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FIRSTORDERSEQUENTC.PL#sLK

Lines are again sequents
A
, , .
. -

, Ak → B
. ,

. .

> Be

where each Ai
, Bj is a proper L- formula

RULES_
OLD RULES OF PIG .

PLUS NEW RULES FOR ✓
,
F

T E
like a Large Large OR
AND



Newtog.cat/2ulesfor-V,I-V-leftACt),r-d-V--Rightr-7d,ACb)V-
✗ AW

,
r → a r→d

,
✓✗ Acx)

a-left Alb),r Fright p[;?,1-✗ ACH
,

r → a

* A,t are proper
* b- is a free variable Not appearing in

Lower sequent of rule



SOUNDN.ES#

Petn A first order sequent A , >→
A
,<
→ B

, > → Be
is valid

-

if and only if its associated formula
( Ain -inAk)

> CB
,
v. - ✓Be) is valid .

Soundnesstheoremforlk Every sequent
provable in LK

-

is valid



TODAYig-o.de/scomPLETENESstHE0REMDefnAnLk-
§ proof is an LK-proof , but

leaves are e-other axioms CA→A) or of the

form → A for AEOI

goof prove that
- if r→d is a logical consequence

of §
,

then there is an LK - OI proof of P→d

( called Derivational completeness)

# Let Ala, . . an) be a formula with
free

variables 9 .- an .
Then YA is V-x.V-xz.it/xnACX,--Xn)

( called universal closure of A)



TODAY : LK COMPLETENESS

CMAINCEMMAJcomplefene-sslemm.ae
If M → d -is a logical consequence
of a set of (possibly infinite) formulas to

then there exists a finite subset

EG > →Cn} of § such that

V9 , - --

, Hcn , M → d
has a (cut - free) PK proof

* We will assume = Not in language for Now



Dervatiinalcompletenetheorm

Let § be a set of sequent or formulas

such that the sequent r→a is a

logical consequence of ✓ § .

Then there is an LK- QT proof of
on → d.

*
Proof follows from completeness lemma

(similar to derivational completeness of PK from
completeness )



Proofoflkcompletenesemma

High Level idea (assume § is empty for now)
• As in PK completeness, we want to

construct an LK proof in reverse.

• Start with r → a at root ,
and

apply rules in reverse (to break up
a formula into oneor 2 smaller ones)

• Tricky rules are 3- right & theft .
When applying one of these in reverse,
Need to "

guess
"
a term



Newtog.cat/2ulesfor-V,I-V-leftACt),r-d-V--Rightr-7d,ACb)V-
✗ AW

,
r → a r→d

,
✓✗ Acx)

a-left Alb),r Fright p[;?,1-✗ ACH
,

r → a

* A,t are proper
* b- is a free variable Not appearing in

Lower sequent of rule



Proofoflkcompletenesemma

High Level idea (assume § is empty for now)
• As in PK completeness, we want to

construct an LK proof in reverse.

• Start with r → a at root ,
and

apply rules in reverse (to break up
a formula into one or 2 smaller ones)

• Tricky rules are 3- right & theft .
When applying one of these in reverse,
Need to "

guess
"
a term

• key is to systematically try all possible
terms - without going down a
rabbit holes

.



Exampkofantnkpwof

Pa-7Pa Qa→Qa

→Pa PasQa

→pa P→?

Parva → 3-✗ Px Pa^Qa→3xQ×"

÷±÷÷⇒÷::÷



Exampkofantnkpwof

Pa
,
a→ Pb

:O
§
PPb-
Pan Qa → 3-✗ Px PanQa → 7-✗Qx
I

@

*÷¥÷÷÷⇒÷i÷÷



Instead:

Pa ,Qa→Pb,FxPx

{
Pa^Qa→Pb,7xP×

pirating pa^Qa→3xQx
I

@

*÷¥i÷÷i→⇒÷i÷÷



Instead

try
as
.am?:i::--i:;.ii.imai-*-
{

Pa^Qa→ Pb 2-✗Px

ÑTIÉipE pa^Qa→3xQx

""



