
COMPUTABILITY
-

( Lecture Notes : : PP 54-65)



Turingrlachines " on computable Numbers , with an

application to the Entsuheidungsproblem
"

1936

- Concept of 1st generally convincing
general model of computation .

- Proved there is no algorithm for deciding
truth in mathematics

- codebreaking of
Nazi ciphers WWI

- also worked in
mathematical biology

- prosecuted in '52 for homosexuality
1912 - 1954



Turingmachines

M = { Q
,
E
,

M
,
S
, Q ,

B
, Eqis }

Q :{ of , , . . ,q,,} states
,
1<>-2

{ = finite input alphabet , including 0,1

r = finite tape alphabet ,
Es n

,
includes

"

&
"

(blank symbol)

E
,

: start state

of, : halt state

S : Q ✗ n → Q ✗ M ✗ { Lx R }



Turingmachines Input ✗ = 011011

0IliIBB.li#3t$E33B--.-q
④
• Initially M is in start state q , input

in 1st cells
,
then B)'s

• at any point
in time

, tape head points
to some tape

initially head points to left most cell



Turingmachines Input ✗ = 011011

lliBBBBBÉÉBB
p
④
• Initially M

-

is in start state q , input
in 1st cells

,
then B 's

• at any point
in time

, tape head points
to some tape

initially head points to left most cell

• at every
time step

,

M makes me transition according
to S



Turingmachines Input ✗ = 011011

ÉBBBÉÉBB
q
④ M:{ Q, E ,

M
, 8,9 , , B , 1929 }

Q= { 9
, , 92,93} ,

2=10,13
, ,

P :{0,1 , B }

S : (o
, q ,
) → 10,9 , ,

R )
( 1
, 9 ,) → ( 1

,
G, , R)

113,9 , ) → 113,8 , , R )
(0,8, ) → ( 0,9$ ,R)
( 1,9,) → ( 1

, qz ,
R)

( B
, q] ) → CB

, 83 , R)
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ÉBBBÉÉBB

÷
S : (o

, q ,
) → 10,9 , ,

R )
( 1
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( 1,9,) → ( 1
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( B
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Turingmachines Input ✗ = 011011

ÉBBBÉÉBB

÷

S : (o
, q ,
) → 10,8 , ,

R )
( 1
, 9 ,) → ( 1

,
G, , R)

( B
, q , ) → 113,8 , , R )
(0

, 9, ) → ( o
, q, ,
R)

( 1,9,) → ( 1
, qz ,
R)

( B
, q] ) → CB

, 83 , R)



Turingmachines Input ✗ = 011011

ÉBBBÉÉBB

¥
S : (o

, q ,
) → 10,9 , ,

R )
( 1
, 9 ,) → ( 1

,
G, , R)

( B
, q , ) → 113,8 , , R )
(0

, 9, ) → ( o
, q, ,
R)

( 1,9,) → ( 1
, qz ,
R)

( B
, q] ) → CB

, 83 , R)



Eje : count # 1's mod 2 Input ✗ = 011011

I

ÉBBÉBÉBB

1. start state = q ,

2. Scan Right until we see ☒ : if in q
,
; A- 1's so far is even

tf in q
,
: # T's so far is odd

3
.

When we hit ☒ : if in q
,
→ Ey , 9,

→ 95

4. If in cry or 9, scan left until we hit left end 4 tape
when we hit left end if in qy overwrite with 0 & halt

" "

Es.
" " I t halt



Examples : Count # 1's mud z%f1tBBBBB.33.BZ#B..?.P??0//
° "

1. start state = q ,

2. Scan Right until we see ☒ : 9, ; A- 1's so far is even

94 : # T's so far is odd
3. When we hit ☒ : if in 9>→ 9s

, 94→ 9€
4. If in 9, or96 scan left until we hit left end 9 tape

when we hit left end if in 9, overwrite with 0 & halt
" "

96
" ' ' I t halt

start halt

y y
s :

(☒ ,E , ) → CK
, 9s ,
L)( 0,9

,
) → ( *

,
23, R)Q " { 911%93

,-96 } ( 1
, q, ) → (*

, qy , R)
(R

) E4 ) → (☒196 >
< )

