
Reviewofdefinit.ms

LA = { 0
,
S
,
t
,
• ; =} language of arithmetic

④
☐

= all La- sentences

TA = { A c- OI
,

1 IN ⇐ A } True Arithmetic

A theory E is
a set of sentences Cover La ) closed

under logical consequence
- We can specify a theory by a subset

of sentences

that logically implies all
sentences in E

E is consistent iff =\ E ( iff HA c- too , either A or 1ANot in E)

2 is complete iff E Ts consistent and VA either
A or -A is in S



E is so-undiff.EE TA

Let Me be a model/structure over LA

Them) = { A -c§o 1 ME A }

Them) -

is comptete ( for all structures my

Note TA = Thc IN) is complete, consistent, + sound

VALID = { A c- OI
,

I f-A} ← smallest theory



Let E be a theory

E is axiomafitdbhe it there exists a set Msg

such that ① r is recursive

③ E = { A c-% 1 PEA }

theorem E is
axiomaticable

'

1ft E is me
.

( P. 76 of Notes)



Incompleteness - Introduction

Incompleteness Theorem of TA : TA is Not axiimatizable

In other words
, any sound theory E (sound : ZETA)

that is me
. is a strict subset of TA

g
sentences in TA

§ →
•

* e.

theories



Incompleteness - Introduction

Incompleteness Theorem of TA : TA is Not axiomatic able

In other words
, any sound theory E (sound : E. ETA)

that is me
. is a strict subset of TA

K={✗ / {is hma.lt; }PROOF :

For all ✗ there
-

is a sentence F× Cover L
, )

FEÑ→ :
such that ✗ c- K

'

iff F.
✗
ETA

•

"

.
If TA is me

.

then K
'
is re (contradiction) :

Assume TA is re
.

and let M be a T.MS :L . LCM) = TA

TM [given ✗ : Run M on Fx and accept iff MCF× ) accepts
for is

'



Incompleteness - Introduction

Incompleteness Theorem of TA : TA is Not axiomatic able

In other words
, any sound theory E (sound : ZETA)

that is me
. is a strict subset of TA

PROOF :

MAIN For all ✗ there
-

is a sentence Fx (over L, )
t :

such that ✗ c- K
'

Iff F.
✗
ETA

&
Need to show we can reason about TM computations
with formulas in LA

I

\



(FIRST) INCOMPLETENESS THEOREM

MAIN For all ✗ there
-

is a sentence Fx (over L, )
t :

such that ✗ c- K
'

iff F.
✗
ETA

-DefN A predicate
- is arithmetical if it can

be represented

by a
formula over LA

EXISTS -DELTA THEOREM (pp 68
- 7- 1) 8

Every r.ee. predicate/ language is arithmetical

•
e. the complement of an ne. Language is arithmetical

so in particular K
'
is arithmetical



Everypiepredciateisarithmetical

Definition Let 50=0 ,
S
,
= So

,
52=50

,
etc

.

Let Rlx , . . Xn) be an n-ary
relation Rs 1Wh

Let AH , ,
-→Xn) be an La formula,

with free variables ×, , . . ,Xn

A (F) represents Riff
tea c- IN

" (Rta) IN f- Acsa
,
saz ..su#Examp1e-RE1NR=Eac-IN / a is even}

F-
y
⇐✗ (-1×-1--4)

AH:& ay tyty=x)
RGB) ' fatso

,

and IN# Acssso) = Fy (yty=ssso)
R(4)←true

,
and INKAGSSSO) = 3y(yty=sssso)



Everypiepredciateisarithmetical

Definition Let 50=0 ,
S
,
= SO

,
52=50

,
etc

.

