
announcements

• HWI DUE OCT If

• Test1 Wed OCT 19 ( in class)



This Week

• HWI - clarifications & some examples

• Proof Systems For First order Logic
LK : soundness and completeness



Q1 .

DP procedure Input : f-- C, it - -- rcm over ×, , . . , in

output : A Resolution Refutation of f (if unsay)

Initially E , :=={ C / C is a clause of f }

For i =L , . . . . > n :

• Loop :
If I 2 clauses in &.

of form (XivD)
,
#E)

such that (Dr E) ☒ &.

,
add (DvE) toe

Else end Loop i

•

'

C := { Cl c c-
'e
;
and C does not contain Xi }

iti



Q1 .

DP procedure Input : f-- C, it - -- rcm over ×, , . . , in

output : A Resolution Refutation of f (if unset)

Initially E , :=={ C / C is a clause of f }

For i =L , . . . . > n :

• Loop :
If I 2 clauses in &.

of form (XivD)
,
#E)

such that (Dr E) ☒ &.

,
add (DvE) toe

Else end Loop i

•

'

C := { Cl c c-
'e
;
and C does not contain Xi }

iti

* observe C
, only contains the variables Xiii ,, . . -

, ✗ n



Q1 .

☐P procedure Input : f-- C, it - -- ^ Cm over ×, , . . , in
output : A Resolution Refutation of f (if unsay)

E¥ : f-dx.vn/zv-Xs)(xjvXzvXy)Cx.vXzvXz)CIzvxJ)fxirXy)Cxj)
①Resolve on ×, :(✗i¥É✗zvx!

% ' { Cxixyvx,), Cxzvxixy) ,#B)fiixy ) ,☒y) }
② Resolve on Xz : lxjvxy) , ( Xzvxy)

↳ = { ( xjvxy)
, cxsvxy) , fly ) }

③ Resolve on Xz :( ✗4)
Cy :{ ☒4) , City )

④ Resolve on Xy : µ Cs = { $ }



Q1 .

(a) apply DP procedure to given CNE formula

(b) show DP procedure runs in time polynomial in me

whenever f is a ZCNF formula
.

(c) prove completeness of
DP procedure

t.de prove by induction on # steps
Cia . . n)

that if Ei is unsatisfiable, then

Cit , is
unsatisfiable



Q2 .

prove thatÉe!%ut , in refutations are closed
under restrictions

Let f = C
,
^ . - ^^ Cm be UNSST CNF

,
over ×

,
. . . ✗

n

Let IT be atrere.is#ution refutation of f

Let p set Xi←b ,
be 90,13 .

Let IT /
p
be the sequence of clauses obtained

from IT by setting 4. ←b

if pcx;) --0 , clauses
(Xiv D) → (D)

clauses air E) → (1)
clauses without ✗i stay same[

similarly for pcx,)= I



Q2 . yee.HU
Prove that Resolution refutations are closed

under restrictions

Let IT /
p
be the sequence of clauses obtained

from IT by setting 4. ←b

if pcx;) --0 , clauses
(Xiv D) → (D)

clauses air E) → (1)
clauses without ✗i stay same[

similarly for pcx,)= I
show : IT /

p
can be turned into a tree-like

Resolution Refutation if ftp.ofsioe =/ IT /



Q4 .

Let g=w, E) be an undirected graph
5

Example : 4 • 8
I
• 6

IV / = 9

É•
•

g

IE/ = 12

2 e 3
•

7

✗ : V, , V4 Yg →
V2
,
V6
,
Vz →

V3 ,Vg →



Q4.

Let g=w, E) be an undirected graph
5

Example : 4 • 8
q verticesI

• 6
12 edges

•
T

Z e 3 •

• 9

7

For the above graph g ( n --9
,
m =/2)

,

give a propositional formula 30k012g , using variables
{ Ri

, Bi , Gi / it , . . . ,9 } such that

3COLOR
g
is satisfiable if and only if g is 3-colorable



Q 4 .
5

Example : 4 • 8
q verticesI

•

12 edges••÷ •2 e 3

9

7

More generally, give an efficient algorithm A that
takes as input ( n , g) , such that n>0 , and g is an
n - vertex graph , and outputs
a propositional formula 3501012g , using variables
{ Ri

, Bi , Gi / it , . . . ,n } such that

3COLOR
g
is satisfiable If and only if g is 3-colorable



QG .