E = {913 ( ☒
,
q
,
) → (* , q, , R)

(☒
' 951 → (B)95,4

r = {0,1 , #, ☒ } (☒196) → (B) 96 , 4CO
, qz) → FBI

, 93 ,
R )

( 1,9, ) → ( ☒
, %, , R)

(☒195 ) → ( 0
, 92 , R)

(0,94 ) → (☒ , Ey , R) (*
,%) → (4 92

,
R )

(1,94 ) → 1131,93 , R)



Turingmachines

Turing Machines compute n-ary partial (or total)
functions from 1N

"

→ IN by encoding input/output
as strings over E

Encoding of la , , . . - , an ) c- IN
"

example

( 3
, 10,8 ) : 11 2 1010 2100Wme in

a
,
in
°

are
☒

as in binarybinary in binary"
separated by

"

2
"

Let < ay.ee , an> be the encoding of Ca, , > an)



Turingmachines

Turing Machines compute n-ary partial (or total)
functions from 1N

"

→ IN by encoding input/output
as strings over E

TM M on input ✗ halts when it enters

halt state Cqz)

If M halts on X
,
the output y is the

longest string on tape, containing only 0's and Is



Turingmachines

Let f- : IN
^

→ 1N be a total function

µ coyotes f- if for every n- tuple
Ca
,
. - an)ÉcNn

M on input < 9 , - , an> outputs ffq . - an )
( in binary )

If there is a TM M that computes f
,

then f is a total table function



Turingmachines ( omitted this slide)

Let f- : ( Nv {•3)
^
→ IN v63 be a partial function

( so f- 19 .
. - Cn) = - if any g. = - )

µ computes f if for all 19 . - an) in domain off
M on input <a, . - an> outputs Fca

, - - an)

☒ M may Not halt on inputs Not in domain off

If f (a partial function) is computed by some M
then f is a mutable partial function



Tu-ringma-h.ae configurations

- A configuration describes entire state of a TM at some
point in time

127456¥

Bl$l1ltBÉ
p ¥7
④

configuration : 0,1 , 2,13, (9*+58) , 1,0, I



Turing Machine configurations
- -

• A tab-ka.ae is a sequence of configurations
describing running M on some input ✗



turing Machine configurations
• A tab-ka.ae is a sequence of configurations
describing running M on some input ✗ 00

, g)→qq.gr)

to

e- IÉ

1- =3 2 2 2÷:⇐
-1=6ÉqB



turing Machine configurations Att,meM
• A tab-ka.ae is a sequence of configurations t=m

,

mxm

*:÷÷:÷:÷E::to

2 B .
- .

t=2111÷.is:1#:...-::::t-.yIzE3-t--
6ÉqB



Encodingturingmach.me#M--(E,Q,r,S$q,,B,Eqz3)
Let E = { 0,1 , 2}

Q = { 9 , , qz , - - - Gn }
r = { ×, , Xz, . . . XK } where 4=0 5=1×5-2 Xy

-

- B

D
,
= left Dz= right

we represent transition Sofi ,X;) → (guile , Dm) by
01010" 10h10m

Code for M : 111 code, 11 codez
11

-
. .
11 coder 111

Where code, , .→ , coder
are the codes for

transition function



Encodingturingilachines

Exainpk . Q " { of , 92933
,

E :{0,1 }
,
r :{0,1 , B }

scq , , 1) = (q, , O, R) 0110210310' 102 ← c
,

8cg, , O) = ( of , , 1
,
R ) -0310 I 01104012 ← Ca

8 ( of]
,
1) = 192,0 ,

R ) 0>101 0h10 ' 102 ← ↳

8 ( of ] , B) = ( qs, 1
,
L ) 031 03 1 03 1021 O ' ← Cy

M = 111 C
,
11 Cz 11 ↳ 11 Cy 111

cm
,
110110) encoded as "¥,Ñ×T

* uniquely decidable



Universalturingmachine.SU
:Tokes as input ☒ CMH and outputs y if

M on ✗ halts and outputs y
If it does not halt on ×

,
U does not halt on #CM

, x)



Universalturingmachine.SU
:Tokes as input # CMH and outputs y if

M on ✗ halts and outputs y
If it does not halt on ×

,
U does not halt on #CM

, x)

we describe a 3- tape TM (at a high level ) for U .