Let Rlx , . . Xn) be an n-ary
relation Rs INN

Let AH , , →
Xn) be an La formula, with free

variables ×
, ,

. . ,Xn

A (F) represents Riff
tea c- IN

" Rta) IN f-Also
,
saz . .San)

R is arithmetical Iff there
-

is a formula

A c- L, that
represents R

E-iists-Delta-theorem-everyr.ee
relation

is arithmetical . In fact every
re

.

relation

is represented by a Ido La
- formula .



i
, Anthony
/

being1 I
V7 do⇒

Fx \
co-Re do 7-do me (K)
(K'] \ /

recursive



T-doformulast.isto stands for 3W( t.tw =tz)

I:# t A stands for Zz ( 2-et n A)
Quantifiers☒⇐t A stands for ↳ (yet , A) }
Bounded

Definition A formula
-

Is a do- formula if it has

the form lfzet
,
7- 2-f- tzYz§§ . . Fz§tkA(ii. E)
•_

←Bounded Quantifiers
quantifiers

Definition A relation RKT) is a do- relation iff

some do- formula represents it



J-dot-ormulastxample-pr.me= { ✗ c- IN / x -

is prime} is a

do - relation , represented by the following
do - formula :

A-G) =D so < ✗

n-vzf-xttzf-xlx-Z.it?(z,=lvZ,=x))V-z,exV-Zz-
* ((so < x) r (✗ = zit, > 1%-1 V7, :-D))



rfdotormulas

t
,

's to stands for FW ( t.tw =tz)

Fast A stands for 37 (zet n A)
Vast A stands for yzfzsf , , , }

Bounded

Quantifiers

Definition A formula
-

Is a do- formula if it has

the form th
,
et

,
7- E- till#§ . .

77k£ TKACÑ ,E)

Definite A 3- do formula has the form JYBC¥÷E)_formula
Definition A relation RII) is a do- relation iff

some do- formula represents it

Definition RCI) - is a 3- do-relation
-

iff some 3-do- formulas
represents

'

it



T-doformulaslemma-E.ve
ry do relation is recursive If

Lemmy Every 3- do relation is ne.

T-docc-xists-Deltatheore-everyr.ee .
relation is represented by a 3- do formula

_*={*lEx3haeHm×3=3I*É_#[ ☒ : ⇒y [
% describes tableaux of
TM sx} on input × t←

final line 8106666✗⇒tableaux of
TM 9×3 running on ✗

halts



J-dotheoremmai-emmaletfi.IN"
→ IN be a total

computable function .

Let Rf = { (I,y) c- IN
"'

/ fai)=y } ←
also
called

graph (f)Then Rf is a 3- do - relation .



Maintenance Let f :(N^→ IN be total , computable

then Rf ={ CI, g) I C-(E) =y } is a 1-do relation

PNofofT-dotheoremfnmmainlemmfl.eeRCI)beanne.relafimEexanp#⇐☒]
Then RCI ) = Fy SCI, y)

where 5 is recursive kcx) = 1-yscx,y)

Since s
-

is recursive , fs :( ii. y) = { 1
it lines

0 otherwise

-

is total computable

By main lemmas Rf,
is represented by a 7.do relation

so RCI) = 7432-13 is represented by a Ido relation

¥



Let K = { ✗ I 9×3 halts on input ×]

Can describe K by .

☒ = Fy AÉy) where A- is the recursive relation

that accepts iff y is the tableaux'

J-JEEE.FI)
og ✗µ

{×} when run on input ✗

¥ and last config Ay halts

A- is recusiie so by main lemma Ats represented by
an d-do formulas

-

ooo K is also represented by 7- do formula



Iroofofrlainlemma : MAIN IDEA

Let t : IN→ IN be unary , total computable
function

,
& let Mf

be TM computing f

RCI , y) will
be a 1-do relation saying :

1- Mindy such
that

(1) c, d describe the tableaux given by
r
,

- - -
- rm . . . - rmz

(2) r, . . rm
encode start config

of Mf on ✗

G) Last m
numbers fm⇒m .

- rmz encode
last config , containing

y in first
cells then B, and

state is qz

(4) For all
other config , state is not qz

(s) all
2×3 local cells are consistent

with transition function of My
mEm
f-←



Proof of Main Lemmon : MAIN IDEA
-

Let t : IN→ IN be unary , total computable
function

,
& let Mj

be TM computing f

RCI , y) will
be a 1-do relation saying :

1- M
,
C
,
d such that

(c) c, d describe the tableaux given by
r
,

- - -
- rm . . . - rmz

a-

Hidyform"
g) r, . . nm

encode start config
of Mf on ✗

G) Last m
numbers fm⇒m .

