthereciprocal of € squared. The curse of dimensionality has been

vanquished but it is now only the expected error that islessthan €. Thereisno such

thing as afree lunch. Here, one has achieved less complexity for more uncertainty. So

using Monte Carlo, the problem scalesas 1/ € ? where € isthe expected error.

Can we do better? In the early 90’'s | asked a student, Spassimir Paskov, to
compare quasi-Monte Carlo with Monte Carlo for ahard CMO provided by Goldman
Sachs. By hard, | mean that about a million floating point operations are needed to
sample the integrand at one point. So it’simportant to minimize the number of samples.
A quasi-Monte Carlo method uses deterministic sampling with arather small number of
sample points spread as uniformly as possible. There is avery well developed theory of

guasi-Monte Carlo methods which predicts that the complexity should scale as



(1/ E)Hoglad

0 €0 . That'sbetter than Monte Carlo as € goesto zero with d fixed. But in
finance € israther large, say one part in ahundred, and d is huge. Then this scales very
badly . It scales so badly with d that in the early 90's experts believed that quasi-Monte
Carlo should not be used if d was larger than, say, 12. To everyone' s amazement

Paskov’s experiments showed that the problem scales asl/ € ; the exponential factor ind
did not appear. Anargyros Papageorgiou and others obtained similar results for avariety
of financial derivatives and also for value at risk calculations. Quasi-Monte Carlo is now

being used extensively in the financial community.

Thereis no existing theory that predicts 1/ € scaling for certain financial
calculations, so we need to create such atheory. Note the similarity to physics. Thereisa
well devel oped theory which doesn’t predict the experimental evidence. That means the

theory hasto be refined. | believe the following to be true. Formalize what is special

about finance. Then prove the complexity scales as 1/ € with aworst case assurance. If

true, this would be a double win over Monte Carlo since Monte Carlo scales as 1/ €% with
only a stochastic assurance. | cal thisthe Holy Grail theorem of mathematical finance
because we have looked for it for avery long time, believe it istrue, but haven't yet
found it.

| will now briefly discuss the future, starting with Moore' s law. It isgeneraly
believed that Moore' s law will end in one or two decades for a number of reasons:
* Thereare physical limitsto the smallness of what we can put on achip.
» Therearefinancial limits because the cost of building a chip manufacturing facility

doubles with each chip generation.



What might come after silicon computers? DNA computation will probably be
special purpose. Nanotube chips are being studied. There is much interest in quantum
computing and I’ [l confine myself to that. Can superposition of states on a quantum
computer help us solve problems which are intractable on aclassical computer? The
guantum algorithm which has stirred the most interest is Peter Shor’ s factoring algorithm.

To understand the significance of this algorithm, | have to remind you of afew basics of
cryptography.

A widely used cryptosystem, the RSA system, depends on the belief that factoring
large integersisintractable. That is, the essence of public key cryptography is scaling
where the size of the problem is the number of bitsin the number to be factored. Shor
gives apolynomial time algorithm for factoring on a quantum computer. Almost all the
algorithm research for quantum computing has been for discrete problems such as integer
factorization. But Richard Feynman proposed that quantum systems could be simulated
by quantum computers. Quantum mechanics is governed by continuous models such as
path integration and Schroedinger’ s equation. Many of the problemsin science,
engineering and economics require the solution of continuous models. Thereisajoint
Columbia/lMIT project (Traub and Henryk Wozniakowski, Columbia, and Seth Lloyd,
MIT) on algorithms and complexity for solving continuous problems on quantum
computers. Oneof our goalsisto find important problems which are intractable on
classical computers and tractable on quantum computers.

As you know, athough quantum computers with few qubits have been built, it is
not clear whether quantum computers will prove to be an answer to the end of Moore's

law for silicon-based classica computers. A difficulty iswhether the superposition of

10



states can be maintained or, to use the interpretation of the Copenhagen school, whether
we can avoid the collapse of the wave function by measurement or interaction of the
computer with its environment. The thrust of our research isif quantum computers can be
built, for what problems can we achieve big wins?

To summarize: it seemsto me that scaling laws are a central theme for computing
past, present and future. I'll end by posing four questions about scaling lawsin the
future:

1. Can we build quantum computers and use them to solve problems which are

intractable on classical machines?

2. Are there other means by which we can continue the enormous stridesin

computation without the benefit of Moore' s law for silicon chips?

3. How should we plan our computing and networking in light of the fact that the

doubling rate of bandwidth is much shorter than that of chip density?

4. Settle the conjecture P # NP.
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