( 3- tapes can be simulated by one tape)

tape 1

tape 2#

tape 3



Universalturingmachin.es
① initial state

tape 11#

tape 2

tape 3

check that contents of tape to is

legal encoding of M
, ✗



Universalturingmachin.es
③

of M
tape 1 #de,zzcodezÉ

encoding

←
contentstape 2
of M's

tape at
starttape 3

initial
Initialize tapes 1 & 2 as above

state of

and tape 3 to contain $0

,
M

of, in binary



Universalturingrlachiñes
③

tape 1 /Étude

tape 2L$

tape 3

troop
If tape 3 contains

$00 ( halt state) halt and output
contents if tape 2 (to 1st "B

"

ow simulate Next state :
store contents of tape 2

head and current state of M

in U's state . Scan tape 1
to find corresponding code ,

Modify tapes 2,3 accordingly



Universalturingrlachines
③

tape 1¥É
tape 2 L$←É3B

tape 3¥3

say 8 (qz , 1) → ( of 3,0 , R)



Universalturingrlachiñes
③

tape 1¥ÉÉ
tape 2 L$ooi20•QlBB

tape 3

say 8 (qz , 1) → ( of 3,0 , R)



Notation

{ × } = Turing machine M such that #M = ✗

Ex}
,

= the unary function computed by ✗

Ex}n = the n-ary
function computed by ✗

( can generalize earlier so M takes

n inputs instead of 1)

A set is a subset of 1N
"
( usually n= 1)

a set/relation / 0-1
valued total function :

A a- IN then A- (x) =
1 if ✗ c- A

0 If ✗☒A



Turingrlachines " on computable Numbers , with an

application to the Entsuheidungsproblem
"

1936

^

Turingmahines :

I

0¥
83

1912 - 1954
M = ( Q , E , P , S , G , B, {qz} )



Turingrlachines " on computable Numbers , with an

application to the Entsuheidungsproblem
"

1936

^

church-TuringTh
A function/predicate is computable
realizable in physical world ⇒

it is computable by a TM

1912 - 1954



Notation

{ × } = Turing machine M such that #M = ✗

Ex}
,

= the unary function computed by ✗

Ex}n = the n-ary
function computed by ✗

( can generalize earlier so M takes

n inputs instead of 1)



today

what is computable and what isn't ?

We will mostly focus on unary
relations

or languages
- L s {0,1 }*
{ all finite length
strings over { 0,13

{0,13
*

= all binary strings of finite length
= { E

, 91 , 00,01, 10,11 ,
000
,
001
,

- - - }



Definition Let M be a TM
,
E = {0

,
i}

LCM) £ {0,1 }* is the set of all (finite - length)

strings ✗ c- {0,1 ]* such thatD

Mlx) halts and outputs I1
the Language accepted by M



Recursive/RE recognizable /semi - computable
A language Le {on }* is recursively enumerate if

there exists a TM M such that LCM) =L

\

So if ✗ c- EO , it

✗ c- L ⇒ Mon ✗ halts and outputs
"
1
"

✗ EL ⇒ Mon ✗ halts and does Not output 1

or M does not halt on ✗



Recursive/RE

A language Le {0,1 }* is recursively enumerate if

there exists a TM M such that LCM) =L

So if ✗ c- EO , it

✗ c- L ⇒ Mon ✗ halts and outputs
"
1
"

✗ EL ⇒ Mon ✗ halts and does Not output 1

or M does not halt on ✗

recursively enumerable (ne) also called
semidecidable

, partial computable



Recursive/RE
computable /decidable

A language Ls {0,1 }* is recursive if there

exists a TM M such that LCM) =L
and M always halts

so if ✗ c- EO , it

✗ c- L ⇒ Mon ✗ halts and outputs
"
1
"

✗ EL ⇒ Mon ✗ halts and does Not output 1

( without loss of generality ,
✗☒ L⇒ M(×) halts + outputs

"

O
")