- rmz encode last config, containing

y in first
cells then B, and

state is qz

(4) For all
other config , state is not qz

(s) all
2×3 local cells are consistent

with transition function of My

• Need to encode an arbitrarily long sequences (of Numbers/strings)

by a few (3) numbers (M,
C
, d)

• Need formulas that can talk about the ith number in the

sequence



We want Acx
, y) to be true iff

Me on input ×
halts t outputs y

F me (runtime of Mf Mx)
iff 1- tableaux T

← time 0

mi cells ⇐ A•€A
S.t. T is correct : Fated (symbol in this cell)(state number

[
" " "° " " "" "% & % ^ "

2. last row of T output- y + is in halt state

3. No other rows are in
half state

4. for easy row
i> 1
,
row i is

the config of Mgm ✗ after i steps



4th condition can be checked locally

¥÷:#:¥¥



Proof of Main Lemmon : MAIN IDEA
-

• Need to encode an arbitrarily long sequences (of Numbers/strings)

by a few (3) numbers (M,
C
, d)

• Need formulas that can talk about the ith number in the

sequence

• WARMUP : if exponentiation FXN XY were in La
,
this would

be easier
.

encode 57
,
3009
,
205

,
4
,
5 by

257 . 33009 . 5205 • 74 • ,,
5

( ith number ✗ sequence encoded by Pf
,

Where)P, = E smallest prime number



froofofmainlemma-I.MS/N IDEA

• Need to encode an arbitrarily long sequences (of Numbers/strings)

by a few (3) numbers (M,
C
, d)

• Need formulas that can talk about the ith number in the

sequence

• WARMUP : if exponentiation FXN XY were in La
,
this would

be easier
.

• But we Need to encode sequences using only t, •, s

* godel 's f function does this using magic
of chinese remainder theorem



Idroofofmainlemma (see pp 70-71 )

Main idea : is a way of representing sequences of

by numbers using 1- do formulas

Note : Prime power decomposition Not useful here

since we only had S
,
t
,
•

by 2
"
• 3
"

•593.794)tie
. represent (9,9-93,94)

Definition f- function

Bcc , d , i ) = rm (
C
,
dciti) + 1)

where rmlx
, 4) = ✗ Mody



Iroofofmainlemma (see pp 70-71 )

Definition f- function

fcc , d , i ) = rm (
C
,
dciti) + 1) where rmcx

, g) = ✗ mody

lemma-0.vn , ro , r, , . . , rn Fqd
such that

BCC
,
d
,
i) =P, Hi , O

sie n

+
so the pair ↳d) represents

the sequence

for
, , . .
rn using B



Iroofofmainlemma (see pp 70-71 )

Definition f- function

Pcc , d , i ) = rm (
C
,
dciti) + 1) where rmcx

, g) = ✗ mody

lemma-I.vn , ro ,r, , . . > rn Fqd
such that

BCC
,
d
,
i) =P, Hi , O

sie n

ERTCChine.se/2emainderTheore#
Let ro , . . > rn ,

Mo
,
. .

. ,Mn be
such that

0 Sri a- Mi Yi ,
osier

and gcdcmi>Mj)=1 Hi,j

then Fr such that rmcr
, Mi ) - ri ti , Osian



ERTCChine.se/3emainderTheore#
Let ro , . . > rn ,

Mo
,
. .

. ,Mn be such
that :

41 0 Sri a- Mi Osier

4) gcdcmi ,m,) =/ Hi,j ,
i=j

then Ir such that rmcr
, Mi ) - ri ti , Osian

Pirot ( counting Argument )
• The number of sequences ro . .

. rn such that (1) holds is.

Ms Mo • M
,

•
. -

• Mn

• Each n
,
0 ⇐ re M corresponds to a different sequence :

Ie
.

If Firm ( r
,

M ;) -- ri and firm is ,M,) =p.
' •

2-

Then r=s (mapping is 1- 1) numbers :•¥! sequences

i. for every severe no .
- rm ,

some REM
r no - - - rm

maps to it
M •



Iroofofmainlemma (see pp 70-71 )

Q-Vn,ro,rÉFdhtht| f( c. d. i )=rm( c , dciti) + 1)i=V
Where rmcx,y)=xmody

Édhem

Let ro , . . > rn ,
Mo , . . . ,Mn

be- such that

osrismi and gcdcmi ,
Mj)=1 . Then

Fr rnncr
,
Mi )=ri fi

PÉa
.

