
More on term models
,
Herbrand 's theorem

and FIRST ORDER RESOLUTION

Recall in our proof of completeness of LK We

showed :

Let 1- be any set of sentences .

If A is not valid
,
then there is a

term model Me such that

all A- c-A are falsified by M .

A term model for L : universe of M is all possible- -

L - terms .



Deth A term t is a ground term if t contains no
variables

Definition Let A = th
, V-xz.tk/,cB ,

1<>-0
,
B quantifier -free .

A ground instance of A is of the form

Blt, /×
, ,
talk , . . .tk/x,e) where t, . . - tu are

ground terms

Fact Every ground instance of A is a

logical consequence of A .

i. if a set Éo of ground instances of A
-

is

unsatisfiable then A is unsatisfiable



Deth ( Propositional satisfiability/UNSAT of HB sentences)

A (propositional) truth assignment T maps
each L - atomic formula to {0,1 }

We can extend T to all quantifier- free formulas

via inductee defw of prepositionally satisfiable
(e¥f TCA) :O TlB) =D , then 1-(AvB) =0 )



Deth ( Propositional satisfiability/UNSAT of FB sentences)

A Cpropositional) truth assignment T maps
each L - atomic formula to {0,1 }

We can extend T to all quantifier- free formulas

via inductee defw of prepositionally satisfiable
(¥f TCA) :O TlB) =D , then TCAVB) :O)

Ex
. 10 = {N-✗ Pcjr _vyQCyH

,

> the PhD
,
- tyQcy) }
if= { f. g. C ; P,QB

Pfgcc)) ←0 PfvQGG§)
☒( gcc)) ← 0

Qffcc))}←,÷



As a corollary , we get :

Herbrand 's Theorem Let L be a First order language
with at least one constant symbol ( = zero - any function symbol)
Let to be a set of

"
L - sentences . Then ¢ -

is unsatisfiable

jff some finite set of L - ground instances of%aces in É is proposition unsatisfiable

⑨
sentences 9 form A



Herbrand 's theorem Let L be a First order language
with at least one constant symbol ( = zero - any function symbol)
Let to be a set of L - sentences . Then ¢ -

is unsatisfiable

iff some finite set of L - ground instances of
sentences in É is propositionally unsatisfiable

Pwot Let § be a set of ground instances of of

① ¥ prop unset → ⑤ prop. unset lby FACT)
② show : If every finite subset of ground instances of ¢ is sst,

then § is SST



Pwot ② show : If every finite subset of ground instances of $ is SAT,
then § is SST

let § be all ground instances of 1,0

@ By propositional compactness, if every finite subset of §, is

prepositionally satisfiable, then Io is prepositionally satisfiable .



Pwot ② show : If every finite subset of ground instances of 10 is SAT,
then § is SST

let § be all ground instances of 1,0

@ By propositional compactness, if every finite subset of §, is

prepositionally satisfiable, then Io is prepositionally satisfiable .
• Let T be a propositional truth assignment that satisfies §,
• We use T to construct a term model that satisfies 01 :

M = all ground L- terms
c. a o- avg function symbol : cm = I

fmcti
,,
Fn) = tcti.TT



Pwot ② show : If every finite subset of ground instances of 10 is SAT,
then § is SST

let § be all ground instances of $

@ By propositional compactness, if every finite subset of §, is

prepositionally satisfiable, then Io is prepositionally satisfiable .
• Let T be a propositional truth assignment that satisfies §,
• We use T to construct a term model that satisfies 01 :

M = all ground L- terms
@ c u o- avg function symbol : cm = I

• fmlti
,,
Fn) = tct.r.TT

• PMC Ei, . ..tn) = 1 iff Pct
,
. .tn )T= 1

• By induction M 1=13 itf B
"=L ( for all quantifies free sentences B)

in M satisfies 01 (defw of satisfies for all sentences in 01)



Herbrand 's theorem Let L be a First order language
with at least one constant symbol ( = zero - any function symbol)
Let to be a set of L - sentences . Then ¢ -

is unsatisfiable

iff some finite set of L - ground instances of
sentences in É is propositionally unsatisfiable

Pwot ② show : If every finite subset of ground instances of ¢ is SAT,
then § is SST

let § be all ground instances of 1,0

@ By propositional compactness, if every finite subset of §, is

prepositionally satisfiable, then ④☐
is prepositionally satisfiable .



Recall L
,

= { as,t , • ; = } Language of arithmetic

the standard model for LA :MM
= IN
,

O
,
S
,

T
,
• have usual meanings

IÉ.A : the set of all
sentences of La

that are true in
IN



Recall L
,

= { as,t , • ; = } Language of arithmetic

the standard model for Lp :

Ms IN
,

O
,
S
,

T
,
• have usual meanings

É : the set of all
sentences of La

that are true in
IN

Anonstandardmodelottn : any
model of LA

that is not isomorphic to the standard
model



Recall L
,

= { as,t , • ; = } Language of arithmetic

the standard model for Lp :

Ms IN
,

O
,
S
,

T
,
• have usual meanings

A : the set of all
sentences of La

that are true in
1N

Defy A set § of sentences
'

is decidable if there

is an algorithm (that always halts) that given
a sentence B, outputs

1 H B is in § and otherwise

outputs 0



←÷÷s
¥,



We will soon see that TA is Not decidable
.

on the other
hand

,
restricted systems of TA

art decidable ( Ls , L+ )



Theories
Note : JN Lecture Notes this is not defined until p. 7,5
-

but it is important enough that we introduce it Now .