Recursive/RE

A language Ls {0,1 }* is recursive if there

exists a TM M such that LCM) =L
and M always halts

so if ✗ c- EO , it

✗ c- L ⇒ Mon ✗ halts and outputs
"
1
"

✗ EL ⇒ Mon ✗ halts and does Not output 1

( without loss of generality ,
✗☒ L⇒ Mcx) halts + outputs

"

O
")

recursive also called decidable
, computable



Recursive/RE

A function f :{0,13*-7 {0,1 ]* (or f : AN
"

→ IN )
is totalcomputabk if there exists a

TM M such that the {o, c)
*

Mcx) halts and outputs fcx ) .
all he {on }*
all subsets8{aB*→?⃝É



CLOSURE PROPERTIES

① L recursive ⇒ L ne,

② Total computable functions closed under composition :

f. g computable ⇒ fog = fcg (x)) is computable



CLOSURE PROPERTIES

① L recursive ⇒ L ne,

② Total computable functions closed under composition :

f. g computable ⇒ fog = f ( g (x)) is computable

③ Closure of recursive languages under n , v , 7 :

L
, ,
he recurs

lie ⇒ 4uLz , 4^42,74 ikz are recursive



CLOSURE PROPERTIES

① L recursive ⇒ L ne,

② Total computable functions closed under composition :

f
, g computable ⇒ fog = f ( g (x)) is computable

③ Closure of recursive languages under n , v , 7 :

L
, ,
he recurs

lie ⇒ 4uLz , L, nhz , 74 ikz
are recursive

⑤ Closure of re. Languages under n , v

4 , Lz re.

⇒ huh , L, nhz are me
.

{
use dovetailing ie for it, . . - .

run M
,
for i steps, Me for i steps



CLOSURE PROPERTIES

① L recursive ⇒ L ne,

② Total computable functions closed under composition :

f
, g computable ⇒ fog = f ( g (x)) is computable

③ closure of recursive languages under n , v , 7 :

L
, ,
he recurs

lie ⇒ 4uLz , 4^42,74 ikz are recursive

⑤ Closure of re. Languages under n , U What about
4 , Lz re.

⇒ huh , L, nhz recursive
closure of

me
.undenn{

use dovetailing ie for it, . . - .

run M
,
for i steps, Me for i steps



CLOSURE PROPERTIES
,

cont 'd

④ L r
.
e.
,
and I ne

. ⇒ L is recursive

←
{ ✗ I ✗ ☒ is

* Note : Often LE EO , it is a set of

encodings . Example L = { ✗ / Ex}
, accepts input

"
in
"}

then we usually think of I as {✗ 11×3, does not accept in}
although technically
I :{✗ / ✗ is not a legal encoding or {×} , does notaccept 111]



L E { 0,13
*

( {0,13¥
= set of all strings our 0/1

of finite length

y g ,, ,, , , ,, ,, , ,, ,, .

,
.

.

I = { yearout ly ☒ L }



CLOSURE PROPERTIES
,

cont 'd

④ L r
.
e.
,
and I ne

. ⇒ L is recursive

PNI : ( Dovetailing)

Let M be a TM st LCM) =L
,

H

Mz be a
TM st LCM) =I

Neatness :
For i = 1

,
2
,
3
,

- - -

Run M , on ✗ for i steps
if Mr accepts × halt

+ accept
Run Mz on ✗ for i steps
it Mzaccgstsx , halt

t reject



CLOSURE PROPERTIES
,

cont 'd

④ L r
.
e.
,
and I ne

. ⇒ L is recursive

PNI : (Dovetailing)

Let M ,
be a TM st LCM) =L

,

Mz be a
TM st LCM ) =I

New TM M on × :

t.TT,
. . .

Run M ,
on ✗ for i steps
if Mr accepts × halt

& accept
Run Mz on ✗ for i steps
it Mzaccpts × , halt

+ reject

•Mon ✗ eventually halts since ✗ accepted by exactly
one

of M
, , Mz

• ✗ EL⇒ M
,
accepts ✗ ⇒ M accepts *

• ✗4-L⇒ Me accepts ✗ ⇒ M halts and rejects ✗



Many languages arent Recursively Enumerable !
Intuition : {out = {• , oil , 0901,19 ", 000,001, -

- -
- }

• Evey TM M maps uniquely to a string in { 0,1 }*
,

corresponding to the Language Leon ]* accepted by M

• since the set of all Tms is countable
,
so are the

re languages L c- 90,13¥

• On the other hand
,
the set of all Languages

over {0,13¥ is uncountable
( so there exist many languages L C- {0,1¥
that are not r. e.)



manylanguasesarenotr.e.P-N.fiDiagonal ization

Mainidea_ : there are many more Languages
(subsets of {0,1]* ) than there are TMS .