Let D= Cnt rot . . trntl
) !

LetM.i-dlitdtlcla-in-vi.jgcdcme.ms-7=1 (proof next page)
By CRT Fr=c so that plc , d, i)=rm(4mi )

- ri ti c- [n]



Ciam Let D= @ + not rit . - trntl ) !
,
mi-dl.tl)t /

then V-i-j-ngcdc.me , Mj ) =\

PI suppose p is a prime , and pldfimtn.tt , pldftimm.tl
Then p /[dlljti ) + D- Cdc Dti] (assume j >c)
MI _m;

so P / dlj - i )

But p cannot divide both d and dcititl so plj- i

But then p±j - i - n so pld #



Iroofofmainlemma (see pp 70-71 )

lemma-Q-vn.ro ,r, , . . > rn Fqd
such that

BCC
,
d
,
i) =P, Hi , O

sie n

Lemmat graph(B) is a do relation

we want a
☐

formula d- (7332-4) st.
Pt A is true onciputs 4 d. i

, y
iff Pcc,d,i)=y

y=p(§d,i) ⇐) a mod dlititl
= y

⇐) C=[dCHD*]qt Y where

ye.cl/ltDtly--fCqd,i)--7(Fq--c(c--qCdCiH)tDty)nyadCiti)+1]



Proof of Main Lemmon (see pp 70-71 )
-

Let t : IN→ IN be unary , total computable
function

,
& let Mf

be TM computing f

RCI , y) will
be a 1-do relation saying :

FM,c, d
such that

(1) c, d describe the tableaux given by
r
,

- - -
- rm . . . - rmz

given by f
function

(2) r, . . rm
encode start config

of Mf on ✗

G) Last m
numbers fm⇒m .

- rmz encode
last config , containing

y in first
cells then B, and

state is qz

(4) For all
other config , state is not qz

(s) all
2×3 local cells are consistent

with transition function of My

E-



R-Eewantedtop.ro#J-doCC--iists-Delta)Theorem-
every re .

relation is represented by a 3- do formula

which followed by Maintenance :

f total
,
computable ⇒ Rf is a 3-do relation



RIP : First Incompleteness Theorem

ÉÉ TA is not axiomatic able

That is
, any sound , axiomatizuble theory is

incomplete .

→ PA is axiomatisoubll . So assuming PA

is sound, it i. incomplete Go there are

sentences A- such that neither A or >A

is provable from axioms of PA . )

I

\



RIP : First Incompleteness Theorem

ÉÉ TA is not axiomatic able

That is
, any sound , axiomatizuble theory is

incomplete .

→ PA is axiomatisoubll . So assuming PA

is sound, it i. incomplete Go there are

sentences A- such that neither A or >A

is provable from axioms of PA . )

t

\



⇐

①
all LA
sentences

0
,,
. g.

"

r sound and axiomaticable⇒ FA
,

'A ☒ r



Tarskitheorem

Define the predicate Truth a- IN

Truth = { m l m encodes a sentence <m> c-TA }

Then Truth is not arithmetical .

By 3- do -Theorem ( every ne.

set /Language is arithmetical)

this implies that Truth
is Not me

.

High Level idea
of Proof :

Formulate a sentence
"
I am false

"

which -

is self - contradictory



pfoftarskiisthletsubcm.nl = { 0 if
m is Not a legal encoding of a formula

otherwise say nn
encodes the formula

Acx) with free variable
✗ .

Then svbcm,n)=m
'

-

where m
' encodes Acsn)

[sits cnn.nl : decode m, plug in n t re-encode]

Let dcn) =
sub (n

,
n)

(
dcn) = 0

'

if n Not
a legal encoding .

ow say n
encodes Acx) .

then den)=n
' where n

' encodes A(

clearly sub
,
d are both computable

so by 7- do- theorem graph (sub) , graph
(d) are arithmetical



Proofoftarskisthm

suppose that
truth is arithmetical .