Theories
Note : JN Lecture Notes this is not defined until p. 7,5
-

but it is important enough that we introduce it Now .

Definition A theory lover L) is
a set E of sentences

closed under logical consequence .

(EEA then A c- E)
We can specify a theory by a finite or

countable

set of sentences µ - - the theory corresponding
to Q -

is { A 1 4 ⇐ A}

Notation E a theory ETA means A c-E

Definition For a Language L
,
§? -

is the set of

ad sentences over L



Theories

Definition E is consistent if and only if E =\ ¥

(
If E = §

,

then E contains A + NA

conieesely tf E contains A & in then)
§ contains all of OIO



Theories

Definition E is consistent if and only if E =\ ④
o

E is complete Iff E is consistent and
for all sentences A ,

either ETA or EMA



Theories

Definition E is consistent if and only if E =\ ④
o

E is complete Iff E is consistent and
for all sentences A ,

either ETA or EMA

Exampk_ La = { as,t , • ; = }

TA = all sentences over La that are true
in IV

is •
consistent and complete



Theories

Definition E is consistent if and only if É =\ ④
o

E is complete Iff E is consistent and
for all sentences A ,

either ETA or EMA

Definition A theory E over La is
sound iff

E ETA



5emsofTrÉmti
• Theory of successor

( 0, s ; =)

• Pressburger Arithmetic 10, S, t ; =)

•
Peano Arithmetic ( O

,
S ,t , • ; =)

D_efn Ls = { Qs ; = } Language of successor

the standardmodel for Ls , Ms :

M = IN
,

0 and s have usual meaning (six)=xti)

Let Thcs) (theory of successor) be the
set of all

sentences of L
,

that are true in Nf



th) : there is a simple ( infinite but countable)

complete set of axioms for ths ) ; 4s

Us : (Si) Vx (5×+0)
421 thirty ( sx=sy

- ✗ =-D

Cs) V- ✗( ✗ = or 3-y(✗ = sy)

⇐Y ) ✓✗ Csx ☒ x)
(SJ) × ( Ssx *x)

✗6) Vx Csss xxx)

⑤7)
:

:
I



: A model for 4
,

-

is a

model /structure over L, that
satisfies all formulas

in 4s
←

isomorphic
① •→•→•→• - - -

-
. to IN

o so Sso

up
to
renaming

③ •→•→→→
o so Sso ← IN plus

plus a copy of
integers

- . → •→•→•→ • -
- . g-



③ generalizing ② ,

models contain

one copy of 1N
,
plus any

number of

copies isomorphic to) the integers



Note without all axioms 54,55, so, , -

we could hail
additional models with loops

o•→so→ssj→•
- -

plus p•→y
.

any
number

of cycles
←←



Theorems Us is complete and consistent

¢ proof omitted)

Therefore although 4s has both the .

standard model as well as Nonstandard models
,

all models ell of 4g have the scene
set of

true sentences .



Theorems Us is complete and consistent

k proof omitted)

Therefore although 4s has both the .

standard model as well as Nonstandard models
,

all models ell of 4g have the scene
set of

true sentences .

We'll see later that when a set of sentences (such as Thes))
has a nice (enumerable ) axiomatization , then

this ) -

is decidable .



Defy L
,

= { 0,5 , + ; =} Language of Presburger
arithmetic

the standard model for L
, ,

:

M = IN
,

O
,
S
,
t have usual meaning

tht) : ( theory of Presburger arithmetic , or
standard

model for L+ ) : all sentences of Lt that are

true in 11¥

Pres burger (1-928)
showed that Thct)

-

is also

characterised by a
countable set of axioms

like the theory of
successor)

so it is also consistent and complete



Peano Arithmetic L
,
:{ 0,5,t ,

•

; = }

- Has countable ( and decidable ) set of axioms

- We think it is consistent

- Has standard model IN

, na, no, ,.me non,,.name m.ae,

a

PA is a theory



BACKT0TACTRUEARlTHME

the standard model for LA
,
111 :

Ms IN
,

O
,
S
,

ok
,
• have usual meaning

thlA)orTA_ : (theory of True Arithmetic) : set of

all L
,
sentences that are true in standard

model

theorem TA has a nonstandard model



theorem TA has a nonstandard model

Proof Let c be a constant symbol (Not in Lp )
y = { c -40 ,

C =\ so
,
CASSO , CF

ssso
,
. . - - }

• every
finite subset of Y is satisfiable

• so by compactness,
TA v4 has a model UM,

• M is Not
- isomorphic to

(standard model ) since
c cannot be any

element of 1N



MIDTERMR-EVIEWMnaterianeeree.IO
Propositional calculus (ppl - Itt of Notes

and Notes on Resolution )Z& PIC)

② Predicate calculus Cpp 18-30 of Notes)

③ Completeness ( pp. 31
-38 of Notes)

④ Eq-alityf.ms(pp .
43-47)

corollaries of completeness (48-53)



MIDTERMR-EVIEWstudytips-Readl.ec/-ure
Notes and course Notes

carefully first
-Then do /review solutions to homework questions

and tutorial problems
- Then do practice questions

(see handout
"Mid-teens

")



MIDTERMR-EVIEWstudytipsoogwe.in
a propositional or first order formula/

sequent , produce
a CRES

,
PK
,
44 proof

• Run completeness Algorithm
(s)

• Compactness
: what is it ? how to use

it?

Why is it true
?

• give a
model for § ; does ☒ f- A ?

is IT valid ? satisfiable ? invalid/uwsat . ?