Proof very
similar to Cantor's argument

showing that
there

-

is NO I -1 mapping
from the Real

numbers to the Natural

numbers



manylanguasesarenotr.e.P-N.fiDiagonal ization

• Fix an enumeration of
all TMS with { = {0,1 }

{✗ is
,
{ XD
,
{ xis, . .

-

• Make a 2-Way
infinite (but countable) fable

rows correspond to {43,943, . .

columns correspond to enumeration of
encodings if Turing

machines ×
, ,Xz, .

.
- -

• Entry Li , 's) : o
- if {×:3

, accepts xj
1 otherwise



I

manylanguasesarenotr.e.X-X-s-XX.my
HHHT



Many Languages are Not me .
K×sXa-.

Mz-0€
Ms¥01
My#¥

*.
Ms-00€

D- Language
D

D = {Xj / { × ;}, does not accept ×; }
ie D= {✗ c- 90,13*1 ✗ is a legal encoding of a TM

and { ✗3
,
does not accept ✗ }



~

theorem D is not me.

Prot By construction : For
all 1-Ms %

,

{✗i} (x;) =\ Dlxi ) so LCM;) ⇐ D

E . D Not me.



~

7

theorem D is not me.

Pnot By construction : For
all 1-Ms Mi

,

{✗i} (x;) =\ Dai ) so LCM;) ⇐ D

E . D Not me.
←
D= { ✗ c- {0,15 f
either × is not a

theorem I = { ✗ c- 10,1]* / ✗ ☒ D } legal coding of aim

B is one .
or {×}

, accepts {×}



(Weak) Incompleteness of PA

• PA has a recursive set of axioms
,
so the set of sentences in PA

is r. e. ( by completeness theorem, which gives an re . procedure
y •

for deciding if A C- PA)
• given ✗ e- [0,1 ]* Let numcx) c- IN be the number encoded by ✗

and conversely let bin (n) c- {0,1]* be the binary encoding of n
• Let F☐ In) a- IN be the relation corresponding to D (our " diagonal language")

f-
☐
(n) = 1 Iff D(bin Cn)) =L iff { bin in}

,

does Not accept bin (n)

• For all NEIN, there is a sentence An Cover Lps) ← since D-
such that An GTA ⇐7 F☐ (n) = 1 is re

.

> An ETA ⇒ F
,,
(n) = 0

claim 3- no IN St
.
either ANETA , but Ant PA
or ^ ANETA but rankPA



(Weak) Incompleteness of PA

• PA has a recursive set of axioms
,
so the set of sentences in PA

is r. e. ( by completeness theorem, which gives an re . procedure
y •

for deciding if A C- PA)
• given ✗ e- [0,1 ]* Let numcx) c- IN be the number encoded by ✗

and conversely let bin (n) c- {0,1]* be the binary encoding of n
• Let F

,
en) EIN be the relation corresponding to D (our " diagonal language")

f-
☐
(n) = 1 Iff D(bin Cn)) =L iff { bin in}

,

does Not accept bin (n)

• For all NEIN, there is a sentence An Cover Lps)
such that An GTA ⇐7 F☐ (n) = I

> An ETA ⇒ F
,,
(n) = 0

otherwise

claim 3h0 IN St
.
either Aneta , but An☒ PA

←D is re .

or ^ ANETA but rankPA



Using Reductions to show other

(more Natural) languages / functionsarenoteomp.utabklrecurs.ve/r.ffLtighnevd
:

① Say we know 4 Not recursive

To show Lz Not
recursive

,
design a TM M

,

always halts
& KM ,) =L , , assuming a

TM Me that always halts
& LCMa) = Lz

② suppose L , not
r
.
e.