*
. Instead
&

and
again

there are infinitely§ mangy choices !
and pa.aa-opb.pfqpfbp.mx (g)Need a systematic
again § way to try

all

try
again :÷÷÷¥mma*

{
Pa ^Qa→ Pb

,
2-✗Px

pirating panQa → 3-✗Qx

"÷i:÷ii⇒÷i:÷



*
:

and
again

there are infinitely§
É

µeedasyskNmangy choices !
and Pa,Qa→Pb,Pfqpfb ,7xP✗
again § Way to try

all

and for all

frontier sequenttry %EÉÉa¥ incurrentpwofl.wsagain Pa ,Qa→Pb,7xPx

{
Pa^Qa→ Pb 2-✗Px

pIiEIÉ×Ñ
,

pa^Qa→3xQx

÷:÷÷÷⇒÷i÷÷



Complefenessiproofsearchslgonthm

Enumeration of formulas r terms :

since the number of underlying symbols of L
is finite

,
there is an eniemerafim

of pairs (A , ,t , > , <Az,tI, CAs ,# . - - .

such that every terms and every
formula

in L occur infinitely often in the
enumeration



More details of enumeration ( L finite)

Enumerate all L - formulas A
,
,
Az
,
. . .

Enumerate . . L- terms t
, ,

. . .
.

such that every formula/term occurs

infinitely often

Enumerate all pairs to trace same property

t¥
. 1111



Complefenessiproofsearchslgonthm

Start with § = set of sequent /formulas ,
P → d

Want an algorithm that
will output an ④- LK proof of n→A

Whenever ☒ f- n→d

• Initially IT is the sequent
r→ a

• At each stage, modify IT by adding some AIEOI
to

antecedent of all segments in IT , and adding
onto the

" frontier
"

or
"action" seguenfs MIT .

• Actin sequent : a leaf sequent in IT, Not a weakening
of A-7A

• at stage K : we will Use the Kth pair <A ← tk > in the
enumeration



complefenessi.proofsearchslgonthmsta-gk%5A.tk
c) If A-

⇐
EOI

, replace P'→ I in IT by r! A ,<→a
'

(a) If Ak atomic , skip this step . Otherwise

for all leaf sequent containing
A
, ,
break up

outermost connective
of Ak using the appropriate

Logical rule ,
and tk if Necessary .



complefenessi.proofsearchslgonthmsta-g.ec
) If AxtÉ , replace P'→ I in IT by r! A ,<→a

'

(a) If AK atomic , skip this step . Otherwise

for all leaf sequent containing
A
, ,
break up

outermost connective
of Ak using the appropriate

Logical rule ,
and tk if Necessary .
-¥0Examples : M

,
BCC) → A variable

• A
,<
=
7×13✗ p,z×BCx)→T

÷÷;¥I÷•ñ÷C



I

complefenessiproofsearchslgonthmsta-g.ec
) If Art § , replace r

'
→ I in IT by r! A ,<→a

'

(a) If AK atomic , skip this step . Otherwise

for all leaf sequences containing
A
, ,
break up

outermost connective
of Ak using the appropriate

Logical rule ,
and tk if Necessary .

ÉriTbExamples :
• A
,
= -V×BC×) n→ d, ✗ BAD

BÉÑ→keepbo?⃝here

M
,
_VxBCx) → a

E_l When No more active sequent



Pnrfofcorrectness

We want to show :

• If Algorithm halts,
IT is an LK -§ proof of

r→ a ✓

• If Algorithm Never halts
,

then

b- § * r → a



Show's If our algorithm halts owner run on 01
,

r → d

then it produces a QT- LK
"

proof
'

of on →a

what will proof tree look
like if ittlg halts 7

-

9799 .

form. .
,

/
→ " " "

£i- '

