
Announcements

• HW2 Due MONDAY Nov 15

• Test 2 MONDAY NOV 22

tonipitassi@gmail.com



TODAY :
-

TWO

• Oye more examples showing a Language
Not recursive

•
Introduction to Incompleteness



⑤
L = { ✗ I {×} accepts at least one input}

Claims his re.

but Not recursive .

①L Enumerate all strip in {out
{ E

, Oil , 00, 01, 10, 11
, 0001 - - - -

Alg

Dovetail Procedure for L on input × :
For i =L

, 3
3
,

.
- - -l For 5=1 , . . . i[Simulate {✗3
,

on Wj for
i steps

If any of
the simulations accepts, HALT & accept

✗ c- L ⇒ Alg on ✗ halts to accepts
✗AL ⇒ Alg or ✗ will not halt • therefore won't accpt ✗



L = { ✗ I {×} accepts at least one input}

② LisNotrecurswe#
L
,
= K = { y l Ey}(y) halts }

Assume Lz=L
is recurslie & Let Me be TM Lolz)=L

and Mz always halts

M
,
on input y :

construct encoding 2- of TM {2-3 where

{Z} on input ✗ : Ignores ✗ + runs Ey]my
and axegets ✗ if {¥34) halts

Run Mz on 2- and accept y ift Matt) accepts

claim LCM
,) = K and M

, always halts

yek ⇒ {y } Cy) halts⇒
{z} accepts all inputs⇒ Mzcz)=/⇒ M

,
g) =/

y☒K⇒ Ey}Cyl doesnt ⇒ {2-3 accepts No input⇒Miz)# I ⇒M ,
(y) =\ /

halt



L = { ✗ I {×} accepts at least one input}
2

i. L is re .

but Not recursive
2.

so I = { ✗ / Ex ) accepts No inputs }

is Not me .

saynenÉe
.

& we want to show L
'
is also not me

.
Then he would

use an alledged TM M
'

St
. LIM')=B' in order to construct

a th M St LCM) =L



L = { ✗ / Ex}
'

accepts an even number

of inputs in { 0.13.* 3

= {th M accepts an "" " ite # A 'Nuts
or an odd number of inputs]

ClaimsL -

is not r- e
.

Let Holt = { ix. y > I 43
does net halt on input y }



Hatt = { kxyy> 1 Ex} does not halt on y} ← NOT
ne

.

Assume for sake of contradiction that his re . ,
& Let it be a TM St LCM) =L

.

Construct a TM
,
Mµµ,- for HALF :

Matt on input <×
, y> :

want : to design Zay such that :

{ 2-
*y
} accepts an even number of inputs

iff 1×3 does not halt my



{2-
✗y
} on input w :

• of W=0 run { ✗ 3 my
and if

{✗ 3 haltsmy accept w

- if Wto halt and reject
-

Mitsu on input ⇐y ) :

construct encoding Z×,y of TM { Zxy }

Run M (TM for L) on Zxy
accept ix.y) iff M ( 2-

×, ) halts
or accepts



{2-
✗y
} on input w :

• of W=0 run { ✗ 3 my
and if

{✗ 3 haltsmy accept w

- if W -40 halt and reject
-

Mµsy- on input ⇐y ) :

construct encoding Z×,y of TM {Zxy }

Run M (TM for L) on Zxy

acc-eptlx.ie) iff M ( 2-
×, ) halts

or accepts

correctness :

i. {✗3 does
Not halt on input y .

Then {-2×7} accepts No inputs , so
{ 2-

✗y
} accepts an even

number of inputs . Thus Max, ) accepts ,
so Mitsu CKY) accepts

2. 9×3 halts on input y .

then {zag } accept, only
one input (Wo) ,

so {Zxy } accepts an odd

number of inputs . Thus Max,) does Not accept so

Matt lay) does Not accept .



Thus we have shown that if L -

is me
.

Then HALT is r- e
.

Since HTLT is N-otr.es
,
we have proven that

L is not me .



Reviewofdefinitims-lp.to)

LA = { 0
,
S
,
t
,
• ; =} language of arithmetic

④
☐

= all La- sentences

TA = { A c- OI
,

1 IN ⇐ A } True Arithmetic

A theory E is
a set of sentences Cover La ) closed

under logical consequence
- We can specify a theory by a subset

of sentences

that logically implies all
sentences in E

E is consistent iff =\ E ( iff HA c- too , either A or 1ANot in E)

{ is complete iff E Ts consistent and VA either
A or -A is in S



E is so-undgw.it#E--TA
Let Me be a model/structure over LA

Them) = { A c- §
, 1 ME A }

Them) -

is complete ( for all structures My

Note TA = Thc IN) is complete, consistent, & sound

VALID = { A c- OI
,

I f-A} ← smallest theory

all

¥
sentences



Let E be a theory

E is axiomafitdbhe it there exists a set Msg

such that ① r is recursive

③ E = { A c-% 1 PEA }

theorem E is
axiomaticable

'

1ft E is me
.

( P. 76 of Notes)



I

*Theorem

Let f : IN -71N

Let Rf ← IN ✗ IN be the set of all pairs Cx
, y) such that fcx)=y

Then f computable
-

it and only
'
'

if Rf is ne .

ETHER A relation A a- IN is r- e
.

if and only if there
-

is a recursive relation

Re NZ such that

✗ c- A ⇐> By RCX ,y) the IN



Let E be a theory

E is axiomafitdbll if there exists a set Msg

such that ① M is recursive

③ I = { A c-% 1 PEA },y,,,g,awma,,ag,.µg,,
Proof ⇒ . Suppose E-is

axiomatization
,

r recurs in

Define RCX
,y) = true

'

Iff y
encodes a M - LK proof

of (the formula encoded by) ✗

R is recursive , so by previous
*Theorem

,
E- is me .



Let E be a theory

E is axiomafitdble if there exists a set Msg

such that ① r is recursive

③ I = { A c-% / ME A },y,,m_g,awma,,ag,.µg,,
Proof ⇒ . Suppose E-is

axiomatization
,

r recurs in

Define RCX
,y) = true

'

Iff y
encodes a M - LK proof

of (the formula encoded by) ✗

R is recursive , so by previous
*Theorem

,
E is me .



Let E be a theory

E is axiomafitdbhl if there exists a set Msg

such that ① r is recursive

② I = { A c-% 1 ME A },y,,,g,awma,,ag,.,,g,,
Proof

⇐ By ☒Theorem ,
E = range of

total computable function f

o: E = { f- (o)
,
FCI)

,
FCD
,

. . . . }

That is it An is the sentence such
that # An = fcn)

then Ao
,

A
, , Az , . . .

is an effective enumeration of E

this is a set of axioms for E.Let Bn= Aon A. ^ . . . ^ An {and is recursive !Let P = { Bo , B, , . . - 3.g- (can check if some F-- AHA, .̂̂ As
for some j )