Then define Rcx) = ^ ruth lol Cx))

since d
,
truth both arithmetical , so is R

Let RT×) represent Rex) , and let e. be the encoding
ofRI

a-

encodesLet d (e) = R(se¥g am false"
then
Rte) ETA ⇐ - Truth (dce )) since I represents R

☒
- RCSe) ETA by defn of truth=

⇒ Rcse) ☒ TA TA contains exactly one of AMA

$
this is a contradiction

. .: Truth is not arithmetical



PEANO ARITHMETIC

P1
.

the (5×+0)
s is 1- I

PZ
. lfxtly Csx -- Sy > ✗ =y)

P3
.

HX ( ✗to =D

P4-V-x-vycxtsy-scxi.gg
} define c-

PS .

th ( ✗ • 0=0)

PG . Kitty ( x -

sy =(✗
•g) + ✗ } define •

INDCACXI ) : try, . . try,< [(1-10)^+1×06] - AGH )) > tix Acx)]
INDUCTION AXIOMS : All sentences IND (ACN) for all

formulas A whose free variables are y, - i. YK , ✗

on
PA
={P

, ,
. .

> Pig } u { INDUCTION AXIOMS}



1. Fp, is recursive

2
.

PA is sound & axiomatlzabk (so incomplete )

3
.

PA still strong enough to prove all
of standard number theory



Robinson's Arithmetic RA

Axioms {P1
,

. . ,P6 } of PA plus P7,P8
,
Pq

Pt : Ctx X £0 - ✗ so )

P8 : titty ( ✗ ← sy
> ( ✗ a- yv

✗=sy ))

pq : V-xv-ycxe.gr y ⇐ x )

where Getz abbreviates 3- 2- Ct,tz=tz )

f-⇒. RAE PA
② RA finitely axiomatlzable



stronger version of Incompleteness Thm

Recoil
RAF) is represented by an 7-do formula ACE) if

ta c- IN Rlñ ) ⇐ > TA
'FATS a- )

strongerversim.RU) is represented in RA by ACI )
'

if

V-a- c-N Rcñ) ⇒ RAF Aisa )

RA Representation Theorem

Every re .

relation is represented in RA by an 740 formula



Corollaries of RA Representation Theorem

① RA is Not recursive

Pf sketch : Kis me
.

but Not recursive

K me .
⇒ it is represented in RA by some 7-do - formula A

If RA recursive then K recurslie
. Contradiction

③ VALID is not recursive

pf idea : RA is finitely axiomatizabhe !
AERA ⇐> Pln -

- - ^P9 ⇒ A is valid

so membership in RA is reducible to membership in VALID



RA Representation Theorem

Every re .

relation is represented in RA by an 740 formula

Proofidea

Main lemma : every do - sentence in TA is provable in RA

Assuming Main Lemma
,
Let RCI ) be an r. e. relation .

By Exists - Delta theorem
,
Rt) is represented ( in TN by some 7-do-formula ACI)

so ✓a- c- IN
"
Rta) ⇐> 3-yfY C-TA

i. By soundness of RA & since
every zoo sentence GTA is provable in RA

Rbi) ⇐ Rt 1- Fy Acsi , Y)
so Fy ALI,y) represents RCI) in RA



2Nd In
"

compLETENESS THEOREM
-

Recall PA is a strong sound srbtheery of TA

2Nd Incompleteness them

PA cannot prove its own consistency



zidjnasrpletenessthm

① A specific sentence
"
I am not provable

"

= g
such that neither g Nor ng are

provable in PA ( assuming PA
-

is consistent)

③ Consistency of PA , ConCPA) is Not

provable in PA (assuming PA
-

is consistent)



• Let rp, be the set of axioms of PA

• Let Proof Cx
, y) : true it

and only
-

If y codes
a LK- Ppa

proof of the sentence
coded by ✗

• Recall dcn) = # A Csn) where #Acx ) = n

( so n codes the
formula Aa),

and dln) codes Alsn) )