.iq#.dnee
-

-

-

-

p → a



Pnrfofcorrectness

We want to show : If Algorithm Never halts
,

then ☒☒ R→ a
(or if it halts but some✓ deaf sequent doesnt

contain some formula A)
on both left Art of-7

Suppose Algorithm doesn't halt and let IT be the

( typically infinite) tree that
results

Leaf "sequent s
"

of IT look like r
,

"

C
, ,Cz, . . .. → d

'

-

infinite sequence containing
all of § each infinitely often

Find a bad path p in the tree:
If IT finite

,
3 some active leaf Node containing

only atomic formulas . Choose B to be

path from root to this leaf



Pnrfofcorrectness

We want to show : If Algorithm Never halts
,

then HOI # M→d

Find a bad path P in the tree:
IF-finte-smeat.ie leaf node containing

only atomic formulas . Choose B to be

path from root to this leaf

If I infinite by Konig's Lemmon,
3 an infinite

path .
Let B be this path



Pnrfofcorrectness

Properties of B

Iie path starting
at root

e) all segments in B were once active

(3) for all segments in f , No
formula occurs on

both the Left and right side of sequent

(4) all atomic formulas
A c- § in root sequent of f

on LEFT
,
and thus occur on LEFT of all

sequent in f

By (3)+ (4) , we know that
NO atomic A c-§ occurs

on the Right of any sequent in f



proofofcorrec.tn#on-d)

We will construct a
"

term
"

model 9th
,
& object

assignment 6 from f such that MK § LG]
but Meter → d (and thus our algorithm
fails to halt + produce a proof orily when r→ a
is not a logical consequence of § .) .

Let M Cammie ) be all terms our L

Nie thing is then our interpretation of all functions

ts Natural : If we had a term

5- : pairs of universe dents→
unveil element

f ( ST
,

SSST ) = fsi



proofofcorrec.tn#on-d)

We will construct a
"

term
"

model 9th
,
& object

assignment 6 from f such that MK § LG]
but Mtr → a

universe M : all L
- terms t (containing only free vars)

6 : map
variable a to itself Gea> = a- )

-0

fmri . . .FI) =D fr

PM (r
,
. .%) =D true if and only

' if Priti
- is on the LEFT of some sequent in f



proofofcorrectnessccontldcl-im.ioFor every
formula A

,

M
,
G satisfies A iff A -

is on the LEFT of some

sequent in f , and

Mes falsifies A iff A is on the RIGHT of some

sequent in f



proofofcorrectnessccontldclai-m.co
For every

formula A
,

M
,
G satisfies A iff A -

is on the LEFT of some

sequent in f , and

Mes falsifies A iff A is on the RIGHT of some

sequent in f

Proofs ( induction on A)

A atomic : A
cannot occur

=
on LEFT of some sequent in f

and on RIGHT
of some sequent in f
(since persists up B)



proofofcorrectnessccontldclai-m.co
For every

formula A
,

M
,
6 satisfies A iff A -

is on the LEFT of some

sequent in f , and

Mes falsifies A iff A is on the RIGHT of some

sequent in f

Proofs ( induction on A)

Inductimtep Example A= 3-✗ Bcx) on RIGHT

high level :
- if A occurs in some sequent in f ,
then A persists upward until it becomes
the active formula ( at stage K, Ak

-

- A)

then use inductive hypothesis



Proofofcorrectnessccontld
& :

:

Claim : For every
formula A

,

M
,
G satisfies A iff A is on the LEFT of some

sequent in f , and {
Mes falsifies A iff A is on the RIGHT of some

sequent in f
- . -→Blt ,d

,
7×131×1
,
..

Proofs ( induction on A)

Inducting A--7×131×1 on RIGHT

By Ind hyp ,
M
,
G falsify Bct;) .⇒§¥since 3-✗Bcx) persists , we have tt

Bct) on RIGHT of some sequent
in f

Thus M
,
6 falsify Blt) for all

terms t
&



corollariesofc.com#-eness

④ Lowenheiiniskolemtheorem .