Let § = { A
, , Az, A], . . . } be a countably infinite

set of L - sentences?Let§1=B

Prove that In such thatB#A
and assume

☐

Yi A
,
. . . Ai # Arti



Qt
. give a sentence A of first order logic
our L :{ ; R , = } where R is a 2-ary predicate symbol
such that for any finite model U=(M,A) ,
M f-A (µ satisfies A) iff

1^3 corresponds to a disjoint union of directed cycles.

2 2E→I , *
, £×•M#

I µ↳• •• 3••a •
•

M :{1,33, -7} "

g-
4
•
g

•4-
*

q¥
'

0

69 %
712^16,7-7=1



QI ( Extra credit)

^PH
Variables : Pi,j

clauses : ( P
, ,vRz4?] ) } Pigeon( Pzpr Pqzvpz,} ) clauses

( Pqivp],z✓B, > )
(Py

,
,vPqzvP4

,
3)

Yje{4433 :('P.int?j),fRjiPj)GP,jv-Py,;) } Hole clausesGPyv^Bj ) ,fPqv >Pyg)( 'Bj u - Py,)

expresses : there
is a 1-1

,
onto mop from {1,3343-342,3}



Q8
.

n PHP:
"
: ① Hi c- 43 .

-nti} :(Pi.ir?,zv.-rPi,n )
② Hi

, ,i, c- {4. inti] 4=1 iz ,
V-jc-4.in}

( Pi;u - Piz;)
Prove :

any tree
- like Res Ref. if a Pltpnn

"

requires size = an



FIRSTORDERSEQUENTC.PL#sLK

Lines are again sequents
A
, , .
. -

, Ak → B
. ,

. .

> Be

where each Ai
, Bj is a proper L- formula

RULES_
OLD RULES OF PIG .

PLUS NEW RULES FOR ✓
,
F

T E
like a Large Large OR
AND



Newtog.cat/2ulesfor-V,I-V-leftACt),r-d-V--Rightr-7d,ACb)V-
✗ AW

,
r → a r→d

,
✓✗ Acx)

a-left Alb),r Fright p[;?,1-✗ ACH
,

r → a

* A,t are proper
* b- is a free variable Not appearing in

Lower sequent of rule



Exampkofantnkpwof

Pa-7Pa Qa→Qa

→Pa Pa,Qa→Q-a
AND - left
-

-

AND -Left

PanQa→Pa
Pa^Qa→ Qa
- 7-Rt

3-Rt-

Parva → 3-✗ Px Pa^Qa→3xQ×

3- Left-
- F- Left

m☐.¥""?¥I¥→⇒×¥i×



Iii . ⇒yi%%-
Is this formula satisfiable ? \

M = { 1
, 23

ME i. a) =# - true § ?3 F
Ñ (2) = true "M

i



v-x.v-xp-xi.CAT#--xsn9EQ-Hsi.7)M--(lNy
,

"

true +
" ) satisfies

Me = ( N
,

Pius (×
, g) = 0 tag )

GEQ =

"

true
"

3



SOUNDN.ES#

Petn A first order sequent A , >→
A
,<
→ B

, > → Be
is valid

-

if and only if its associated formula
( Ain -inAk)

> CB
,
v. - ✓Be) is valid .

Soundnesstheoremforlk Every sequent
provable in LK

-

is valid



Soundness CProof) : By induction on the number of

th proof

Key Lemma For all rules/axioms of LK

For all instantiations
of a rule/axiom

if upper segments of the
rule are valid

then lower sequent is also valid

P → d
,
A. B A →A

¥1b



Key Lemma roof sketch ) .

Example v-Right Rule ( F¥¥%g
,

a)
Assume : r →Alb) , A-

is valid
.
Show P → these),a is also valid

Let M = B
, , . . >
Be ,

d :C
, ,

- -

> Ce

Them 'Biv-Bir . - u - Buu Gu . - vcev Acb) is valid

=
ie it M ,

G : M f- Dr AC
-

b) [ 6]

Show UM
,
6 : Mt Dvltxscx) [6]

-



Key Lemma roof sketch ) .

Example V-Right Rule ( F¥¥×%g
,

a)
Assume : r →Alb) , A-

is valid
.
Show P → these),a is also valid

Let M = B
, , . . >
Be ,

d :C
, ,

- -

> Ce

Then 'Biv-Bir . - u -Bit Gv . - vcev Acb) is valid

→
ie it M ,

G : M f- Du AC
-

b) [ 6]

.