• Let rp, be the set of axioms of PA

• Let Proof Cx
, y) : true if

and only
-

If y codes
a LK- Ppa

proof of the sentence
coded by ✗

• Recall dcn) = # A- (Sn) where #Acx ) = n

( so n codes the
formula Aa),

and dln) codes Alsn) )

• Let six) be the ne .

relation : 3- y
Proof ( dad

,
y )



• Let rp, be the set of axioms of PA

• Let Proof Cx
, y) : true if

and only
-

If y codes
a LK- Ppa

proof of the sentence
coded by ✗

• Recall dcn) = # A (Sn) where #Acx ) = n

( so n codes the
formula Aa),

and dln) codes Acsn) )

• Let six) be the ne .

relation : 3- y
Proof ( dad

,
y )

• By RA representation
theorem

,
let Acx) be a 3- do

formula that represents sad in RA Ca hence in PA)

• Then the IN 3-y Proof ( dcn), g)*> PA 1- A Csn) (*)



• Recall dcn) = # A (Sn) where #Acx ) = n

( so n codes the
formula Aa),

and dln) codes Alsn) )

• Let six) be the ne .

relation : 3- y
Proof ( dad

,
y )

• By RA representation
theorem

,
let Acx) be a 3- do

formula that represents scx) in RA Ca hence in PA)

• Let es # RACH
,

so d(e) = # ^ A Cse )

• Let g =D - Alse)
← says that

"I am not provable
"

since a Ake ) says the
formula encoded

by dce) - - which is g-
- is not provable in PA



• Let six) be the ne .

relation : 3- y
Proof ( dad

,
y )

• By RA representation
theorem

,
let Acx) be a 2- do

formula that represents sad in RA Ca hence in PA)

• Let es # ^AC×)
,

so d(e) = # ^ A Cse )

• Let g =D - A Lse)

theorem PA consistent ⇒ PAK g

PI suppose PA A- g
Then sentence number

dce) -

is provable , so 3-
y
Proof(die! g)
holds

thus PA 1- Acse) by lttE direction of *)

thus PA tag
,

and
'

PA 1- g so PA Not consistent



• Let six) be the ne .

relation : 3- y
Proof ( dad

,
y )

• By RA representation
theorem

,
let Acx) be a 2- do

formula that represents sad in RA Ca hence in PA)

• Let es # ^AC×)
,

so d(e) = # ^ A Cse )

• Let g =D - Alse)

theorem PA consistent ⇒ PAK
- g

PI suppose PA 1-7g .
ie PA proves Acse )

then 3-
y Proof (

dce)
, g) by rt-to-left direction 4 *)

so PA proves 7A Cse )

So PA 1- g and PA Ng ,
so PA Not consistent



Formulatingconsistency.nl#LetBCx,y)be a 3- do formula that represents

Proof Cx
, y) in RA (and thus also in Ps)

Then for every
sentence C

PA 1-c * PA 1- Fy BC #C. y)
For BG#c) 4)

Then PA 1- Acsn ) > ZyB(sun, , Y)

[ recall Acx) represents Fy Bldcx
)
, y ) ]



Formulatingconsistency.nl#LetBCx,y)be a 3- do formula that represents

Proof Cx
, y) in RA (and thus also in Ps)

Then for every
sentence C

PA 1-c * PA 1- Fy BC #C. y)
For BG#c) 4)

Then PA 1- Acsn ) > ZyB(sun, , Y)

[ recall Acx) represents Fy Bldcx
)
, y ) ]

Define con CPA) =D - FyB( # 0=10 , y)



theorem If PA is consistent
,

then PA ☒ conCps)

Root :

Main Lemma : PA 1-⑧on CPA) - g→

ÑaHg=d-ACSe),e=#iACx)says* Iam not provable
"

If PA 1- con cps) by main lemma
PA 1- g

But by previous theorem
PA consistent ⇒ PAK g

ie
.
PA consistent → PA A- con CPA)



It is left to prove :

Mainemma : PA 1- con CPA) - g

[recaHg=d-ACse),e=#iACx)say* Iam not provable
"

9
Need to formalize Proof of godel 's Incompleteness Thm

in PA.
Main stg

-

is to formalize in PA

that every true 3- do sentence is provable in RA .