Let L be countable
,

☒ a set of sentences over L
.

☒ satisfiable ⇒ É is satisfiable in a countable universe .

Prof Follows from completeness proof . Let ☒ be satisfiable

Let A. = → ( empty sequent is unsatisfiable)

then ⑤ ☒ A
,
so proof of completeness

constructs

a countable model where
is satisfiable

. •



Algorithm for finding a 10 -LK PM of → A

Enumerated all ¥④t2 B a formula
t is a term

our L

st . ally B
,
t occur infinitely often

styiuseLB.tt# :

1
.

If Bed then add B to LHS 4 all segments

2
.

If B Not atomic
,
then:

Frehley active segment containing B,
gphtheark.PE?nreoese .

Use t if Bstfxscx) & occurs on Rt

Use t if B : ✗ Ate) & 09ms on left
1



corollariesofc.com#-eness

③ T-irstordercompactne-s-heorem.hninfinite set of first order sentences § is

unsatisfiable it and only if some finite subset of OI
is unsatisfiable

Boot Let A bethe empty
sequent (or any unsatisfiable

formula)
Io unsatisfiable means § KA .

Thus Cby completeness
) there is a QT

- LK proof of A

proof . Thus there
-

is a finite subset §
' of §

such that there is a §
'
- LK proof of A

i. §
'

-

is unsatisfiable .

(other direction -is easy)



Dealingwithequality
So far we have treated equality predicate as
true equality .

We want to show that a finite

number of equality axioms essentially characterizes
true equality



Dealingwithequality
So far we have treated equality predicate as
true equality .

We want to show that a finite

number of equality axioms essentially characterizes
true equality

Definition A weak L -structure is an L - structure

where = can be any binary predicate

Question : Can we define a
finite set of sentences E

that defines equality ? (that
-

is
,

a proper structure

satisfies E and any weak structure

satisfying E must hate = be true equality ? )



Dealingwithequality

Question : Can we define a
finite set of sentences E

that defines equality ? (that
-

is
,

a proper structure

satisfies E and any weak structure

satisfying E must hate = be true equality ? )

No ! Let M '
= M u { mFNew element

an
'

Fix some meM ,
and let m = me

and otherwise Ml on m' behaves like Mon M



Dealingwithcquality

Question : Can we define a
finite set of sentences E

that defines equality ? (that
-

is
,

a proper structure

satisfies E and any weak structure

satisfying E must hate = be true equality ? )

But this is the only counterexample.
There is a natural

,
finite set of axioms that

characterizes true equality Cup to isomorphism)
I.⇒I m

'

n :÷



Dealingwithcquality
EqualityAxiomsforL(E
= is c-1

.

V-xCx=x)
an { c-2 . YxYyCx=y > y=x)est" E3

. ✗ try _✓z((×=y ^ 4=2-7 7 ✗=-2 )reln

E4
.
V4 . -thnty , . .tk/nCxi-y,r--nXn--Yn)7fXi--Xn=fYi--Yn

for all n-ary
function symbols

,
and for all my0%5

.
Vx

,
. . V-xn-VY.it/yn4xi-Yf-.nXn=Yn) >

( Rt. . -Xn - PY, - - Yn))

equivalence relation

preserved by functions and
predicates



Equalitytheorem
theorem Let § be a set of L- sentences

§ -

is satisfiable iff § u Ey is satisfied

by some weak L - structure
.

Proof straightforward (see Lecture Notes)



Lkwithcquacity
Add these axioms for all terms u,t, u, . . ,t, . . .

4 →
t=t

oh E-u →
u=t

↳ Esu
,
u=v →

Esv

24 -4=4 , . . ,tn=Un→ ft
,
. .tn -_ fu

,
-
- un

Ls 4=4 , . ;tn=Un, Pt, ..tn-7 Pu, . -un
-

Now an LK- OI proof of → A means an

LK proof of A from § and from above axioms