Let É be an object assignment to all free variables in Dv ACb) except for b

Case1:_ ME DIG
' ]

i. ME ☒ VACb) 16] V6 extending 61 ( since b does Not occur in D)
casez-M.tt DIG '] .

i. ME A (b) [61 , Mlb] itm.CM (since DVACB) is
valid)

• : ME A (b) 'V6 extending 6
'

i. ME Dv ACb) [ 6 ]
-



TODAYig-o.de/scomPLETENESstHE0REMDefnAnLk-
§ proof is an LK-proof , but

leaves are e-other axioms CA→A) or of the

form → A for AEOI

goof prove that
- if r→d is a logical consequence

of §
,

then there is an LK - OI proof of P→d

( called Derivational completeness)

# Let Ala, . . an) be a formula with
free

variables 9 .- an .
Then YA is V-x.V-xz.it/xnACX,--Xn)

( called universal closure of A)



TODAY : LK COMPLETENESS

CMAINCEMMAJcomplefene-sslemm.ae
If M → d -is a logical consequence
of a set of (possibly infinite) formulas to

then there exists a finite subset

EG > →Cn} of § such that

V9 , - --

, Hcn , M → d
has a (cut - free) PK proof

* We will assume = Not in language for Now



Dervatiinalcompletenetheorm

Let § be a set of sequent or formulas

such that the sequent r→a is a

logical consequence of ✓ § .

Then there is an LK- QT proof of
on → d.

*
Proof follows from completeness lemma

(similar to derivational completeness of PK from
completeness )



Proofoflkcompletenesemma

High Level idea (assume § is empty for now)
• As in PK completeness, we want to

construct an LK proof in reverse.

• Start with r → a at root ,
and

apply rules in reverse (to break up
a formula into oneor 2 smaller ones)

• Tricky rules are 3- right & theft .
When applying one of these in reverse,
Need to "

guess
"
a term



Newtog.cat/2ulesfor-V,I-V-leftACt),r-d-V--Rightr-7d,ACb)V-
✗ AW

,
r → a r→d

,
✓✗ Acx)

a-left Alb),r Fright p[;?,1-✗ ACH
,

r → a

* A,t are proper
* b- is a free variable Not appearing in

Lower sequent of rule



Proofoflkcompletenesemma

High Level idea (assume § is empty for now)
• As in PK completeness, we want to

construct an LK proof in reverse.

• Start with r → a at root ,
and

apply rules in reverse (to break up
a formula into one or 2 smaller ones)

• Tricky rules are 3- right & theft .
When applying one of these in reverse,
Need to "

guess
"
a term

• key is to systematically try all possible
terms - without going down a
rabbit holes

.



Exampkofantnkpwof

Pa-7Pa Qa→Qa

→Pa PasQa

→pa P→?

Parva → 3-✗ Px Pa^Qa→3xQ×"

÷±÷÷⇒÷::÷



Exampkofantnkpwof

Pa
,
a→ Pb

:O
§
PPb-
Pan Qa → 3-✗ Px PanQa → 7-✗Qx
I

@

*÷¥÷÷÷⇒÷i÷÷



Instead:

Pa ,Qa→Pb,FxPx

{
Pa^Qa→Pb,7xP×

pirating pa^Qa→3xQx
I

@

*÷¥i÷÷i→⇒÷i÷÷



Instead

try
as
.am?:i::--i:;.ii.imai-*-
{

Pa^Qa→ Pb 2-✗Px

ÑTIÉipE pa^Qa→3xQx

""



*
. Instead
&

and •

again §
and Pa,Qa→Pb,Pfqpfbjtxpx
again {

Try
as
.am?:i::--i:;.iiIma.*x-
{

Pa^Qa→Pb ZXPX

p× -×

*÷¥÷÷¥⇒÷÷÷¥"



*
. Instead
&

and
again

there are infinitely§ mangy choices !
and pa.aa-opb.pfqpfbp.mx (g)Need a systematic
again § way to try

all

try
again :÷÷÷¥mma*

{
Pa ^Qa→ Pb

,
2-✗Px

pirating panQa → 3-✗Qx

"÷i:÷ii⇒÷i:÷



*
:

and
again

there are infinitely§
É

µeedasyskNmangy choices !
and Pa,Qa→Pb,Pfqpfb ,7xP✗
again § Way to try

all

and for all

frontier sequenttry %EÉÉa¥ incurrentpwofl.wsagain Pa ,Qa→Pb,7xPx

{
Pa^Qa→ Pb 2-✗Px

pIiEIÉ×Ñ
,

pa^Qa→3xQx

÷:÷÷÷⇒÷i÷÷


