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saw D= { ✗ / {×}±(×) does not accept }

Is Not me . by diagonal/2-atlin

2. Using reductions
we have :

• K
,
Halt are Not recursive (but both

are r. e.)

• IT
,
HATT are Not me .

K:{ ✗ I 9×3
,
halts on input ×}

D= I



NÉE : L = { ✗ / {×} accepts at least one input}

L is r- e .
but not recursive

.

: Enumerate all strip in {on]*
{E
, Oil , 00,01 , 10, 11

,
000

,
- - - -

1^11
Wog Wu V3

DIG Procedure for L on input × :
For i =L

, 3
3
,

.
- - -

For 5=1 , . . . i

simulate {✗3
,

on Wj for
i steps

If any of
the simulations accepts, HALT & accept



L= {✗ I sx} accepts at least one ciput }

Want to show if L is recursive then so is K
.

Let M be a 1- M always halts r accepts L .

Using M, construct M
'

that always halts r accepts K .

K -- {y l Ey? my halts }
m
'

on input y :
Run M on 4M

"

> Intermediate machine M
"

on z

If Maccepts →accept ignore e-
simulate {y}onyour→ reject If simulation halts accept
-

either:① yhmaiyts⇒ halts -accepts all inputs
⑦ y doesnt haltmy → Not hohaltmany

input



NÉE : L = { ✗ / {×} accepts at least one input}

L-knotrecurs.ve#

L
,
= K = { y l Ey}fy) halts }

Assume Lz=L
is recurslie & Let Me be TM Lolz)=L

and Mz always halts

M
,
on input y :

construct encoding 2- of TM {2-3 where

{Z} on input ✗ : Ignores ✗ & runs Ey]my
and axegets ✗ if { xpKy) halts

Run Mz on 2- and accept y ift Matt) accepts

claim LCM
,) = K and M

, always halts

yek ⇒ {y } Cy) halts⇒
{z} accepts all inputs⇒ Mzcz)=/⇒ M

,
g) =/

y☒K⇒ Ey}Cyl doesnt ⇒ {2-3 accepts No input⇒Miz)# I ⇒M ,
(y) =\ /

halt



L = { ✗ / TM encoded by ✗ half> on

> 2 inputs in 10,1T ]

i
I = { ✗ / TM ✗ halts me £2 inputs] Me

.

←

Notre
.

-

☒ L as he
and I - is re → then both are recusing

on input ✗ :(want to decide if ✗ C- 2) :
For i --1, 2, . -

- - - -

Run × on
TM for L for i steps
if haccepts → half r accept

un x on TM for I frr i steps
acepti → halt or reject



L = { ✗ / TM encoded by ✗ half> on

> 2 inputs in 10,1T ]
T

ne
.I = { ✗ / TM ✗ halts .me ME £2 inputs]

%
"
Ung
,y←

Not
me

.



1. L
,

= { × / TM encoded by ✗ never moves head left
on any input ]

2. L; { < ×,y> / TM ✗ on input y never moves head left }

I = { Lay> I ✗ on input y mores head left
at some point }

✓

a# halt - o
' o

'

y



Hardenberg ( of deciding (2)

state transition table doses
hae some

transitions that more head to left

machine ✗ .

Assume states of ✗ are 808,929, 94
assume input/tape alphabet

= {0,1
,
$]

let ye{Q,

⑨÷③→



L = { ✗ / TM encoded by ✗ half> on > 2 inputs in {0,13$ }

I = { ✗ / TM ✗ halts on £2 inputs}

µ = Ex 1 TM encoded by ✗ halts on exactly 2 inputs in 10,1}*

c-
not r.ee

.

D= { ✗ 1 Ex} doesnt halt on ×]

assume u
'

accepts L
'
(but m

' doesnt necessarily always halts]
want to construct a TM accepts D.



Assume L
' ={ ✗ I ✗ halts on exactly 2 inputs }

M
'

accepts L
'

D= {-2/6} doesnt halt on -23

M on 2-
-

.

i. construct interned AM N where N on y
N on input y :
If y=o then

halt +accept
y=µ . halt

- accept

If y
= 00 simulate { 2-3 on z if halts

then halt[ ow ggna ,, yay,
goa into

an infinite loop

2. Run m
'

on <v7
. accept 1ft M

'

accepts



Completeness

A set A a- CN is me
.

-complete if

(1) A is r-e .

(2) YB a- IN , if B is re .
then Bem A

F computable function f
: IN ⇒ IN such that

tix flx) c- A ⇐ ✗ C-B



Similarly
completeness

alone A -40,1¥ is me
.

-complete if

(1) A is r-e .

(2) YB a- {0,1¥ if B is re .
then Bem A

3 computable function f
: IN ⇒ IN such that

tix flx) c- A ⇐ ✗ C-B

{0,1¥ so
,#



Hilbertslothpnbenr ( 1900)

A diophantine equation
- is of the form pay)=o

where p is a polynomial over variables ×, , .. . ,✗n
with integer coefficients

3×9×3 tcxy D8 - ✗¥ =o

LDIOPH = { IP? / p has a solution
over IN}

theory
Diop H

'

's r-e
.

- complete



An-cquevalentchardctentatf-RE.IS

Let f : IN→ IN

Then R
,
E IN ✗ IN

is the set of all pairs Cx
, y) such that fix)=y

*theorem f computable
-

it and only
'

if Rf isr.ee#Proof-
⇒ : suppose f- computable .