To show Lz Not r.e. ,
construct M ,

St LCM ,
)=L

,

assuming a
TM Mz St LCMe) ⇒ Lz



K and HALT are me
.
but not recursive

D= K D= { ✗ I TM Ex} halts on input × }

HALT =D { < ×
, y) / TM Ex} halts on input y}

claim HALT
,
K are both r. e.

Pt : simply run Ex} on y . Accept it
simulation halts .



theorem K is Not recursive

K =D { ✗ I TM Ex} halts on input × }

Pwof_ Let L
,
=D .

We know L
,

is Not me
.

Assume Lz= K is
recursive , & Let Mz always

halt & Long)=Lz

fonstÉinpt :

Run Mz on X

• If Mz accepts × then

Run {✗3 on ✗ and output 1 iff {×} (x) 1=1

• If Mz halts & does not accept ✗ then output I
1



theorem K is Not recursive

K =D { ✗ I TM Ex} halts on input × }

Pwof_ Let L
,
=D .

We know L
,

is Not me
.

Assume Lz= K is
recursive , & Let Mz always

halt & Long)=Lz

.co#mctimfTMM-Dninputx:
Run Mz on X

• If Mz accepts × then

Run {✗3 on ✗ and output 1 iff {×} a) 1=1

• If Mz halts & does not accept ✗ then output I

• M
,
,

halts on all ✗
.

• ✗ED ⇒ 9×31×7=1 I ⇒ M
,
1*7=1

•

✗ ☒ D ⇒ 2×31×7=1 ⇒ M
,
4) =\ I



he#m HALT is Not recurs

K D= { ✗ I TM Ex} halts on input × }

HALT =D { < ×
, y) / TM Ex} halts on input y}

Root
"

is a special case of HALT & K Not recursive

show K reduces to HALT :

Let L
,

= K
, Lz= HALT. Assume Mz always halts and

accepts Lz .

Construct it
,
for L

,
:

M,m
Run Me on 44×7 . Accgstiff Mz accepts



theorem IT is Not re . ← I =
,

K D= { ✗ I TM Ex} halts on input × }

Pt we saw already that K is re . but not
recursive

If I is r. e. , then both E.I are
r. e.
,

so by property (4) ⇒ K recursive

i. I Not re.



Tips

( 1.) Try obvious algorithms to
see if you think

Language
is recurs lie

,

re
,
or Neither

(2) To show
L Not me

,
sometimes it helps

to work with I

lie . if I ne . ,
& I Not recurs

lie then

L Not r. e.)

(3) get reduction in
correct direction .

many times
constructed TM M

,
will ignore its own

input



SUMMARYSOFAR-fi.ve
saw D= { ✗ / {×}±(×) does not accept }

Is Not me . by diagonal/2-atlin

2. Using reductions
we have :

• K
,
Halt are Not recursive (but both

are r. e.)

• IT
,
HATT are Not me .



NÉE : L = { ✗ / {×} accepts at least one input}

L is r- e .
but not recursive

.

: Enumerate all strip in {on]*
{E
, Oil , 00,01 , 10, 11

,
000

,
- - - -

1^11
Wog Wu V3

DIG Procedure for L on input × :
For i =L

, 3
3
,

.
- - -

For 5=1 , . . . i

simulate {✗3
,

on Wj for
i steps

If any of
the simulations accepts, HALT & accept



NÉE : L = { ✗ / {×} accepts at least one input}

L-knotrecurs.ve#

L
,
= K = { y l Ey}(y) halts }

Assume Lz=L
is recurslie & Let Me be TM Lolz)=L

and Mz always halts

M
,
on input y :

construct encoding 2- of TM {2-3 where

{Z} on input ✗ : Ignores ✗ & runs Ey]my
and axegets ✗ if {¥34) halts

Run Mz on 2- and accept y ift Matt) accepts

claim LCM
,) = K and M

, always halts

yek ⇒ {y } Cy) halts⇒
{z} accepts all inputs⇒ Mzcz)=/⇒ M

,
g) =/

y☒K⇒ Ey}Cyl doesnt ⇒ {2-3 accepts No input⇒Miz)# I ⇒M ,
(y) =\ /

halt