TM for R
,
on in

-

put ix.y) :

Run TM computing f on ✗
.

If it halts and outputs y then accept CX
, g)

Otherwise reject cx,y)



ANEquwalentcharactenz-ationofR.ES#

Let f : IN→ IN

Then R
,
E IN ✗ IN

is the set of all pairs Cx
, g) such that fix)=y

*Iheorem_ f computable
-

it and only
'

if Rf is
r.e.pro#⇐ : Let R

,
be re

.

with TM M

O_nX! Enumerate all
IN : Y, > Yz , . .

- .

For i --1,2, -
-
.

For all jei : simulate M
on CX

,
Y;) for i steps

If simulation accepts CX
, y;) ,

halt a output y
,



Asecondcharactercz-atiimofR.ES#x-the-rem
A relation A a- NY is r- e .

if and only if there
-

is a recursive relation

Rs NK
" such that

N
Ie A ⇐> By RCI ,y) the

IN
"

Note we defined A
to be re. iff there is a TM M

such that V-E
c- IN

" (Max>) accepts ⇒ Ie A)
-



A language LE EQI]* is me
.

iff there exists a tone relation Re {0,13%10,15
s.t.V-xc-EO.IT

✗ EL iff ]-2610,18 RCX,-2)

where Ris recurs,'re

C-×. Let L= Halt
= {say) / TM encoded by

✗ halts on

let Ray),¥={
"accept it ✗ halts input y }my inexactly -2 steps
100W

.# of steps



ASecondcharacteriz-ationofR.ES#*Theore-mA relation A a- INK is r- e
.

if and only if there
-

is a recursive relation

Rs NK
" such that

I c- A ⇐> By RCI ,y) the
1N
"

¥?%¥¥÷ re , LCM) = A
RCI ,y) : view y as encoding

of an mxm tableaux

for some me
IN

⇐ it ) c- R ⇒ Mail
halts in m steps and accepts

and y is the
mxm tableaux

of MKE)



AscondcharacterioatimofRE.se#*Theore-mA relation A a- INK is r- e
.

if and only if there
-

is a recursive relation

Rs NK
" such that

I c- A ⇐> By RCI ,y) the
1N
"

¥0%¥¥¥-←,µk" be recursive relation such that
IEA ⇒ 3-y

RCI,y) , a Let LCM) = R

on input I :
For i = 1,2, - • • .

For j =L to L

Run M on (I
, y;)

halt & accept if MCI, -1;) accepts



Reviewofdefinit.ms

LA = { 0
,
S
,
t
,
• ; =} language of arithmetic

④
☐

= all La- sentences

TA = { A c- OI
,

1 IN ⇐ A } True Arithmetic

A theory E is
a set of sentences Cover La ) closed

under logical consequence
- We can specify a theory by a subset

of sentences

that logically implies all
sentences in E

E is consistent iff =\ E ( iff HA c- too , either A or 1ANot in E)

2 is complete iff E Ts consistent and VA either
A or -A is in S



E is so-undiff.EE TA

Let Me be a model/structure over LA

Them) = { A -c§o 1 ME A }

Them) -

is comptete ( for all structures my

Note TA = Thc IN) is complete, consistent, + sound

VALID = { A c- OI
,

I f-A} ← smallest theory



Let E be a theory

E is axiomafitdbhe if there exists a set Msg

such that ① r is recursive

② I = { A c-% 1 PEA }

theorem E is
axiomaticable

'

1ft E is me
.

( P. 76 of Notes)

"'

""

}
sentences

] ,
i



Let E be a theory

E is axiomafitdble if there exists a set Msg

such that ① r is recursive

③ I = { A c-% 1 ME A },y,,,g,awma,,agn⇒g,n
Proof ⇒ . Suppose E-is

axiomatization
,

r recurs in

Define Rcx
,y) = true

'

Iff y
encodes a M - LK proof

of (the formula encoded by) ✗

R is recursive , so by previous
*Theorem

,
E is me .



Let E be a theory

E is axiomafizdble if there exists a set Msg

such that ① M is recursive

② I = { A c-% 1 ME A },y,,m_g,awma,,ag,.,,g,,
Proof ⇒ . Suppose E-is

axiomatization
,

r recurs in

Define RCX
,y) = true

'

Iff y
encodes a M - LK proof

of (the formula encoded by) ✗

R is recursive , so by previous
*Theorem

,
E is me .

⇐ By ☒theorem ,
E = range of

total computable function f

o: E = { f- (o)
,
FCI)

,
FCD
,

. . . . ]

in other words,
there is an effective enumeration of {

{ = { Ao
,
A
, ,
Az, Az, . - - ]



{ = { A ,A , , Az , . - - - }
-

where fco)=A
,
fu)=A

, , . .
-

-
}

where f -

is computable .

Let P = { Bo , B, , . . . 3 where Bi : Aon A. ^ .- . Ai

Ktaim r is recursive and E-- { Al P f- A }

• P is recursive :

gien sentence
F
,
check if F= F

, Ain . -
^ Fm

then check if ti c-Cm]
,
Fi = Ai

( which can be done since f-is computable
• { = { A / PEA } : ☒ A. c- E

, Bisi - ^Ait- Ai


